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problem level | type solution
For the piecewise function to be continuous,
Let \[f(x) = \left\{ \begin{array}{cl} ax+3, the cases must "meet" at $2$ and $-23$. For
&\text{ if }x>2, \\ x-5 &\text{ if } -2\lex\le 2, example, $ax+33% and $x-5% must be equal
\\ 2x-b &\text{ if } x <-2.\end{array} \right.\] Level when $x=2%. Thisimplies $a(2)+3=2-5%,
Find $a+b$ if the piecewise function is 5 Algebra | which we solve to get $2a=-6 \Rightarrow a=-
continuous (which means that its graph can be 3%. Similarly, $x-5% and $2x-b$ must be equal
drawn without lifting your pencil from the when $x=-23. Substituting, we get $-2-5=2(-2)
paper). -b$, which implies $b=3%$. So $at+b=-
3+3=\boxed{ 0} $.
Let $x$ be the number of band membersin
each row for the original formation, when two
are left over. Then we can write two equations
A rectangular band formation is aformation from the given information: $$rx+2=m$$ $3(r-
with $m$ band membersin each of $r$ rows, 2)(x+1)=m$$ Setting these equal, we find:
where $m$ and $r$ are integers. A particular BBrx+2=(r-2) (x+1)=rx-2x+r-2$$ $$2=-2x+r-
band has less than 100 band members. The 233 $$4=r-2x$$ We know that the band has
director arranges them in arectangular less than 100 members. Based on the first
formation and finds that he has two members Level Algebra equation, we must have $rx$ less than 98. We
left over. If he increases the number of members | 5 9 can guess and check some values of $r$ and
in each row by 1 and reduces the number of $x$ in the last equation. If $r=18$, then
rows by 2, there are exactly enough placesin $x=7$, and $rx=126% which istoo big. If
the new formation for each band member. What $r=16%, then $x=6%, and $rx=96%, which is
isthe largest number of members the band less than 98. Checking back in the second
could have? formation, we see that $(16-2)(6+1)=14\cdot
7=98% asit should. Thisisthe best we can do,
so the largest number of members the band
could have is $\boxed{ 98} $.
This polynomial is not written in standard
form. However, we don't need to writeit in
. : N standard form, nor do we need to pay attention
X\f(])%t 3{2?3,?2??;{; {h for;c;(l,)\lzin;)' gj,,$(4 X3 Iéevel Algebra | to the coefficients. We just look for the
' exponents on $x$. We have an $x"4$ term and
no other term of higher degree, so $\boxed
{4} $ isthe degree of the polynomial.
Firstly, $3\left(6-\frac12\right)=18-1-
Evaluate $\left\Iceil \left(6-\frac12\right) Level Algebra \frac12=17-\frac12$. Because $0\Ie\frac12<1$,
\right\rceil$. 3 9 we have $\left\l ceil 17-

\frac12\right\rceil=\boxed{ 17} $.
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Sam is hired for a 20-day period. On days that
he works, he earns $\$$60. For each day that he
does not work, $\$$30 is subtracted from his
earnings. At the end of the 20-day period, he
received $\$$660. How many days did he not
work?

Level

Algebra

Call $x$ the number of days Sam works and
$y$ the number of days he does not. We can
set up the following system of equations to
represent the given information: \begin
{align*} x+y &=20\\ 60x - 30y &= 660 \\
\end{ align*} The first equation represents the
total number of days Sam works, and the
second equation represents his total profit.
Solving for $x$ in the first equation yields $x
=20 - y$. Substituting into the second
equation gives $60(20-y) - 30y = 660$.
Canceling afactor of $10$ and multiplying
out gives $120 - 6y - 3y = 66%. Thissimplifies
to $-9y = -54%, or $y = 6$. Thus, Sam did not
work for $\boxed{ 6} $ days.

Find the center of the circle with equation $x"2
- BX +y"2 + 2y = 9%.

Level

Algebra

Completing the square, we get $(x - 3)"2 + (y
+ 1)"2 = 19%. Therefore, the center of the
circleis $\boxed{ (3, -1)} $.

What are all values of $p$ such that for every
$g>0$, we have $$\frac{ 3
(pa"2+p"2a+3q"2+3pa)}H pt+a} >2p"297$$
Express your answer in interval notation in
decimal form.

Level

Algebra

First we'll simplify that complicated
expression. We attempt to factor the
numerator of the left side: \begin{align*}
pg"2+p"20+30"2+3pg &= q(pq + p*2 + 3q +
3p) \ &= q[ p(a+p) + 3(a+p) ] \ &= q(p+3)
(g+p). \end{ align*} Substituting thisin for the
numerator in our inequality gives $$\frac{ 3q
(p+3)(p+9)}{ p+a} >2p"29.$$We note that |eft
hand side has $p+g$ in both the numerator and
denominator. We can only cancel these terms
if $p+q\neq 0.$ Since we're looking for values
of $p$ such that the inequality istrue for all $q
> 0,% we need $p \geg 0% so that $p + g \neq
0.$ Also because this must be true for every
$g>0%, we can cancel the $g$'s on both sides.
This gives\begin{aign*} 3(p+3)

& >2p"2\Rightarrow\\ 3p+9& >2p”"2
\Rightarrow\\ 0& >2p"2-3p-9. \end{ align*}
Now we must solve this quadratic inequality.
We can factor the quadratic as $2p"2-3p-9=
(2p+3)(p-3)$. The roots are $p=3% and $p=-
1.5%. Since a graph of this parabolawould
open upwards, we know that the value of
$2p"2 - 3p - 9% is negative between the roots,
so the solution to our inequality is $-1.5

If $x = 2% and $y = 5%, then what is the value of
S\frac{ x4+2y"2}{6}$ ?

Leve

Algebra

We have \[\frac{ x4 + 2y"2}{ 6} = \frac{2"\4
+2(5"2)}{ 6} = \frac{ 16+2(25)}{6} = \frac
{16+50}{ 6} =\frac{66}{6} = \boxed{11}.\]
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The sequence of integersin the row of squares
and in each of the two columns of sgquares form
three distinct arithmetic sequences. What is the . _ . .
value of $N$? [asy] unitsize(0.35inch); draw Since $18 - 14 = 45, the common difference in
((0,0)—(7.0)—(7.1)-(0,1)-cycle): draw((1,0) thefirst C(_)Iumn of squaresis 4, so the number
--(1,1)); draw((2,0)--(2,1)); draw((3,0)--(3,2)); 23333 13 :iﬁg : j - ég&T?m?g itsh:I gcl: rt?mger
dra\N((4,0)"(4,1)), dl‘a\N((5,0)--(5,l)), draN((G,O) H -
. Level fourth number in the row, so the common
--(6,1)); draw((6,2)--(7,2)--(7,-4)--(6,-4)-- Algebra | : : .
cycle); draw((6,-1)--(7.-1)): draw((6,-2)(7 2 differencein the row is $(6 - 21)/3 = -5%. Then
2); dhan((6-3)-(73)); draw((3.0)-(40)-(4 715 \odot 6= 38, Inthe second colun
-3)--(31'3)--Cy0| e)! dra\/\/((s,'l)“(4,-1)); dra\/\/((g, R o _,
-2)--(4.-2)): l2bel("21" (0.5,0.8),9): label("14" the common difference is §[(-17) - (-9)]/4 =
(35-1.2).9); label("18" (3.5,-2.2).5): label -23, S0 N =-9- (-2) = \boxed{ -7} $.
("$N$",(6.5,1.8),9); label("-17",(6.5,-3.2),9); [
lasy]
Recall the formula $A=P\left(1+\frac{ r}{n}
\right){ nt} $, where $A$ is the end balance,
$P3$ isthe principal, $r$ istheinterest rate, $t$
: : . isthe number of years, and $n$ is the number
Tim wants to invest some money in a bank : i > )
which compounds quarterly wia an annual of times the interest is compounded in ayear.
; Level This formula represents the idea that the
interest rate of $7\%$. To the nearest dollar, 5 Algebra interest is compounded every $1/n$ vears with
how much money should heinvest if he wantsa h f St/ [s]); Substituti y h 4
total of $1$60,\!000$ at the end of $5$ years? the rate of br/ns. stituting the given
' information, we have \[60,\! 000=P\left(1+\frac
{0.07}{4}\right){ 4 \cdot 5} .\]Solving for $P$
gives $P=42409.474...$, which rounded to the
nearest dollar is $\boxed{ \$42409} $.
The center of the circleislocated at the
The points $(9, -5)% and $(-3, -1)$ are the midpoint of any diameter. Thus, the center of
endpoints of a diameter of acircle. What isthe Level Algebra the circleis $\left(\frac{ 9+(-3)}{ 2}, \frac{ (-5)+
sum of the coordinates of the center of the 3 d (-D}{2}\right) = (3, -3)$. The sum of the
circle? coordinates of the center of the circleis
therefore $3 + (-3) = \boxed{ 0} $.
We substitute $f(2) = 5(2)"2 - \frac{ 1}{2} + 3
Consider the given functions: $$\begin{ array} =\frac{45}{2}$and $9(2) = (2)"2-k =4 -
{cee} f(X) & = & 5x72 - \frac{ 1} {x} + 3\ g(x) Level Algebra k$. So $f(2) - g(2) = 2% gives us $\frac{ 45}
& =& x"2-k \end{ array} $$If $f(2) - g(2) = 2%, | 4 g {2} - 4 + k=2%. Solving for $k$, we find $k =
what is the value of $k$? \frac{4}{ 2} - \frac{45}{2} + \frac{8}{2}$ s0
P\boxed{ k = \frac{-33}{2}} $.
Berengere and her American foreign-exchange . , ,
studen% Emily are at abakery in Pagris that k The easiest way o golve this probl_em ISto
accepts both euros and American dollars. They convert everything into euros. Emily's five-
want to buy a cake, but neither of them has Level d(_)llar bill is equivalent to $5itext{ USD}
enough money. If t’he cake costs 6 euros and 5 Algebra | \times\frac{ 1\text{ euro}}{ 1.25\text{ USD}}

Emily has an American five-dollar bill, how
many euros does Berengere need to contribute
to the cost of the cake if 1 euro = 1.25 USD?

