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Deux usages inefficaces de diviser-pour-régner
1) Calcul des coefficients binomiaux, B&B Section 8.1.1

Coefficient binomial
DONNÉE: entiers 0 ≤ k ≤ n

CALCULER:
(n
k
)

Voici un algo diviser-pour-régner pour Coefficient binomial :

Dynamic Programming Chapter 8

We begin the chapter with two simple examples of dynamic programming that
illustrate the general technique in an uncomplicated setting. The following sections
pick up the problems of making change, which we met in Section 6.1, and of filling
a knapsack, encountered in Section 6.5.

8.1 Two simple examples

8.1.1 Calculating the binomial coefficient
Consider the problem of calculating the binomial coefficient

I ifk=O ork=n

(kn) = (n 1) + (n-1) if 0 < k < n
0 otherwise.

Suppose 0 < k < n. If we calculate (nk) directly by

function C(n, k)
if k = O or k = n then return I
else return C(n -1, k - ) +C(n -1, k)

many of the values C(i, j), i < n, j < k, are calculated over and over. For exam-
ple, the algorithm calculates C(5,3) as the sum of C(4,2) and C(4,3). Both these
intermediate results require us to calculate C(3,2). Similarly the value of C(2,2)
is used several times. Since the final result is obtained by adding up a number of

is, the execution time of this algorithm is sure to be in Q ((nk)) . We met a similar
phenomenon before in the algorithm Fibrec for calculating the Fibonacci sequence;
see Section 2.7.5.

If, on the other hand, we use a table of intermediate results-this is of course
Pascal's triangle-we obtain a more efficient algorithm; see Figure 8.1. The table
should be filled line by line. In fact, it is not even necessary to store the entire table:
it suffices to keep a vector of length k, representing the current line, and to update

this vector from left to right. Thus to calculate (') the algorithm takes a time in
9 (nk) and space in 0((k), if we assume that addition is an elementary operation.
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C(n. k)

Figure 8.1. Pascal's triangle
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Deux usages inefficaces de diviser-pour-régner
2) Probabilité de l’emporter en série mondiale, B&B Section 8.1.2

Série mondiale
DONNÉE: probabilité 0 ≤ p ≤ 1 que A batte B lors d’un seul match,

entiers n > 0 et 0 ≤ i , j < i + j < 2n
CALCULER: probabilité P(i , j) que A gagne n matchs avant B, sachant

qu’il manque à A i victoires et à B j victoires

Quel serait un algo diviser-pour-régner ?

Section 8.1 Two simple examples

8.1.2 The World Series
Imagine a competition in which two teams A and B play not more than 2n- 1
games, the winner being the first team to achieve n victories. We assume that there
are no tied games, that the results of each match are independent, and that for any
given match there is a constant probability p that team A will be the winner, and
hence a constant probability q = 1 - p that team B will win.

Let P ( i, j) be the probability that team A will win the series given that they still
need i more victories to achieve this, whereas team B still need j more victories
if they are to win. For example, before the first game of the series the probability
that team A will be the overall winner is P(n, n): both teams still need n victories
to win the series. If team A require 0 more victories, then in fact they have already
won the series, and so P(0, i)= 1, 1 < i < n. Similarly if team B require 0 more
victories, then they have already won the series, and the probability that team A
will be the overall winners is zero: so P(i, 0)= 0, 1 < i < n. Since there cannot
be a situation where both teams have won all the matches they need, P(0, () is
meaningless. Finally, since team A win any given match with probability p and
lose it with probability q,

P(ij)= pP(i- 1,j)+qP(ij -1), i > 1, j > 1.

Thus we can compute P (i, j) as follows.

function P(i, j)
if i = 0 then return 1
else if j = 0 then return 0
else return pP(i -1, j)+qP(i, j -1)

Let T(k) be the time needed in the worst case to calculate P(i, j), where k i + j.
With this method, we see that

T(1) = c

T(k) < 2T(k- 1)+d, k > 1

where c and d are constants. Rewriting T(k -1) in terms of T(k - 2), and so on,
we find

T(k) < 4T(k - 2)+2d + d, k > 2

< 2k lT(1)+(2k 2+ 2 k-3 + -*** + 2 + 1)d

= 2 k 1C + (2 k 1 - 1)d

= 2k(c/2 + d/2)-d.

