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Fouille en profondeur d’un graphe
B&B sections 9.3 et 9.4

Révisé en démo :

Exploring graphs Chapter 9

In postorder we first number the subtrees of a node from left to right, and then we
number the node itself. Thus

postnum[v]> postnum[w] A> v is an ancestor of w or
v is to the right of w in the tree.

It follows that

prenum[v] < prenum[w] and postnum[v] > postnum[w]
# v is an ancestor of w.

Once the values of prenum and postnum have been calculated in a time in E)(n), the
required condition can be checked in a time in 0 (1).

9.3 Depth-first search: Undirected graphs
Let G = (N A) be an undirected graph all of whose nodes we wish to visit. Suppose
it is somehow possible to mark a node to show it has already been visited.

To carry out a depth-first traversal of the graph, choose any node v E N as the
starting point. Mark this node to show it has been visited. Next, if there is a node
adjacent to v that has not yet been visited, choose this node as a new starting point
and call the depth-first search procedure recursively. On return from the recursive
call, if there is another node adjacent to v that has not been visited, choose this
node as the next starting point, call the procedure recursively once again, and
so on. When all the nodes adjacent to v are marked, the search starting at v is
finished. If there remain any nodes of G that have not been visited, choose any one
of them as a new starting point, and call the procedure yet again. Continue thus
until all the nodes of G are marked. Here is the recursive algorithm.

procedure dfsearch(G)
for each v E N do mark[v] not-visited
for each v E N do

if mark[v]# visitedthen dfs(v)

procedure dfs(v)
{Node v has not previously been visited}
mark[v] - visited
for each node w adjacent to v do

if mark[w]# visitedthen dfs(w)

The algorithm is called depth-first search because it initiates as many recursive
calls as possible before it ever returns from a call. The recursion stops only when
exploration of the graph is blocked and can go no further. At this point the recursion
"unwinds" so alternative possibilities at higher levels can be explored. If the graph
corresponds to a game, this may be thought of intuitively as a search that explores
the result of one particular strategy as many moves ahead as possible before looking
around to see what alternative tactics might be available.

Consider for example the graph in Figure 9.3. If we suppose that the neighbours
of a given node are examined in numerical order, and that node 1 is the first starting
point, depth-first search of the graph progresses as follows:
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Fouille en profondeur
Quelques utilités

Dans un graphe non-orienté, l’arbre de la fep peut servir à
I calculer les composantes connexes,︸ ︷︷ ︸

ensemble maximal de sommets reliés deux à deux par un chemin
I calculer les points d’articulation.︸ ︷︷ ︸

sommet qui, retiré, brise la connexité

Dans un graphe orienté, l’arbre de la fep peut servir à
I détecter un cycle,
I sinon à trier les sommets en ordre “topologique”.︸ ︷︷ ︸

l’arc s → s′ implique s ≤ s′

Pire cas et meilleur cas Θ(max(# d’arcs, # de sommets)).
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Fouille en largeur d’un graphe
B&B section 9.5

Section 9.5 Breadth-first search

procedure bfs(v)
Q - empty-queue
mark[v] - visited
enqueue v into Q
while Q is not empty do

u -first(Q)
dequeue u from Q
for each node w adjacent to u do

if mark[w]# visited then mark[w]- visited
enqueue w into Q

In both cases we need a main program to start the search.

procedure search (G)
for each v E N do mark[v] - not-visited
for each v E N do

if mark[v]b visited then {dfs2 or bfs} (v)

For example, on the graph of Figure 9.3, if the search starts at node 1, and the
neighbours of a node are visited in numerical order, breadth-first search proceeds
as follows.

Node visited Q
1. 1 2,3,4
2. 2 3,4,5,6
3. 3 4,5,6
4. 4 5,6,7,8
5. 5 6,7,8
6. 6 7,8
7. 7 8
8. 8

As for depth-first search, we can associate a tree with a breadth-first search. Fig-
ure 9.10 shows the tree generated by the search above. The edges of the graph with
no corresponding edge in the tree are represented by broken lines; see Problem 9.30.
In general, if the graph G being searched is not connected, the search generates a
forest of trees, one for each connected component of G.

It is easy to show that the time required by a breadth-first search is in the
same order as that required by a depth-first search, namely 0 (max (a, n)). If the
appropriate interpretation of the word "adjacent" is used, the breadth-first search
algorithm-again, exactly like the depth-first search algorithm-can be applied
without modification to either directed or undirected graphs; see Problems 9.31
and 9.32.