=A\text{ euros}$. Since the girls need 6 euros
between them, Berengere must contribute $6-
4=\boxed{ 2 \text{ euros}}$.
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The first cube root becomes $\sgrt[3]{ 9} $.
Simplify $\sqrt[3]{ 1+8} \cdot \sgrt[3]{ 1+\sqrt[3] | Level Algebra P\sgrt[3]{ 8} =29, so the second cube root
{8118 2 g becomes $\sgrt[3]{ 3} $. Multiplying these
gives $\sort[3]{ 27} = \boxed{ 3} $.
—un o We note that $f(-2)=(-2)"3+3=-5%, so $g(f(-2))
" ;f gg’zf g;;i,)a”d $g(x) = 2¢"2 + 2x +13. Level | Algebra | =g(-5)=2\cdot(-5)"2+2\cdot(-5)+1=41$
' Therefore our answer is $\boxed{ 41} $.
Let \[f(x) = \begin{ cases} x/2 &\quad \text{if } Evaluating each value, $f(1) =3 \cdot 1 + 1 =
x \text{ iseven}, \\ 3x+1 & \quad \text{if } x Level Algebra 4%; $f(f(1)) =1(4) = 42 =28$; $f(f(f(1))) =1(2)
\text{ is odd}. \end{ cases} \|What is $f(f(f(f 2 9 = 2/2 = 1%; and finaly $f(f(f(f(21)))) =f(1) =
1)))$? \boxed{ 4} $.
The greatest integer function, $\Ifloor x\rfloor$,
denotes the largest integer less than or equal to
$x$. For example, $\Ifloor3.5\rfloor=3%, . o .
S\floor\pitrfloor=3% and $\floor \pivifloor=- | Level | , | Wewlll beain witf (e smallest possitie
4%, Find the sum of the three smallest positive 5 gebra | positive values of $x$. For positive values of
) $x$, when $0
solutions to $x-\Ifloor x\rfloor=\frac1{\Ifloor '
x\rfloor} .$ Express your answer as a mixed
number.
If the graph of $f$ is continuous, then the
Let \[f(x) = \begin{cases} 2x"2 - 3&\text{if } graphs of the two cases must meet when
x\le 2, \\ ax + 4 &\text{if } x>2. \end{ cases} \| Level $x=2,% which (loosely speaking) isthe
Find $a$ if the graph of $y=Ff(x)$ is continuous 5 Algebra | dividing point between the two cases.
(which means the graph can be drawn without Therefore, we must have $2\cdot 2/2 -3 = 2a
lifting your pencil from the paper). + 4.$ Solving this equation gives $a = \boxed
{\frac{1}{2}}.$
If the graph of $f$ is continuous, then the
Let \[f(x) = \begin{ cases} 3x"2 + 2&\text{if } graphs of the two cases must meet when
x\le 3, \\ ax - 1 &\text{if } x>3. \end{ cases} \] Level $x=3%, which (loosely speaking) isthe
Find $a$ if the graph of $y=f(x)$ is continuous 5 Algebra | dividing point between the two cases.
(which means the graph can be drawn without Therefore, we must have $3(3"2) + 2 = 3a-
lifting your pencil from the paper). 13$. Solving this equation gives $a = \boxed
{10} $.
Since three faucets can fill a100-gallon tubin
Three faucetsfill a 100-gallon tub in 6 minutes. 6 minutes, six cando it twice asfast, i.e. 3
How long, in seconds, does it take six faucetsto | Level Algebra minutes. Additionaly, the tub is a quarter the
fill a25-gallon tub? Assume that all faucets 3 d size and thusit will befilled four times as fast
dispense water at the same rate. which gives $3/4% minutes or $\boxed{ 45} $
seconds.
The $y$-axisis where the $x$-coordinate is
$03$. Using the given points, as the $x$-
At what point does the line containing the Level coordinate decreases by $2$, the $y$-
points $(1, 7)$ and $(3, 11)$ intersect the $y$- 3 Algebra | coordinate decreases by $4%. So as the $x$-

axis? Express your answer as an ordered pair.

coordinate decreases by $1$ from $1$ to $03,
the $y$-coordinate will decrease by $2$ from
$7% to $5%. The point is $\boxed{ (0,5)} $.
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Find the coefficient of the $x/2$ term in the
expansion of the product $(ax"3 + 3x"2 - 2x)
(bx"2 - 7x - 4)$.

Level

Algebra

We only need to worry about the terms that
multiply to have a degree of $2$. Thiswould
be given by the product of the terms $3x"2$
and $-4$ as well as the product of the terms
$-2x$ and $-7x$. Thus, $$(3x"2) \times (-4) +
(-2x) \times (-7x) = -12x"2 + 14x"\2 =
2x"2,$%and the coefficient is $\boxed{ 2} $.

If $f(3)=1$ and $f(2x)=2f(x)$ for al $x3, find
$ -1} (64)$.

Level

Algebra

We are looking for some $x$ such that $f(x)
=64%$. We notice that by doubling $x$ we can
double $f(x)$ as well and also that $f(3)=1%.
Applying $f(2x)=2f(x)$ repeatedly, we have:
\begin{align*} f(3)&=1,\\ f(6)& =2\ f(12)
&=4,\\ f(24)&=8,\\ {(48)& =16,\\ f(96)& =32\\ f
(192)&=64. \end{ align*} So $f*{ -1} (64)
=\boxed{ 192} $.

Theroots of the equation $x*2+kx+5 = 0$
differ by $\sgrt{ 61} $. Find the greatest possible
value of $k$.

Level

Algebra

By the quadratic formula, the roots of the
equation are \begin{ align*} \frac{-b\pm\sgrt
{b"2-4ac} }{ 2a} & =\frac{ -k\pm\sgrt{ k*2-4(5)
DH 2D\ &=\frac{ -k\pm\sgrt{ k"2-20} }
{2}.\end{align*} We want the difference of
the roots, so we take the larger minus the
smaller: \begin{ align*} \left(\frac{ -k+\sqrt
{k"2-20} }{ 2} \right)-\left(\frac{ -k-\sgrt{ k"2-
20} }H{ 2} \right)& =\frac{ 2\sgrt{ k"2-20} } { 2} \\
&=\sgrt{ k"2-20} . \end{ align*} We are given
that this differenceis equal to $\sgrt{ 61} $, so
we have \begin{align*} \sgrt{ k*2-20} & =\sqrt
{ 61}\quad\Rightarrow\\ k"2-

20& =61\quad\Rightarrow\\

k”2& =81\quad\Rightarrow\\ k& =\pm 9. \end
{align*} Thus the greatest possible value of
$k$ is $\boxed{ 9} $.

Find the value of $x$ that satisfies $\frac{\sqrt
{3x+5} }{\sgrt{ 6x+5} } =\frac{\sqrt{ 5} } { 3} $.
Express your answer as acommon fraction.

Level

Algebra

We begin by cross multiplying and then
sgquaring both sides\begin{ align*} \frac{\sqgrt
{3x+5} }{\sort{ 6x+5} } & =\frac{ \sgrt{ 5} } { 3}\\
3\sgrt{ 3x+5} & =\sgrt{ 5} \cdot\sgrt{ 6x+5} \\
\left(3\sgrt{ 3x+5} \right)*2& =\l eft(\sqrt{ 5}
\cdot\sgrt{ 6x+5} \right)"2\\ 9(3x+5) &=5
(6x+5)\\ 20 & = 3x\\ x& =\boxed{ \frac{ 20}
{3}} \\\end{ align*} Checking, we see that this
value of $x$ satisfies the original equation, so
it is not an extraneous solution.

The points $(-1,4)$ and $(2,-3)$ are adjacent
vertices of asquare. What is the area of the
square?

Level

Algebra

The side length of the square is the distance
between the given points, or $\sqrt{ (-1 - 2)"2
+(4-(-3))"2} =\sgrt{ 3"2 + 772} =\sort
{58} $. The area of the square is the square of
the side length, or $\boxed{ 58} $.
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What is the greatest integer $n$ such that $n"\2 -
11n +24\leq 0$?