T (k) is therefore in 0 (2 k), which is 0 (4fl) if i = j = n. In fact, if we look at the way
the recursive calls are generated, we find the pattern shown in Figure 8.2, which
is identical to that obtained in the naive calculation of the binomial coefficient. To
see this, imagine that any call P(m, n) in the figure is replaced by C(m + n, n).
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Bien meilleure solution pour Série mondiale
Par “programmation dynamique”

P(i , j) = pP(i − 1, j) + qP(i , j − 1)︸ ︷︷ ︸
suggère de remplir un tableau une diagonale à la fois de haut en bas
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Série mondiale par programmation dynamique
B&B Section 8.1.2

Dynamic Programming Chapter 8

Thus P(i, j) is replaced by C(i + j, j), P- l, j) by C(i + j - 1, j), and P(i, j - 1)
by C (i + j - 1, j - 1). Now the pattern of calls shown by the arrows corresponds
to the calculation

C(i + j, j)= C(i + j - 1, j)+C(i + j - 1, j - 1)

of a binomial coefficient. The total number of recursive calls is therefore exactly

2('+j) - 2; see Problem 8.1. To calculate the probability P(n, n) that team A will

win given that the series has not yet started, the required time is thus in Q ((n

P(i, j) k matches left

calls
P(i -,j) P(ij- 1) k -I matches left

that call 1
P(i - 2,j) P(i - Ij - 1) P(ij - 2) k - 2 matches left

etc.

Figure 8.2. Recursive calls made by a call on P(i, j)

Problem 1.42 asks the reader to show that (n2n) 2 4n / (2n + 1). Combining these re-
sults, we see that the time required to calculate P(n, n) is in 0(4f) and in Q(4"/n).
The method is therefore not practical for large values of n. (Although sporting
competitions with n > 4 are the exception, this problem does have other applica-
tions!)

To speed up the algorithm, we proceed more or less as with Pascal's triangle:
we declare an array of the appropriate size and then fill in the entries. This time,
however, instead of filling the array line by line, we work diagonal by diagonal.
Here is the algorithm to calculate P (n, n).

function series(n, p)
array P [O.. n, O.. n]
q - -p
{Fill from top left to main diagonal}
for s - 1 to n do

P[O,sII 1; P[s,O]- O
for k - I to s - I do

P[k, s - k]- pP[k - 1, s - k]+qP[k, s - k - 1]
{Fill from below main diagonal to bottom right}
for s - 1 to n do

fork- ton -sdo
P[s+k,n -k]- pP[s+k-1,n- k]+qP[s+k,n- k -]

return Pin, n]

Since the algorithm has to fill an n x n array, and since a constant time is required
to calculate each entry, its execution time is in e (n2 ). As with Pascal's triangle, it is
easy to implement this algorithm so that storage space in 0(n) is sufficient.
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Rendre la monnaie
B&B Section 8.2

Rappel : bien qu’efficace, l’approche vorace parfois ratait une solution

L’approche programmation dynamique fonctionne, quelles que soient
les valeurs des pièces :

I démo du 15 novembre.
I L’idée :

c[i , j] = nombre min de pièces pour rendre j en i dénominations
I Alors :

c[i , j] = min(c[i − 1, j], 1 + c[i , j − dénom[i ]])︸ ︷︷ ︸
suggère à nouveau de remplir par diagonales, de haut en bas
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Principe d’optimalité
B&B Section 8.3

La programmation dynamique est à privilégier lorsque

le problème à résoudre se décompose en sous-problèmes semblables
ces sous-problèmes ont tendance à se chevaucher
le principe d’optimalité s’applique : chaque sous-séquence d’une
séquence de choix optimale est optimale
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Principe d’optimalité
Exemples

chemin le plus court : oui
chemin le plus rapide : non
chemin simple le plus long : non, ex : graphe complet
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Sac à dos
B&B Section 8.4

Sac à dos
DONNÉE: capacité W ∈ R≥0 et objets 1, 2, . . . , n de poids

w1, . . . , wn ∈ R≥0 et de valeurs v1, . . . , vn ∈ R≥0

CALCULER: objets de valeur maximale et de poids n’excédant pas W

Rappel : bien qu’efficace, l’approche vorace ne parvenait à résoudre
que Sac à dos fractionnaire

L’approche programmation dynamique résoud Sac à dos
Comment ?

IFT2125 A17 Programmation dynamique Sac à dos 9/17



Sac à dos
(suite)

L’idée :
V [i , j] = valeur max avec objets {1, 2, . . . , i} et capacité ≤ j
On cherche : V [n, W ]

Alors :

V [i , j] = max(V [i − 1, j], vi + V [i − 1, j − wi ])︸ ︷︷ ︸
suffit donc de remplir ligne par ligne, de haut en bas

L’algorithme détaillé coûtera Θ(nW ) opérations (accès au tableau,
sommes, comparaisons)

IFT2125 A17 Programmation dynamique Sac à dos 10/17



Sac à dos
(suite)

L’idée :
V [i , j] = valeur max avec objets {1, 2, . . . , i} et capacité ≤ j
On cherche : V [n, W ]

Alors :
V [i , j] = max(V [i − 1, j], vi + V [i − 1, j − wi ])︸ ︷︷ ︸

suffit donc de remplir ligne par ligne, de haut en bas

L’algorithme détaillé coûtera Θ(nW ) opérations (accès au tableau,
sommes, comparaisons)