Breadth-first search is most often used to carry out a partial exploration of an
infinite (or unmanageably large) graph, or to find the shortest path from one point
to another in a graph. Consider for example the following problem. The value 1 is
given. To construct other values, two operations are available: multiplication by 2
and division by 3. For the second operation, the operand must be greater than 2
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Fouille en largeur
Utilité

Trouvera le sommet recherché, dans un graphe infini de degré borné,
si un tel sommet existe.
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Fouille d’un graphe par retour arrière (backtracking)
B&B Section 9.6

Contexte :

graphe souvent implicite, car trop grand ou même infini
souvent sans cycle, même un arbre
sommet = solution partielle
recherché : sommet qui est solution complète.

L’idée : étendre constamment une solution partielle et rebrousser chemin
dès la détection de l’absence de solution complète le long d’une branche.
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Retour arrière
Forme générale

Section 9.6 Backtracking

In the following procedure soll . .81 is a global array. To print all the solutions
to the eight queens problem, call queens(0, 0, 0, 0).

procedure queens(k, col, diag45, diagl35)
{sol[ . . k] is k-promising,
col {sol[i]I1 < i s k},
diag45 = {sol[i]-i + 11 < i < k}, and
diagI35 = Isol[i]+i -11 s i <! k}}I

if k = 8 then {an 8-promising vector is a solution}
write sol

else {explore (k + 1)-promising extensions of sol}
for j - 1 to 8 do

if j t col and j - k f diag45 and j + k t diag135
then sol[k + 1] - j

{sol[l . . k + 1] is (k + 1)-promising}
queens(k + 1,col u {j},

diag45 u {j - k},diagl35 u j + k})

It is clear that the problem generalizes to an arbitrary number of queens: how can we
place n queens on an n x n "chessboard" in such a way that none of them threatens
any of the others? As we might expect, the advantage to be gained by using
backtracking instead of an exhaustive approach becomes more pronounced as n
increases. For example, for n = 12 there are 479 001 600 possible permutations to
be considered. Using the permutation generator given previously, the first solution
to be found corresponds to the 4 546 044th position examined. On the other hand,
the tree explored by the backtracking algorithm contains only 856 189 nodes, and
a solution is obtained when the 262nd node is visited. The problem can be further
generalized to placing "queens" in three dimensions on an n x n x n board; see
Problem 9.49.

9.6.3 The general template
Backtracking algorithms can be used even when the solutions sought do not nec-
essarily all have the same length. Here is the general scheme.

procedure backtrack (v [1 .. k] )
{v is a k-promising vector}
if v is a solution then write v
{else} for each (k + 1)-promising vector w

such that w[l.. k] v[l.. k]
do backtrack(w lI . . k + 1])

The else should be present if and only if it is impossible to have two different
solutions such that one is a prefix of the other.

Both the knapsack problem and the n queens problem were solved using depth-
first search in the corresponding tree. Some problems that can be formulated in
terms of exploring an implicit graph have the property that they correspond to an
infinite graph. In this case it may be necessary to use breadth-first search to avoid
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Note : w n’est pas “weight” mais simplement un vecteur qui prolonge v .
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Retour arrière : exemple 1

Sac à dos avec multiplicités
DONNÉE: capacité W ∈ R≥0 et types d’objets 1, 2, . . . , n de poids

w1, . . . , wn ∈ R≥0 et de valeurs v1, . . . , vn ∈ R≥0

CALCULER: comme d’habitude mais avec les xi ∈ N
Le retour arrière ressemble à la fouille en profondeur :

Exploring graphs Chapter 9

remain to be visited. After exploring nodes (2,2,3; 11) and (2,2,4; 12), neither of
which improves on the solution previously memorized, the search backs up one
stage further, and so on. Exploring the tree in this way, (2, 3, 3; 13) is found to be a
better solution than the one we have, and later (3,5; 15) is found to be better still.
Since no other improvement is made before the search ends, this is the optimal
solution to the instance.

Programming the algorithm is straightforward, and illustrates the close relation
between recursion and depth-first search. Suppose the values of n and W, and of
the arrays w [1 .. n] and v [1 .. nl] for the instance to be solved are available as global
variables. The ordering of the types of item is unimportant. Define a function
backpack as follows.

function backpack(i, r)
{Calculates the value of the best load that can

be constructed using items of types i to n
and whose total weight does not exceed r }

b -O
{Try each allowed kind of item in turn}
for k i to n do

if w[k]< r then
b - max(b,v[k]+backpack(k,r - w[k]))

return b

Now to find the value of the best load, call backpack(l, W). Here each recursive
call of backpack corresponds to extending the depth-first search one level down the
tree, while the for loop takes care of examining all the possibilities at a given level.
In this version of the program, the composition of the load being examined is given
implicitly by the values of k saved on the recursive stack. It is not hard to adapt
the program so that it gives the composition of the best load explicitly along with
its value; see Problem 9.42.