Level

Algebra

We can factor $n"2-11n+24%$ as $(n-3)(n-8)$.
For this quantity to be less than or equal to 0,
one of the factors must be less than or equal to
0 and the other factor must be greater than or
equal to 0. Specifically, since $n-8

What is the positive difference between the two
solutions of $|x + 5| = 20$?

Leve

Algebra

L et the two solutions to the equation be $x_1$
and $x_2,$ where $x_1>x_2. $ It follows that \
[Xx 1-x 2=(x_1+5)-(x_2+5)=20-(-20) =
\boxed{ 40} \]

For all real numbers $r$ and $s$, define the
mathematical operation $\#$ such that the
following conditions apply: SN\ \VA O =r, N\ s
=\ VWATr$, and $(r + D\ WA s=("\ W\ ) + s+ 1%.
What is the value of $11\ A 5$?

Level

Algebra

Using the first two conditions, we have that $0
W11 =11W0=11.% Using the third
condition, with $r=0$ and $s=11$, we have
that $1 \# 11 = (0 \# 11)+12=11+12.$ Aswe
increase $r$ by $1%, we increase $r \# 11$ by
$s+1=11+1=123%. Since we want to increase
$r$ $5% times to find $11 \#5 =5 \# 11$, we
want to increase $0 \# 113 by $12$ five times.
Therefore, wehave $11 \#5=5W%11=11+5
\cdot 12 = 11+60= \boxed{ 71} .$ More
generdly, \[a\b=ab+a+ Db\

If $(x+2)(x-3)=14$, find the sum of the possible
values of $x$.

Level

Algebra

Expanding the left side of the given equation,
we have $x"2-x-6=14 \Rightarrow x"2-x-
20=0$. Since in a quadratic with equation of
the form $ax”2+bx+c=0$ the sum of the roots
is $-b/a$, the sum of the roots of the given
equation is $1/1=\boxed{ 1} $.

Rationalize the denominator: $\frac{ 1} {\sgrt{ 2}
-1} $. Express your answer in simplest form.

Leve

Algebra

To get the square root out of the denominator,
we can multiply the numerator and
denominator by $(\sqrt{ 2} +1)$ so that the
P\sort{ 2} $ is squared and \sqrt{ 2} $ and $-
\sgrt{ 2} $ cancel each other out. $$\frac{ 1}
{\sgrt{ 2} -1} \cdot\frac{ \sqrt{ 2} +1} { \sgrt{ 2}
+1} =\frac{\sqrt{ 2} +1} { 2-\sgrt{ 2} +\sqrt{ 2} -1}
=\frac{\sgrt{ 2} +1} { 1} =\boxed{ \sgrt{ 2} +1} $$

Thefirst and thirteenth terms of an arithmetic
sequence are 5 and 29, respectively. What is the
fiftieth term?

Level

Algebra

Let $d$ be the common differencein this
arithmetic sequence. Then the $13"{ \text
{th}}$termis $5 + 12d = 293. Solving for
$d$, we find $d = 2$. Then the $50\{ \text
{th}}$term is $5 + 49 \cdot 2 = \boxed{ 103} $.
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Simplify $(2x - 5)(x + 7) - (X + 5)(2x - 1)$.

Level

Algebra

We expand each product separately: \begin
{aign*} (2x-5)(x+7) &= 2x(X) + 2x(7) -5(x) -5
(M\ &=2x"2 +14x - 5x -35\\ & = 2x"2 +9x -
35 \end{ align*}and \begin{ align*} (x+5)(2x-
1) &=x(2x) + X(-1) +5(2x) + 5(-1)\\ &=2x"2 -
X + 10x -5\\ & =2x"2 +9x - 5. \end{ align*} So,
we have \begin{align*} &\ \\\ (2x-5)(x+7) -
(x+5)(2x-1) \& = 2x"2+9x -35 - (2x"2 +9x -5)
= \boxed{-30} .\end{ align*}

What is the sum of al of the solutions of the
equation $\frac{ 4x} { 20} =\frac{ 5} { x} $?

Level

Algebra

Rewrite $\frac{ 4}{ 20} $ as $\frac{ 1}{ 5} $ and
multiply both sides by $5x$ to obtain
$x"2=25%. The solutions of this equation are
S\pm\sgrt{ 25} =\pm5$, and their sum is $(-5)
+5=\boxed{ 0} $.

What value of $x$ will give the minimum value
of $2x"2 - 12x + 3%?

Level

Algebra

We start by completing the square: \begin
{dign*} 2x"2-12x + 3 &= 2(x"2-6x) +3 \\
&= 2(x"2 -6x + (6/2)"2 - (6/2)"2) + 3\ & =2
((x-3)"2-3"2) + 3\\ &= 2(x-3)"2 - 2\cdot 32
+ 3\ &=2(x-3)"2 -15 \end{ align*} Sincethe
square of areal number is at least O, we have
$(x-3)"2\ge 0%, where $(x-3)*2 =0$ only if
$x=33. Therefore, $2(x-3)"2 - 15 is
minimized when $x=\boxed{ 3} .$

Find the value of $x$ if $x$ is positive and
$x\cdot\Ifloor x\rfloor=70%. Express your
answer as adecimal.

Level

Algebra

We know that $\Ifloor x\rfloor \leq x < \Ifloor
x\rfloor + 13$. Thisimplies that $\Ifloor
x\rfloor*2 \leq x\cdot\Ifloor x\rfloor < \left
(\Ifloor x\rfloor + 1\right)*2$ for all values of
$x$. In particular since $x\cdot\Ifloor
x\rfloor=70%$ and $8"2<70<9"2$, we can
conclude that $8

The perimeter of arectangular garden is 60 feet.
If the length of the field is twice the width, what
isthe area of thefield, in square feet?

Level

Algebra

If the length is $I$ and the width is $w$, then
the perimeter is $21+2w$. We can set up the
equations $21+2w=60 \Rightarrow |+w=30$
and $1=2w$. Now we substitute $I$ in terms
of $w$ into the first equation and get
$l+w=2w+w=30%, so $w=10% and $I=2(10)
=20$. That means the area of the rectangular
garden is $lw=20(10)=\boxed{ 200} $ square
feet.

The function $f(x)$ is defined by $f(x)=x"{2}-
x$. What is the value of $f(4)$?

Level

Algebra

$f(4)=42-4=16-4=\boxed{ 12} $.
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For atriangle to exist, the sum of two sides of
A triangle has three sides of the following side the trisngle Mmust fe greater {iar the third.
lengths: $7$, $10$, and $x"2$. What are all of ,?r ore, we 6}\\/6 ree (/J\rmu & N
the positive integer values of $x$ such that the Level Algebra $xA2+7>10 \to x"2>3$, $x"2+10>7 \t0 X2>-
triangle exists? Separate your aNSWErs Using 4 3%, and $7+10>x"2 \to x"2<17$. Thus, we
commas and ekpress them in increasing order have two quadratics, $x"2>3$ and $x"2<17$.
' Therefore, possible values for $x$ are $\boxed
{2, 3 \text{ and} 4} $.
Let our integer be $x$. Then we have that
$x"2 =182 + x$, or $x"2 - x - 182 = 0$. The
sum of the roots of this equation isjust $-(-1)
The sguare of an integer is 182 greater than the L - \qued{ 1} $‘. Note that we are given that one
. . ) ) evel solution is an integer, and so the other one
integer itself. What is the sum of all integers for 3 Algebra ;
which thisis true? must be as well since they add to 1. Note that
we can factor $x2 - x - 182 = 0$ as $(x - 14)
(x +13) = 0%. So the integers that work are 14
and $-13$, and their sumis$14 + (-13) = 1,$
as expected.
To find the maximum height of the ball isto
maximize the expression $-16t"2+64t+31$.
We will do this by completing the square.
Factoring a $-16$ from the first two terms, we
have \[-16t"2+64t+31=-16(t"2-4t)+31.\] To
A ball travels on a parabolic path in which the complete the square, we add and subtract $(-4
height (in feet) is given by the expression $-16 Level Algebra [2)"2=4% inside the parenthesis to get \begin
t"2+64t+313$, where $t$ isthe time after launch. | 4 9 {align*} -16(t1"2-4t)+31& =-16(t"2-4t+4-4)
What is the maximum height of the ball, in feet? +31\\ & =-16([t-2]"2-4)+31\\ & =-16(t-2)
n2+95, \end{ align*} Since $-16(t-2)"2$ is
always non-positive, the maximum value of
the expression is achieved when $-16(t-2)
72=0%, so the maximum valueis
$0+95=\boxed{ 95} $ feet.
Average speed is defined as distance traveled
Karen drove continuously from 9:40 a.m. until divided by time traveled. Karen drove 165
1:20 p.m. of the same day and covered a Level Algebra miles in $3\frac{ 40} { 60} =3\frac{ 2} { 3} =\frac
distance of 165 miles. What was her average 3 9 {11}{3}$ hours, so her average speed was
speed in miles per hour? P\frac{ 165} { \frac{ 11} { 3} } =3\cdot15=\boxed
{45} $ miles per hour.
In order for the expression to have adomain
of al real numbers, the quadratic $x"2+bx+8
= 0% must have no real roots. The discriminant
Find the greatest integer value of $b$ for which Level of this quadratic is $0"2 - 4 \cdot 1 \cdot 8 =
the expression $\frac{ Ix"3+4x"2+11x+7} 5 Algebra | b"2 - 32$. The quadratic has no real roots if

{x"2+bx+8} $ has a domain of all real numbers.

and only if the discriminant is negative, so
N2 - 32 < 08, or $b"2 < 323. The greatest
integer $b$ that satisfies thisinequality is
$\boxed{ 5} $.
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Express $\frac{ 0.\overline{ 666} }{ 1.\overline
{333}}$ as acommon fraction.

