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Let’s talk about representation learning, where our goal is to learning effective, interpretable representations for downstream 
tasks. We use mutual information as a measure for the non-linear dependency between the learned representations and the 
data, and optimize the MI. We first state our general settings and give a detailed analysis of the basics of information theory, 
then the estimation of the mutual information.  














































































































Representation Learning Y plY I X P Y X arepresentation orfeature forsimplification
discriminative generative for X

Max 217 X the mutual information
Thenuse 7 forany downstreamtasks

Entropy HCA Zpix bogpix E boy1541 measures the information containedby X
kentropy is independentofDX thesupportof 1Relative Entropy KL divergence 1 bounded byuniform dist

RC's1 1 2 Ply byM1 measures the distance between Pitt and Plaxy par L also independent of six andtryf Not symmetric JSD is
Note if Y fix l f is a deterministic function Then

7114 E HCX sufficient when t is a one to one mapping
Pointwise Mutual InformationL PMI t Also related to the data processing inequalityX y 2 7 X Y 221X ZPMICx y boy PQ_ I when I IX and Z fezpix ply
Mutual Information MZ is the expected PMI

21 I Egp y typify ftp.x.ae I t.gl p7y I
KL pi7 4 11PIX ply Hfc H171 A

There are many non trivial things in mutual information
Conditional Entropy

This is a common caveat
tX 3gply1x 3gpig Ix Sometop venuepapers alsomake
it in suchmistakes

independentof X needtosumover x 9
depend on the valueof X

Similarly Conditional Mutual Information
ply z 1xP y zPly

2Ix by y ply
a 1 1boyP'Y

2

y ply1 7plzIx
IndependentOt X needto sumover x

depend on the valueofX
so this is ironic The conditional MI Ent is independent of the condition
This is NOT conditionalprobability ply1 x Which depends on






































































































































Bounds Asymptotic behaviors

What are the extremecases of MI Is it possible that two variables have
infinite ML Howdoes MI behavewhenthingsgoextreme Whatcan we
alternately achievewhen we optimize MI

zathecaseoflanguagemodeling it shouldbe
first the entropy term by1VI nbyV Not alarge

memberIn sequencelength
Notexpeonentia

H y e bylayl is boundedby the uniformentropy V vocabulary sire
Second the conditionalentropy
H H X fy pix yl togPlY

I Zo whenplylx one hot

istowerbounded by the one hot distribution When a conditional dish Ply1 x
is one hot thereis a deterministicmapping fix y
Overall optimizing MI will push the prior to uniform and the posterior to

As is shown ITone bet
Thisalsomeasures
Towhatextent I can1TTTTTTTTT

i I i n ae mini Iiii
Thisis tosay before knowing This is to say afterknowing we Htt HI417
X weknownothingabout 2 and immediatelyknowwhatvalue z is and sowealsogetTowhatextent I canit canbeanyvalue uniformly thereis no randomness remained

If bepred by 72
combiningaboveweget nowhatextent7 IXandy canpredicteachother Which is a

Q

Betweenumitormandone
hot.Thisissomenhereinthemiddt classicalinterpretoti

Afterknowing X wehavemoreconfidence that y shouldbea OT MItt Tipastioulasuatney
Alsonote that thesebounds relies on the assumption that I and I
are discrete Things will bedifferentwhenthey are continuous
Differential Entropy
In abovediscussion We assume all variables are discrete Whenthey are continuous
it ispossible that

HCI Iply togpigdy co

Anexample is a uniform dist over fo izz Also the entropy canbearbitrarilynegative
making the mutualinformationunbounded leading to potential optimization issues
Seethe 1h2NE paper
In otherwords Discrete XXI Ent is bounded while continuous MI Ent is NOT
Hereweleaveoutthe asymptoticbehaviorofcontinuousanI






































































































































Joint v s Product of Marginal
The KLversionof MI la plx y II171 1ply involves thejointplx.gsand the
productofmarginal pix ply Howdothey different w eachother

Consider the sampling problems
i sample X y n pl xYI2 sample x n pix Zgpix y y n plyI pixy

Q How does x y compared to l X y
D X andy are correlated with eachother

x andy are independentof each other
i

Tq I in otherwads pimply constructs
an indepent diet ofex yl pixpigsoutof a correlated pix y
Themore the higherdivergence

pixply PhiY TomPhaplyl the more
dependence Theless NII the
less dependence

Why MI hard to estimate

Suppose It is observed T latent To estimate MI we need
4 samples from Mx yl
12 evaluate the joint pixy
I evaluate the marginal pix pcy

when we have a discriminative model ply 1x
Then II xn empirical Y n pCy1 1 so we can do condition is

121 pl x yl ply1 1 pix we can wad ply1 1 but pix undifined
131 plyl is also undefined

When we have a foetorizedgenerativemodel P1x y ply1 1 pix
Then in xn empirical y ply1 1

µ Pix plyl still undefined
MyIpc

My1 x
pig andcannot do ply ply1 1pix

when we have a full generativemodel pix y
Then still cannot evaluate pix ply

This is why weneed approximate inferencemethods











In the above discussion, we show many basics and discussions about what is mutual information and what we are actually 
optimizing over. We have also shown why it is hard to estimate. Now we show the recent estimators for MI.  
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1 MINE mutual informationneuralestimation

I I Original Donstzer Vandam representation

Iput711 Fpixy I bgpk.jpy I
7
gyp 7p y ITH Y71 byEpixpig Iexp Tg ix y I

12 The Jensen Shamon representation morestable

I X Y 7pixy L spC TCx yl TEpixpig sp TCx y II
spin byCl ex

I 3 The Noise Contrastive 7estimation

Ince X Y l Fpixy I TCx y Exipexyupy I togz e t II
Details TBC

2 TheVariational Estimators

TBC