9.6.2 The eight queens problem
For our second example of backtracking, consider the classic problem of placing
eight queens on a chessboard in such a way that none of them threatens any of
the others. Recall that a queen threatens the squares in the same row, in the same
column, or on the same diagonals.

The most obvious way to solve this problem consists of trying systematically all
the ways of placing eight queens on a chessboard, checking each time to see whether
a solution has been obtained. This approach is of no practical use, even with a com-
puter, since the number of positions we would have to check is (6) = 4 426165 368.
The first improvement we might try consists of never putting more than one queen
on any given row. This reduces the computer representation of the chessboard
to a vector of eight elements, each giving the position of the queen in the corre-
sponding row. For instance, the vector (3,1, 6,2,8, 6,4, 7) represents the position
where the queen on row 1 is in column 3, the queen on row 2 is in column 1, and
so on. This particular position is not a solution to our problem since the queens in
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Appel initial : backpack(1, W ).
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Objets 1,2,3,4 de valeurs 3,5,6,10 et poids 2,3,4,5, capacité 8.
Arbre typique d’un algo de retour arrière :

Section 9.6 Backtracking

units of weight. This can be done using backtracking by exploring the implicit tree
shown in Figure 9.12.

Figure 9.12. The implicit tree for a knapsack problem

Here a node such as (2,3;8) corresponds to a partial solution of our problem.
The figures to the left of the semicolon are the weights of the objects we have
decided to include, and the figure to the right is the current value of the load.
Moving down from a node to one of its children corresponds to deciding which
kind of object to put into the knapsack next. Without loss of generality we may
agree to load objects into the knapsack in order of increasing weight. This is not
essential, and indeed any other order-by decreasing weight, for example, or by
value-would work just as well, but it reduces the size of the tree to be searched.
For instance, once we have visited node (2,2,3; 11) there is no point in later visiting
(2,3,2;11).

Initially the partial solution is empty. The backtracking algorithm explores
the tree as in a depth-first search, constructing nodes and partial solutions as it
goes. In the example, the first node visited is (2; 3), the next is (2,2; 6), the third is
(2, 2, 2; 9) and the fourth (2, 2, 2, 2; 12). As each new node is visited, the partial solu-
tion is extended. After visiting these four nodes, the depth-first search is blocked:
node (2, 2,2,2; 12) has no unvisited successors (indeed no successors at all), since
adding more items to this partial solution would violate the capacity constraint.
Since this partial solution may turn out to be the optimal solution to our instance,
we memorize it.

The depth-first search now backs up to look for other solutions. At each step
back up the tree, the corresponding item is removed from the partial solution.
In the example, the search first backs up to (2, 2, 2; 9), which also has no unvisited
successors; one step further up the tree, however, at node (2, 2; 6), two successors
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2, 2, 4; 12 représente objets 1,1,3 (poids 2 et 2 et 4) totalisant valeur 12
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Retour arrière : exemple 2

Peut-on placer 8 reines sur le jeu sans que 2 reines ne soient en prise ?

En classe.
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Fouille par “séparation et évaluation” (branch and bound)
B&B Section 9.6

Contexte : chaque sommet est solution mais on cherche l’optimale.

L’idée : estimer pour chaque sommet visité une valeur de “favorabilité” et
explorer ensuite les branches paraissant les plus favorables.

raffinement du retour-arrière
programmation inélégante car ni en profondeur, ni en largeur
difficile et souvent impossible à analyser de manière théorique.
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Principe du minimax
B&B Section 9.8

Contexte :
graphe implicite d’un jeu à deux joueurs (ex : échecs)
sommet = configuration du jeu (ex : positionnement des pièces)
arc s1 → s2 = coup possible de s1 vers s2

chaque s reçoit une valeur v(s) de “favorabilité envers le joueur A”
recherché : un bon coup de A partant de s
heuristique seulement car v(s) imparfaite.
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Principe du minimax
(suite)

L’idée : un bon coup de A à partir de s est de jouer vers s1 si
s → s1 et
v(s1) = max

s→s′
{v(s ′)},

ou mieux encore s → s1 → s2 et
v(s2) = max

s→s′
{ min

s′→s′′
{v(s ′′)}},

ou mieux encore s → s1 → s2 → s3 et
v(s3) = max

s→s′
{ min

s′→s′′
{ max

s′′→s′′′
{v(s ′′′)}}}

et ainsi de suite selon puissance de calcul disponible !
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