Level

Algebra

We might recognize the top as $\frac{ 2} {3} $,
and the bottom as $\frac{ 4} { 3} $, thereby
giving you avalue of $\frac{1}{2}$. If not,
call the numerator $x$. Multiplying by 10, and
subtracting $x$, you get 9x = 6, and thus, $x =
\frac{ 2} { 3} $. We then notice that the
denominator is $1 + \frac{ x}{ 2} $, thereby
giving us avalue of $\boxed{\frac{ 1}{2}}$
for the entire fraction.

Find the coordinates of the point halfway
between the points $(3,7)$ and $(5,1)$.

Level

Algebra

If the coordinates of the point halfway
between the two points are $(x,y)$, then $x$
must be the average of the $x$-coordinates
$3% and $5% and $y$ must be the average of
the $y$-coordinates $7$ and $1$. The average
of $3% and $5% is $\frac{ 3+5}{ 2} =4% and the
average of $7% and $1$ is $\frac{ 7+1} { 2} =4$,
so the $(x,y) = \boxed{ (4,4)} $.

A line has aslope of $-7$ and contains the point
$(3,0)$. The equation of thisline can be written
in the form $y = mx+b$. What is the value of
$m+b$?

Level

Algebra

First, remember that the slope of alinein the
form of $y=mx+b$ is equal to $m$. So, the
line must take the form $y=-7x+b$. Next,
substitute the point $(3,0)$ and solve for $b$:
\begin{aign*} 0&=-7(3)+b\\
\Rightarrow\qquad 0& =-21+b\\
\Rightarrow\qquad 21& =b \end{ align*}
Therefore, the value of $m+b$is$-7
+21=\boxed{ 14} $.

Let $C$ be the circle with equation $x"2-6y-3=-
y"2-4x$. If $(a,b)$ isthe center of $C$ and $r$
isitsradius, what is the value of $a+b+r$?

Level

Algebra

We can rewrite the equation $x2-6y-3=-y"\2-
4x$ as x"2+4x+y"2-6y=33%. Completing the
square, we have $(x+2)"2-4+(y-3)"2-9=38$, or
P(x+2)"2+(y-3)"2=16%. Thisis the equation of
acircle of radius $r=4% and with center $(a,b)=
(-2,3)$. Therefore, $atb+r=-2+3+4=\boxed
{5}$.

The functions $f(x) = x*2-2x + m$ and $g(x) =
x"2-2x + 4m$ are evaluated when $x = 43.
What isthe value of $m$ if $2f(4) = g(4)$?

Level

Algebra

$2f(4)=g(4)$, so $2\left(16-8+m\right)=16-
8+4m$. Expanding the left-hand side gives
$16+2m=8+4m$, or $8=2m$ and $m=\boxed
{4} $.

Find the product of all constants $t$ such that
the quadratic $x2 + tx - 10$ can be factored in
the form $(x+a)(x+b)$, where $a$ and $b$ are
integers.

Level

Algebra

If $x72 + tx - 10= (x+a)(x+b)$, then \[x"2 + tx
-10 = x"2 + ax +bx +ab = x"2 +(at+b)x + ab.\]
Therefore, we must have $ab = -10%, and for
any such $a$ and $b$, we have $t = a+b$. Our
possibilities are as follows: \[\begin{ array}
{ccca&b&atb\Whline-1& 10& 9\ -2& 5&
A\-5& 2&-3\-10& 1& -9\end{array}\]
The product of these possible values of
$t=at+b$ is $(9)(3)(-3)(-9) = 272 = \boxed
{729} $.
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Since $58=2\cdot29% and $203=7\cdot29%, we
N N Level can factor a $29x"'5$ from the expression, to
Factor $58x5-203x"{ 11} 3. 3 Algebra | o+ $$58x75-203x{ 11} =\boxed{ -29x5(7x"6-
2)}.$%
Perhaps the fastest way is to use the difference
of squares factorization: \begin{align*} (a*2 +
b)A2 - (a"2 - b)*2 &= \bigl[ (&2 + b) + (a2 -
b) \bigr] \cdot \bigl[ (&2 + b) - (&*2 - b) \bigr]
\&=(a*2+b+a'2-b)\cdot (&*2+b-a*2
+b)\&=(2a*2) \cdot (2b)\&=4 a2 b.
\end{ align*} Since $a= 4% and $b=1%, thislast
i A (oA expressionis equal to\[ 4 \cdot 4°2\cdot 1 =4
/I\E;/ a{ﬁ?gjf;ﬁggﬁ[ (&2+0)"2 - (2°2-h) Iéevel Algebra | \cdot 16 = \boxed{ 64}, \]so that is our answer.
' ) We could also plug in the values of $a$ and
$b$ right away and then expand. We then get
\begin{align*} (a*2 + b)"2 - (a"2- b)"2 &=
42+ 21)"2-(4"2-1)"2\ &= (16 + D)"2 -
(26- )"2\\ &= 172 - 152 . \end{ align*}
Now, $17/2 = 289%, and $15"2 = 2253, so our
answer isthen \[ 289 - 225 =89 -25 = 64, \|as
before.
Below isaportion of the graph of afunction,
$y=u(x)$: [asy] import graph; size(5.5cm); real
Isf=0.5; pen dps=linewidth(0.7)+fontsize(10);
defaultpen(dps); pen ds=black; real xmin=-3.25,
xmax=3.25,ymin=-3.25,ymax=3.25; pen
cgcqcg=rgb(0.75,0.75,0.75); /*grid*/ pen .
gs=linewidth(0.7)+cqcqca+linetype("2 2"); real cha%tgfag of;th%%xlagt Val; egfgiué—f.%ﬁ
gx=1,gy=1; for(real i=ceil (xmin/gx)* gx;i<=floor ,?r: u(-0.81)$ or $u(0.81)$ or $u(2.33)$ from
. o .Y . e graph. However, the symmetry of the
(xmax/gx)* gx;i+=gx) draw((i,ymin)--(i,ymax), h (under $180"\circ$ rotation around the
gs); for(real i=ceil(ymin/gy)* gy;i<=floor(ymax L grap (under =
T Qv 7. =) S evel origin) tells us that $u(-x) = -u(x)$ for all $x$
gy)*gy;i+=gy) draw((xmin,i)--(xmax,i),gs); 3 Algebra
;DY) M X ARSI A S inthevisibleinterval, so, in particular, $$u
Label laxis; laxis.p=fontsize(10); xaxis("",xmin, (~2.33)+U(2.33) = O\phantom{ } $$and $$u
xma, Tick(laxis Step=1.0,Size=2,NoZero), (-0.81)+u(0.81) = 0.8 Thus, the exact value of
Arrows(6),above=true); yaxis("",ymin,ymax, $u(.-2 33) +u.(-0 81) J;u(O 81)1+u(2 33)$is
Ticks(laxis,Step=1.0,Size=2,NoZero),Arrows $\boxéd{ 0}$ ' ' '
(6),above=true); real f1(real x){return -x+3*sin )
(x*pi/3);} draw(graph(fl,-3.25,3.25),linewidth
(1)); clip((xmin,ymin)--(xmin,ymax)--(xmax,
ymax)--(xmax,ymin)--cycle); [/asy] What isthe
exact value of $u(-2.33)+u(-0.81)+u(0.81)+u
(2.33)$?
. : Let $x,y$ be the larger and smaller numbers,
girf]fee?uarqrcl:gfist&mwgaetr |SsI tsh?ﬁisgrhg rthe two Level Algebra respectively. We have $x+y=45$ and $x-
) 1 y=3$. Thus: $y=\frac{ 1}{ 2} ((x+y)-(x-y))=\frac

numbers?

{1}{2} (45-3)=\boxed{ 21} $.
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Squaring the equation provided, we get
If $m+\frac{ 1}{ m} =88%, then what is the value Level Algebra S 2+2(m)\left(\frac{ 1} { m}\right) +\frac{ 1}
of $m{ 2} H\frac{ 1} { m™{ 2} } +4$? 3 9 {m"2}=64,% so $m"2+\frac{ 1}{ m"2}
+4=\boxed{ 66} $.
Dividing both sides of the equation $11x"2-
44x-99% by $11$, we have $$x"2-4x-9 =
Krzysztof solved the quadratic equation $11x/2- 0.$$The square which agrees with $x"2-4x-9%
44x-99=0% by completing the square. In the Level except for the constant term is $(x-2)"2$,
process, he came up with the equivalent 5 Algebra | which isequal to $x"2-4x+4$ and thus to
equation $$(x+r)"2 = s, $$where $r$ and $s$ are $(x"2-4x-9)+13$. Therefore, by adding $13%
constants. What is $r+s$? to each side, Krzysztof rewrote the equation
$x"2-4x-9 = 0% as $H(x-2)"2 = 13$$We have
$r=-2%, $5=13%, and thus $r+s=\boxed{ 11} $.
To find $x$ such that $3*x=\frac{ 1} {\sqrt3} $,
notice that multiplying the numerator and
denominator of $\frac{ 1}{\sqrt3} $ by $\sqrt3$
gives us $\frac{\sqrt3}{ 3} ,$ and factoring
S\frac{ \sgrt3}{ 3} $ gives us $\sgrt{ 3} \cdot
Level \frac{ 1}{ 3} ,$ which is equal to $3"\frac12
Evaluate $log_3\frac{ 1}{\sart3} 3. 3 Algebra \cdot 3*{-1}.$ Looking back at our original
equation, this means that $3"x=3"\frac12 \cdot
3N{-1}=3*{\frac12 + -1} ,$ and therefore
$x=\frac12 + -1=-\frac12.$ Since $3'\{ -
\frac12} =\frac{ 1} {\sqrt3} ,$ $\log_3\frac{ 1}
{\sqrt3} =\boxed{ -\frac12} .$
To calculate $31°2$, Emily mentally figures the _ _
value $30"2$ and adds 61. Emily subtracts a Level Al We see that $2_9A2 =(30-1)"2=30"2 - 2\.Cd0t
gebra | 30 \cdot 1 +1 = 3072 - 59%. Therefore, Emily
number from $30"2$ to calculate $29"2%. What | 2 subtracts $\boxed{ 59} $
number does she subtract? )
If $x-7| = [x+1|$, then either $x-7 = x+1$ or
$x-7 = -(x+1)$. Simplifying $x-7=x+1$ gives
$0=8$%, which has no solutions, so no values of
ot : xS satisfy $x-7 = x+18$. If $x-7 = -(x+1)$,
ngvgt:gﬁn%xdﬁrﬁﬁ:gg ons are there to the IA_feveI Algebra | then $x-7 = -x-19$, s0 $2x = 6%, which gives

$x=33. So, there is $\boxed{ 1} $ solution.
Challenge: Seeif you can find a quick solution
to this problem by simply thinking about the
graphs of $y=[x-7|$ and $y=|x+1|$.
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Solve the equation $ly-6| + 2y = 9% for $y$.

Leve

Algebra

We consider two cases, $y\ge 6$ and $y < 63.
Case 1: 3y \ge 6:$ If By \ge 6%, then $ly-6| = y-
6$ and our equation is $y-6+2y=9%. So, we
have $3y = 15$, or $y=5%. However, Jy=5%
does not satisfy $y\ge 6$. Testing $y=5%, we
have $|5-6| + 2\cdot 5 =11%, not 9, and we see
that $y=5% is not a solution. Case 2: $y < 6:$
If $y<6$, then Jly-6| = -(y-6) = -y+6%, so our
equation is $-y+6+2y = 9%, from which we
have $y=\boxed{ 3} $. Thisisavalid solution,
since $y=3$ satisfies the restriction $y<63$.

Let $a$ and $b$ be the roots of the equation
$x"2-mx+2=0.$ Suppose that $a+(1/b)$ and $b+
(1/2)$ are the roots of the equation $x"2-
px+0=0.$ What is $97$

Level

Algebra

Since $a$ and $b$ are roots of $x"2 - mx + 2
=0,$wehave\[ X2 - mx + 2 = (x-a)(x-b)
\quad \text{ and} \quad ab = 2.\] Inasimilar
manner, the constant term of $x"2 - px + g$ is
the product of $a+ (1/b)$ and $b + (1/a),$so\
[ g=\left(a+\frac{ 13 { b} \right)\left(b+\frac{ 1}
{a\right)= ab+1+1+\frac{ 1} { ab} =\boxed
{\frac{9}{2}}.\]

Let $f(x)=3x-2%, and let $g(x)=f(f(f(f(x))))$. If
the domain of $g%$ is $0\leq x\leq 2%, compute
the range of $g$.

Level

Algebra

Weiterate the function to find $g$: \begin
{aign*} f(f(x))&=3(3x-2)-2=9x-8\\ f(f(f(x)))
& =3(9x-8)-2=27x-26\\ f(f(f(f(x))))&=3(27x-
26)-2=81x-80 \end{ align*} Thisisan
increasing, continuous function. The minimum
in the domain is at $0$, where it equals $-80$,
and the maximum is at $29$, where it equals
$-80+2(81)=82%. It covers al values between
these, so the range is $\boxed{ -80\leq g(x)\leq
82} $.

The center of the circle with equation
$xN2+y"2=-2x-10y-16$ is the point $(x,y)$.
What is $x+y$?

Level

Algebra

We will complete the square to determine the
standard form equation of the circle. Shifting
all but the constant term from the RHS to the
LHS, we have $x"2+2x+y"2+10y=-16$.
Completing the square in $x$, we add $(2/2)
A2=1$ to both sides. Completing the square in
$Sy$, we add $(10/2)"2=25$ to both sides. The
equation becomes \begin{ align*}

X" 2+2x+y"2+10y& =-16\\ \Rightarrow

X" 2+2x+1+y"2+10y+25& =10\ \Rightarrow
(x+1)"2+(y+5)"2& =10 \end{ align*} Thus, the
center of the circleisat point $(-1,-5)% so
$x+y=-1+(-5)=\boxed{ -6} $.
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same. If thefirst term is 2 and the second term
is 5, what isthe 12th term?

problem level | type solution

Wandais trying to locate the Fermat point $P$

of $\triangle ABC$, where $AS$ is at the origin,

$BSisat $(8,-1)$, and $CHis at $(5,4)$ (the

Fermat point is the point such that the sum of its

distances from the vertices of atriangleis

minimized). She guesses that the point is at $P

= (4,2)$, and computes the sum of the distances

from $P$ to the vertices of $\triangle ABCS. If By the distance formula, \begin{align*} AP

she obtains $m + n\sgrt{ 5} $, where $m$ and &=\sgrt{ (4-0)"2 + (2-0)"2} =\sqrt{ 16 + 4} =

$n$ are integers, what is $m + n$? [asy] string Level 2\sgrt{ 5} \\ BP &= \sqrt{ (4-8)"2 + (2-(-1))"2}

sp(pair P, string P2){return "$" + P2 + "\ (" + 4 Algebra | =\sgrt{ 16 + 9} =5\\ CP &=\sgrt{ (4-5)"2 +

string(P1.x) +"," + string(P1.y) + ")$";} size (2-9)72} =\sort{ 1+4} =\sgrt{ 5} \end{ align*}

(150); defaultpen(fontsize(10)); draw((-3,0) Hence, $AP + BP + CP =5 + 3\srt{ 5} $, and

--(10,0),Arrows(4)); draw((0,-3)--(0,8),Arrows $m-+n = \boxed{ 8} $.

(4)); pair A=(0,0),B=(8,-1),C=(5,4),P=(4,2);

draw(A--B--C--cycle, linewidth(0.7)); draw(A--

P, dashed); draw(B--P, dashed); draw(C--P,

dashed); label(sp(A,"A"),A,NW); label(sp(B,"

B"),B,S); label (sp(C,"C"),C,N); label (sp(P,"P"),

P,(-0.5,-2.8)); dot(A); dot(B); dot(C); dot(P);

lasy]

Simplify $(3-2i)72%$. (Y our answer should beof | Level Algebra $(3-2i)"2 = (3-2i)(3-2i)= 3(3) + 3(-2i) -2i(3) -

the form $at+bi$.) 3 9 2i(-2i) = 9-6i-6i -4 = \boxed{ 5-12i} $.

Suppose $d\not=0$. We can write $\left 'tar‘]dd' ngstthet$}d$ terms gi v&e;;;élidfd_Ad(#]ng

(120+13+14d"2\right) Hleft(2d+Lvright)$, inthe | Level | © constant lerms gIves Us & 4. Adding the

form Sad+b+cd2%. where $a%. $b%. and $c$ 5 gebra | $d"2$ terms gives us $14d"2$. Adding the

are integers. Find $:';1+b S T terms together gives us ${ 14d+14+14d"2} $,

' ' so $at+b+c = \boxed{ 42} $.

Recall that two quantities are inversely
proportional if their product is constant.

Each term of a sequence, after thefirst term, is Thereforg the product of every pair of

: . L consecutive terms of the sequence is the same.

inversely proportional to the term preceding it, Level Since the first two terms are 2 and 5. the

and the constant of proportionality staysthe 4ev Algebra . o .
product of every pair of consecutive termsis

10. Therefore, the third term is $10/5=2$, the
fourth term is $10/2=5%, and so on. We see
that the $n$th term is 5 for every even $n$, so
the 12th term is $\boxed{ 5} $.
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The values of $f$, $g$, $h$ and $j$ are 5, 6, 7
and 8, but not necessarily in that order. What is
the largest possible value of the sum of the four
products $fg$, $gh$, $hj$ and $fj$?

Leve

Algebra

Seeing pairwise products, we consider \[
(f+g+h+)"2=f 2+g"2+h"2+)"2+2
(fg+fh+fj+gh+gj+hj), \] so \[ fg+gh+hj+fj=\frac
{ (f+g+h+j)"2-f72-g"2-h"2-j"2}{ 2} -(fh+gj). \]
Since the fraction on the right-hand side does
not depend on how the values of $f$, $93,
$h$, and $j'$ are assigned, we maximize
$fg+gh+hj+fj$ by minimizing $fh+gj$.
Checking the three distinct values for $fh+g;j$,
we find that $5\cdot8+6\cdot7=82% is its
minimum value. Therefore, the largest
possible value of $fg+gh+hj+fj$ is $\frac

{ (5+6+7+8)"2-5"2-6"2-7"2-8"2}{ 2} -82
=\boxed{ 169} $.

Let $p$ and $g$ be the two distinct solutions to
the equation $$(x-5)(2x+9) = x"2-
13x+40.$$What is $(p + 3)(q + 3)$?

Level

Algebra

We can expand the |eft side to smplify, or we
might notice that $x"2-13x+40 = (x-5)(x-8).$
Thus, we see that $(x-5)(2x+9) = (x-5)(x-8).$
Simplifying, we have $(x-5)(2x+9) - (x-5)(x-
8) = (x-5)(x+17) = 0.$ Therefore, $p$ and $q$
are5and -17, and $(p + 3)(q + 3) = (8) (-14) =
\boxed{-112} .$

For how many integers $n$ isit true that $\sqrt
{n} \le\sgrt{4n - 6} <\sgrt{2n + 5} $?

Leve

Algebra

Squaring both sides of the left-hand inequality
yields $n < 4n-6 \Longrightarrow 6 \le 3n
\Longrightarrow 2 \le n$. Squaring both sides
of the right-hand inequality yields $4n-6 <
2n+5\Longrightarrow 2n < 11
\Longrightarrow n < 5.5%. Thus, $n$ must be
one of $}2,3,4,5\} $, of which we can check
all work. As such, the answer is $\boxed{ 4} $.

What is the value of $(2x + 5)"2% when $x =
3%?

Level

Algebra

We have $(2x+5)"2 = (2\cdot 3 + 5)/2 = 1172
=\boxed{ 121} $.

What isthe value of $x$ in the equation $16"
{16} +167{ 16} +16"{ 16} +16™ 16} =2"x$?

Level

Algebra

We rewrite the left side $16™{ 16} +16™{ 16}
+16/{ 16} +167{ 16} $ as $4\cdot167{ 16}
=2/2\cdot(274) 16} =22\cdot2™ 64} =21
{66} $. We have $2{ 66} =2"x$, so the value
of $x$ is $\boxed{ 66} $.
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The product of two consecutive page numbersis
$18{,} 360.$ What is the sum of the two page
numbers?

Level

Algebra

L et the page numbers be $n$ and $n + 1.$
Then, the problem can be modeled by the
equation $n(n+1) = 18360.$ We can rewrite
the equation as $n"2 + n - 18360=0.$ Now
using the quadratic formula, we find that $3n
=\frac{-1 \pm \sgrt{ 1 + 4\cdot 18360} }{ 2} .$$
So, $n = 135.$ Hence, $n + (n + 1) = \boxed
{271}.$ This equation can be factored as well,
but that would not save much time. The best
way to solve this quickly would be to notice
that $18360% falls between $135"2=18225%
and $13672=18496,% so since we know that
$n$ is an integer, we can guess that $n = 135.$
Plugging it back into the equation, we see that
it works, so $n + (n + 1) = \boxed{ 271} .$

Find the absolute value of the difference of the
solutions of $x"2-5x+5=0%.

Leve

Algebra

L et the roots of this polynomial be $r_1$ and
$r_23. Since the sum of the roots of a
polynomia $ax"2+bx+c=0$ is $-\frac{b}{a} $
and the product of the rootsis $\frac{ c}{a} $,
$r 1+r 2=5% and $r_1r_2=5$. Squaring the
first equation resultsin

$r_172+2r 1r 2+r 2"2=25%. Notice that
$(r_1-r 2)"2=r_172-2r_1r 2+r 2"2$, so the
difference of the roots can be obtained by
subtracting 4 copies of the product of the roots
from the square of their sum: $r_1"2-

2r_1r 2+4r 27"2=r _1"2+2r 1r 2+r 2"2-
4r_1r_2=25-4(5)=5$%. Therefore, $|r_1-
r_2|=\boxed{\sgrt{ 5} } $. We also could have
used the quadratic formulato determine that
the roots are $\dfrac{ 5 \pm \sgrt{ 5} } {2} $, and
the positive difference of these rootsisindeed
$\boxed{ \sqrt{ 5} } $.

Solve for $x$: $\dfrac{ 1} {2} + \dfrac{1}{x} =
\dfrac{ 5} {6} $.

Level

Algebra

Subtracting $\frac12$ from both sides gives
$\fraclx = \frac56-\frac12 = \frac13$, so
taking the reciprocal of both sides gives $x =
\boxed{ 3} $.

A portion of the graph of a quadratic function $f
(X)$ is shown below. Let $g(x)=-f(x)$ and $h(x)
=f(-x)$. If $a$ isthe number of points where the
graphs of $y=f(x)$ and $y=g(x)$ intersect, and
$b$ isthe number of points where the graphs of

Note that the graphs of $y=g(x)$ and $y=h
(x)$ are the reflections of the graph of $y=f
(X)$ across the $x$-axis and the $y$-axis,
respectively. Thus, the original graph
intersects these two graphs at its $x$-
intercepts and $y$-intercepts, respectively.
Thisis shown in the following picture: [asy]
size(150); real ticklen=3; real tickspace=2;
real ticklength=0.1cm; real axisarrowsize=0.
14cm; pen axispen=black+1.3bp; real
vectorarrowsize=0.2cm; real tickdown=-0.5;
real tickdownlength=-0.15inch; real
tickdownbase=0.3; real
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$y=f(x)$ and $y=h(x)$ intersect, then what is wholetickdown=tickdown; void

$10a+b$? [asy] size(150); red ticklen=3; real rr_cartesian_axes(real xleft, rea xright, real
tickspace=2; real ticklength=0.1cm; real ybottom, real ytop, rea xstep=1, real ystep=1,
axisarrowsize=0.14cm; pen axispen=Dblack+1. bool useticks=false, bool complexplane=false,
3bp; real vectorarrowsize=0.2cm; real bool usegrid=true) { import graph; real i; if
tickdown=-0.5; real tickdownlength=-0.15inch; (complexplane) { label ("$\textnormal{ Re} $",
real tickdownbase=0.3; real (xright,0),SE); label ("$\textnormal{ Im} $*,(0,
wholetickdown=tickdown; void ytop),NW); } else{ label("$x$",(xright+0.4,
rr_cartesian_axes(real xleft, real xright, real -0.5)); label ("$y$",(-0.5,ytop+0.2)); } ylimits
ybottom, real ytop, real xstep=1, rea ystep=1, (ybottom,ytop); xlimits( xleft, xright); real[]
bool useticks=false, bool complexplane=false, TicksArrx,TicksArry; for(i=xleft+xstep; 10.1)
bool usegrid=true) { import graph; red i; if { TicksArrx.push(i); } } for(i=ybottom+ystep;
(complexplane) { label("$\textnormal{ Re} $", i0.1) { TicksArry.push(i); } } if(usegrid) {
(xright,0),SE); label ("$\textnormal{ Im} $",(0, xaxis(BottomTop(extend=false), Ticks("%",
ytop),NW); } else{ label("$x$",(xright+0.4, TicksArrx ,pTick=gray(0.22),extend=true),
-0.5)); label ("$y$",(-0.5,ytop+0.2)); } ylimits Leve p=invisible);//,above=true); yaxis(LeftRight
(ybottom,ytop); xlimits( xIeft, xright); real[] 5 Algebra | (extend=false), Ticks("%", TicksArry ,

TicksArrx,TicksArry; for(i=xleft+xstep; 10.1) {
TicksArrx.push(i); } } for(i=ybottom+ystep; i0.
1) { TicksArry.push(i); } } if(usegrid) { xaxis
(BottomTop(extend=false), Ticks("%",
TicksArrx ,pTick=gray(0.22),extend=true),
p=invisible);//,above=true); yaxis(L eftRight
(extend=false), Ticks("%", TicksArry ,
pTick=gray(0.22),extend=true), p=invisible);//,
Arrows); } if(useticks) { xequals(0,
ymin=ybottom, ymax=ytop, p=axispen, Ticks
("%",TicksArry , pTick=black+0.8bp,
Size=ticklength), above=true, Arrows
(size=axisarrowsize)); yequals(0, xmin=xleft,
xmax=xright, p=axispen, Ticks("%", TicksArrx ,
pTick=Dblack+0.8bp,Size=ticklength),
above=true, Arrows(size=axisarrowsize)); }
else { xequals(0, ymin=ybottom, ymax=ytop,
p=axispen, above=true, Arrows
(size=axisarrowsize)); yequals(0, xmin=xleft,
xmax=xright, p=axispen, above=true, Arrows
(size=axisarrowsize)); } }; rr_cartesian_axes
(-2,5,-2,4); red f(real x) {return (x-1)* (x-3)/2;}
draw(graph(f,-1,5,0perator ..), red); [/asy]

pTick=gray(0.22),extend=true), p=invisible);//,
Arrows); } if(useticks) { xequals(O,
ymin=ybottom, ymax=ytop, p=axispen, Ticks
("%", TicksArry , pTick=black+0.8bp,
Size=ticklength), above=true, Arrows
(size=axisarrowsize)); yequal (0, xmin=x|eft,
xmax=xright, p=axispen, Ticks("%",
TicksArrx , pTick=black+0.8bp,
Size=ticklength), above=true, Arrows
(size=axisarrowsize)); } else{ xequals(0,
ymin=ybottom, ymax=ytop, p=axispen,
above=true, Arrows(size=axisarrowsize));
yequals(0, xmin=xleft, xmax=xright,
p=axispen, above=true, Arrows
(size=axisarrowsize)); } }; rr_cartesian_axes
(-5,5,-4,4); real f(real x) {return (x-1)*(x-3)
12;} real g(real x) {return -f(x);} rea h(real x)
{return f(-x);} draw(graph(f,-1,5,0perator ..),
red); draw(graph(g,-1,5,0perator ..), cyan);
draw(graph(h,-5,1,0perator ..), blue); draw((-2,
-5)--(0,-5),red); label ("$y=f(x)$",(0,-5),E);
draw((-2,-6)--(0,-6),cyan); label ("$y=g(x)$",(0,
-6),E); draw((-2,-7)--(0,-7),blue); label ("$y=h
(x)%$",(0,-7),E); dot((1,0),magenta); dot((3,0),
magenta); dot((0,1.5),purple); [/asy] Since the
original graph has 2 $x$-intercepts and 1 $y$-
intercept, we have $a=2$ and $b\ge 1$. Since
the original function is not invertible, it ${\it
could} $ intersect its reflection across the $y$-
axis elsewhere than at a $y$-intercept, but the
graph clearly showsthat it does not, so $b=1%
and $10a+b = 10(2)+1 = \boxed{ 21} $.
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problem

level

type

solution

Wheat is the sum of the values of $x$ that satisfy
the equation $x2-5x+5=9%?

Level

Algebra

Subtracting 9 from both sides of the equation,
we have $x"2 - 5x - 4 = 0$. The sum of the
roots of this quadratic is negative its linear
coefficient, which is $\boxed{ 5} $. (The above
istrue because if a quadratic has roots $r$ and
$s$, we have $(x-r)(x-s) = x"2 - (r+s)+rs= 0$.)

Simplify and rationalize the denominator:
$H\frac{ 1}{ 1+ \frac{ 1} {\sgrt{ 3} +1} } .$$

Level

Algebra

To begin, we first consider the $\frac{ 1} {\sgrt
{3} + 1} $ term. We can multiply both the
numerator and the denominator by the
conjugate of the denominator to get $$\frac{ 1}
{\sgrt{ 3} + 1} =\frac{1}{\sgrt{ 3} +1} \times
\frac{\sgrt{ 3} -1} {\sqrt{ 3} -1} = \frac{\sgrt{ 3}
-13{3-1} =\frac{\sgrt{ 3}-1}{ 2} .$$We can
then substitute this back into our original
expression and multiply both the numerator
and denominator by $2$ to get \begin{ align*}
\frac{ 1}{ 1+ \frac{ 1} {\sqrt{ 3} +1} } & =\frac
{1}{1 +\frac{\sgrt{ 3} - 1}{2}} \\ & =\frac{2}
{2 +\sgrt{ 3} - 1} \ & =\frac{ 2} {\sOrt{ 3} +
1} . \end{ align*} If we multiply both the
numerator and denominator of this expression
by $\sgrt{ 3} -1$ and simplify, we end up with
\begin{ align*}\frac{ 2} {\sqrt{ 3} + 1} &= \frac
{2}{\sgrt{ 3} + 1} \times\frac{\sqrt{ 3}-1}
{\sgrt{ 3} -1} \&=\frac{2(\sgrt{3}-1)}{3 - 1}
=\frac{ 2(\sqrt{ 3} -1)}{ 2} =\boxed{\sqgrt{ 3}
-1} \end{ align*}

The first three terms of an arithmetic sequence
are1, 10 and 19, respectively. What is the value
of the 21st term?

Level

Algebra

The common difference for this arithmetic
sequence is $10 - 1 = 9%, so the $21{ \text
{st}}$termis$1 + 9 \cdot 20 = \boxed{ 181} $.

How many integers $n$ satisfy $(n+3)(n-7) \le
0$?

Level

Algebra

The product of two positive numbersis
positive, and the product of two negative
numbersis also positive. Therefore, if the
product of two numbersislessthan or equal to
$0$, then one of the numbers must be greater
than or equal to $0$ and one of the numbers
must be less than or equal to $0$. If $(n+3)(n-
7)\le 0$, then because we know $n+3\ge n-7$,
we must specifically have $n+3\ge 0$ and $n-
7\le 0$. The first condition, $n+3\ge 0%, istrue
when $n\ge -3$. The second condition, $n-7\le
03, istrue when $n\le 73$. Since both
conditions must be true, the only solutions are
the integers from $-3% through $7$

(inclusive). These are $$n = -3,-2,
-1,0,1,2,3,4,5,6,7.$$ Counting, we see that
there are $\boxed{ 11} $ solutions.
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problem level | type solution
The graph of $y=ax"2+bx+c$ is given below, Wher? =15, twe havtehw _ﬁ ; +1C$ 2T$h eSi
where $a$, $b$, and $c$ are integers. Find $a- g;%p $Bagpea:js$g$pass through $(- k )3. hnce
b+c$. [asy] Size(150); Label f; f.p=fontsize(4); | Leve 0%, 0 SCv are integers, we know that
. , o= : Algebra | $y$isaninteger when $x=-1%, so the graph
xaxis(-3,3,Ticks(f, 1.0)); yaxis(-4,4, Ticks(f, 4 doesi
_ ) oes indeed pass through $(-1,-2)$. Therefore,
1.0)); real f(real x) { return x"2+2x-1; } draw $y=-2% when $x=-13, S0 $a-b-+c = \boxed
(graph(f,-2.7,.7),linewidth(1),Arrows(6)); [/asy] {-2}$ '
Any two consecutive terms of an arithmetic
| have the following terms of an arithmetic Level sequence must have a common difference. So,
sequence: $\frac{ 1}{ 2}, x-1, 3x, \Idots$. Solve 5 Algebra | $(x-1) - \frac{ 1}{ 2} = (3x) - (x-1)$, or $x -
for $x$. \frac{ 3}{ 2} = 2x+1$. Solving gives $x =
\boxed{ -\frac{ 5}{ 2} } $.
Note that $\left(x 4+6\right)
N2=x"\8+12x"4+36%. So $\frac
Compute $\frac{ x 8+12x"4+36}{ x"4+6} $ Level Algebra {x"8+12x"4+36} { x"4+6} =\frac{ \left
when $x=5%. 3 9 (x"4+6\right)"2} { x4+6} =x"4+6%. Our
answer is therefore $5"4+6=625+6=\boxed
{631} $.
Squaring both sides of the first equation, we
If $x-y=15% and $xy=4$, what is the value of Level Alaebra | 96t that $x"2-2xy+y"2=225%. So, we know
BXA2+YN2$? 3 9 that $xA2+y"2=225+2xy$. Since $xy=4$, we
find $x"2+y"2=225+2(4)=\boxed{ 233} $.
Moving termsto the LHS, we have
PxN2+4x+y"2-6y=-12%. Completing the
square on the quadratic in $x$, we add $(4/2)
A2=4% to both sides. Completing the square on
Wheat is the distance between the center of the Level the quadratic in $y$, we add $(6/2)"2=9% to
circle with equation $x"2+y"2=-4x+6y-12% and 4 Algebra | both sides. We are left with the equation
the point $(1,7)$? XN 2+4x+4+y"2-6y+9=1 \Rightarrow (x+2)
N2+(y-3)"2=13$. Thus, our circle has center
$(-2,3)$. The distance between this center and
the point $(1,7)$ is $\sqrt{ (1-(-2))2+(7-3)"2}
=\boxed{ 5} $.
A geometric sequence of positive integersis L et the geometric sequence have common
formed for which thefirst term is 3 and the Level Algebra ratio $r$. We know that $3\cdot r*3=192%, or
fourth term is 192. What isthe third term of the | 2 g $r=4%$. Thus, the third term is $3 \cdot 1’2 =3
sequence? \cdot 472 = \boxed{ 48} $.
Thereis avertical asymptote where the
_ denominator equals 0 and thus $y$is
izcirh?r/gg:/aecr{ti)églzgr);;}o?é’? what $x$-value Ze\/d Algebra | undefined. For the denominator to equal 0, we
' have $5x-7=0\Rightarrow x=\boxed{ \frac{ 7}
{5}}$.
A geometric sequence of positive integersis L et the geometric sequence have common
formed for which the first termis 2 and thefifth | Level Aloebra ratio $r$. We know that $2\cdot r"*4=162%, or
term is 162. What is the sixth term of the 2 g $r=3%. Thus, the sixth term is $2 \cdot 15 = 2

sequence?

\cdot 3"5 = \boxed{ 486} $.
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problem level | type solution

Let the center of the circle be $(x,0)$. Then
we know the distance from the center to
$(0,4)$ and from the center to $(1,3)$ are the
same. Using the distance formula, we have
\begin{ align*} \sgrt{ (x-0)"2+(0-4)"2} & =\sqrt
{ (x-D)"2+(0-3)"2}\\ \Rightarrow\gquad \sgrt
{x"2+16} & =\sgrt{ (x-1)"2+9}\\
\Rightarrow\gquad x"2+16& =(x-1)"2+9\\
\Rightarrow\gqquad x"2+16& =x"2-2x+1+9\\
\Rightarrow\qquad 16& =-2x+10\\
\Rightarrow\gqquad 6& =-2x\\
\Rightarrow\qquad x& =-3 \end{ align*} Now
we know the center of the circleis $(-3,0)$,
and we need to find the radius. Use the
distance formula once more: \begin{ align*}
\sgrt{ (-3-0)"2+(0-4)"2} & =\sqrt{ (-3)"2+(-4)
A2H\\& =\sgrtf 9+16} \\& =\sgrt{ 25} =\boxed{ 5} .
\end{ align*}

The points $(0,4)$ and $(1,3)$ lieon acircle
whose center is on the $x$-axis. What is the
radius of the circle?

Level Algebra

L et the $x$-coordinates of the vertices of
$P 1$be$x_1,x_2\ldotsx_{33}$. Then, by
the midpoint formula, the $x$-coordinates of
the vertices of $P_2% are $\frac{x_1+x_2}2,
\frac{x_2+x_3}2\ldots\frac{x_{33}+x_1}2
Level Algebra $. The sum of these equals $\frac
{2x_1+2x_2+\cdots +2x_{33}}
2=x_1+x_2+\cdots+x_{33}$. Similarly, the
sum of the $x$-coordinates of the vertices of
$P_3% equals the sum of the $x$-coordinates
of the vertices of $P_2$. Thus the desired
answer is $\boxed{ 99} $.

A $33%-gon $P_1$ isdrawn in the Cartesian
plane. The sum of the $x$-coordinates of the
$33$ vertices equals $99$. The midpoints of the
sides of $P_1$ form a second $33%-gon, $P_23.
Finally, the midpoints of the sides of $P_2%
form athird $33%-gon, $P_3$. Find the sum of
the $x$-coordinates of the vertices of $P_3$.

For $x > -2%, $\dfrac{ 1} { x+2} $ takes on all
Let $f(x) = \left\Iceil\dfrac{ 1} { x+2} \right\rceil$ positive values. Thus, $f(x)$ takes on all

for $x > -2$, and $f(x) = \left\Ifloor\dfrac{ 1} Level positive integers for $x > -2$. For $x < -23,
{x+2}\right\rfloor$ for $x < -2%. ($f(x)$ is not Algebra | $\dfrac{ 1}{x+2}$ takes on all negative
defined at $x = -2$.) Which integer is not in the values. Thus, $f(x)$ takes on all negative
range of $f(x)$? integers for $x < -2%. So, the range of $f(x)$is
all integers except for $\boxed{ 0} $.

First, we notice that $f(2) = 13$, so $f*{-1} (1)
The values of afunction $f(x)$ are given in the = 2$. Hence, $$f{ -1} (FA{-1} (fFA{-1} (1))) = A
table below. \begin{ tabular}{ [c||c|c]|c|c|c[} \hline {-1} (I7{-1} (2)).$$Next, $f(5) = 2%, so $f*{-1}

$&1&2& 3&4& 5\ \Nine$f(X)$& 3& ZEVEI Algebra | (2) =5$. Thus, $f{-1} (f7{-1} (2)) = f{-1}
1& 5& 4& 2\\\hline\end{tabular} If $\{-1} $ (5)%. Finally, $f(3) = 5%, so $f*{-1} (5) = 3$.
exists, then what is $f{ -1} (fA{ -1} (f°{-1} (2)))$? Thus, $f{-1} (fFA{ -1} (f7{-1} (1))) = \boxed
{3}.$
P\dfrac{ 21} {\sgrt{ 21} } = \dfrac{ 21} {\sqrt
Rationalize the denominator of Level Algebra {21}} \cdot \dfrac{\sgrt{ 21} } {\sqrt{ 21} } =
P\displaystyle\frac{ 21} {\sqrt{ 21} } $. 2 9 \dfrac{ 21\sgrt{ 21} } { 21} = \boxed{\!\sgrt

{21}}$.




Page 20 of 21

problem level | type solution
If $x<-7$, both $x+7$ and $x-2$ are negative.
S0 $Py=-(x+7)-(-x+2)=-9.9$ If $x\geq 29,
both $x+7$ and $x-2$ are nonnegative. So
PBy=x+7-x+2=9.$3 If $-7\leq x< 2%, Ix+7$is
Level nonnegative and $x-2$ is negative. So
Compute the range of $y=|x+7]-|x-2|$. 5 Algebra | $8y=x+7-(-x+2)=2x+5.$$ Then, $2(-7)+5=-
9%, and $2(2)+5=9%. The function is
increasing and continuous, so all values
between $-9% and $9$ are produced, and no
others. Thusthe rangeis $y \in \boxed{ [-9,
9}
Since $'2$ varies inversely with $6"33$,
$(a*2)(b"3)=k$ for some constant $k$. If
Suppose that $a*2$ variesinversely with $0"3$. Level $a=7$ when $b=3$, then $k=(7"2)(3"3)=(49)
If $a=7$ when $b=3$, find the value of $a"2$ 4 Algebra | (27)=1323%. So if $b=6%, \begin{align*} (22)
when $b=6$. (673)&=1323 \\ 216a"2& =1323
\\Rightarrow\gqquad a"2& =\boxed{ 6.125} \end
{aign*}
Writing the right side with $5% as the base, we
have $125"x = (5"3)"x = 5\ 3x} $, so our
. QLA — AoEA Level equation is: $$5N x + 4} = 5 3x}.$$Then,
Solve for $x$: $$5"{x + 4} = 125'X.$3 2 Algebra setting the exponents equal, we obtain $$x + 4
= 3X.$$Thisyields $2x = 4 \implies \boxed{ x
= 2} $
First, we note that $\left(\frac18\right)"{-1} =
Solve for $x$: $(x-4)"3=\left(\frac18\right)" Level Algebra 8%, so the equation is $(x-4)"3 = 8%. Taking
{-1}3$ 2 9 the cube root of both sides gives $x-4 = 23, so
$x=\boxed{ 6} $.
. : . . The term $x"2$ is simply the average of $1"2
Solve for $08 n the following arithmetic | Level | yjggya | = 15.nd 532 96, 50 5x°2 = (1 + 92 = 55
sequence: X786, 574, NI OOLSS. Because $x > 0%, $x = \boxed{\sgrt{ 5} } $.
On aparticular day in Salt Lake, UT, the t/t\)/ eset gl].e timp%r\gturfzquglgfgzz\\diggzrees.
temperature was given by $-t"2 +12t+50$ egind |_gn 24 tf =W\
. B Level 12t+27& =0\ (t-3)(t-9)& =0 \end{ align*} We
where $t$ is the time in hours past noon. What 3 Algebra i
. . see then that the temperature is 77 degrees
isthe largest $t$ value at which the temperature v twice: at $t=3% and $t=9%
was exactly 77 degrees? exactly twice: =3$ and $t=93, so our
answer is $\boxed{ 9} $.
Simplify the following expression in $x$: \ The given expression can be rewritten as
[2x+8x"2+9-(4-2x-8x"2).\] Express your Level Algebra $2x+8x"2+9-4+2x+8x"2$. Combining like
answer in the form $ax"2 +bx+c$, where $a$, 2 9 terms, this last expression is equal to $(2x+2x)

$b$, and $c3$ are numbers.

+(8x"2+8x"2)+(9-4)=\boxed{ 16x"2+4x+5} $.
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solution $(x,y)$ when $x=2%, compute $as$.

problem level | type solution
Substituting in $x=2$, we obtain the equations
. NPT \begin{align*} y+6& =a,\\ by+4& =2a. \end
gxt_[‘;g?; jﬁ@gﬂgfﬂgﬁﬁgﬂg‘;ﬁj{;y}” h}as . Level | | qebra | (310N} Multiplying the first equation by $5%
3 and subtracting it from the second equation,

we find $$-26=-3a\Rightarrow a=\boxed{\frac
{26}{3}} .55