IFT2125 A17 Programmation dynamique Sac à dos 10/17



Plus courts chemins
B&B Section 8.5

Plus courts chemins
DONNÉE: graphe (N, A) avec longueurs non négatives (ou∞) aux arcs
CALCULER: chemins les plus courts de chaque sommet i à chaque

sommet j

Rappel : Dijkstra (vorace) calculait en Θ(|N|2) les distances d’un
sommet fixé à tous les autres,
donc résoud Plus courts chemins en Θ(|N|3)

Floyd (programmation dynamique) fournit une solution alternative
Comment ?
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Plus courts chemins
(suite)

L’idée :
Dk [i , j] = longueur du pcc de i à j restreint aux sommets ≤ k
On cherche : les n2 entrées de Dn

Alors ∀i , j : Dk [i , j] = min( Dk−1[i , j] ,

Dk−1[i , k] + Dk−1[k, j] )

L’algo :
I remplir D1, puis D2, puis D3, puis · · · , puis Dn
I coup de bol : un seul tableau peut stocker D1, D2, . . . , Dn
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Plus courts chemins
(suite)

Section 8.5 Shortest paths

At the k-th iteration the values in the k-th row and the k-th column of D do
not change, since D[k, k] is always zero. It is therefore not necessary to protect
these values when updating D. This allows us to get away with using only a single
n x n matrix D, whereas at first sight it might seem necessary to use two such
matrices, one containing the values of Dk 1 and the other the values of Dk, or even
a matrix n x n x n.

The algorithm, known as Floyd's algorithm, follows.

function Floyd(L[l.. n, 1..n]): array [1.. n,1. n]
array D[L..n,1 ..n]
D - L
for k - 1 to n do

for i - 1 to n do
for j - 1 to n do

D[i,j]- min(D[i, j],D[i, k]+D[kj])
return D

Figure 8.5 gives an example of the way the algorithm works.

0 5 soo 00
50 0 15 51

DO = L = 30 oo 0 5
15 oo 5 0

0 5 oco co 0 5 20 10
Di 50 0 15 5 D 50 0 15 5

130 35 0 15 130 35 0 15
15 20 5 0 15 20 5 0

0 5 20 10 0 5 15 10
I 45 0 15 5 20 0 10 5

13 130 35 0 15 D4-30 35 0 15
15 20 5 0 15 20 5 0

5 15

Figure 8.5. Floyd's algorithm at work
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Produit chaîné de matrices
B&B Section 8.6

Ordonnancement de produits matriciels
DONNÉE: matrices M1, M2, . . . , Mn de dimensions compatibles
CALCULER: l’ordre optimal dans lequel effectuer les produits pour

obtenir
∏n

i=1 Mi

En classe.
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# Sortie: un tableau P t.q. P[i][j] est l’endroit optimal, en terme du
# nombre de produits scalaires, ou parenteser A_1 * ... * A_j
def matrices(D):

m = len(D)-1
T = [ [0]*m for i in range(m)]
P = [[-1]*m for i in range(m)]

for i in reversed(range(m)):
for j in range(i+1, m):

c, pos = float("inf"), -1

for k in range(i, j):
d = T[i][k] + T[k+1][j] + D[i]*D[k+1]*D[j+1]

if (d < c):
c, pos = d, k

T[i][j] = c
P[i][j] = pos

return P

# Entree: un tableau P t.q. P[i][j] est l’endroit optimal, en terme du
# nombre de produits scalaires, ou parenteser A_1 * ... * A_j
# un tableau D t.q. D[i] x D[i+1] est la dimension d’une matrice A_i,
# deux indices i, j
# Sortie: parenthesage optimal de A_i * ... * A_j , en terme du nombre
# de produits scalaires necessaires a leur multiplication
def par_rec(P, D, i, j):

if j == i:
return string.uppercase[i]

elif j == i+1:
return string.uppercase[i] + string.uppercase[j]

else:
return ( "(" + par_rec(P, D, i, P[i][j]) +

")(" + par_rec(P, D, P[i][j]+1, j) + ")")

# Entree: un tableau D t.q. D[i] x D[i+1] est la dimension d’une matrice A_i
# Sortie: parenthesage optimal des matrices, en terme du nombre de produits
# scalaires necessaires a leur multiplication
def par(D):

return par_rec(matrices(D), D, 0, len(D)-2)

# Ex. p. 271

3

c©Michael Blondin
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Transformer en récursion...
B&B Section 8.7

Idée :

Au lieu d’un tableau comme T [i , j], une fonction récursive fT [i , j]
Au lieu d’accéder à T [i , j], appeler récursivement fT [i , j]

Pourquoi ?
Pour remplir “top down” au lieu de “bottom up”

Le malheur ?
Même inconvénient de recoupements abusifs d’exemplaires que les
usages inefficaces de diviser-pour-régner !
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...et employer les fonctions à mémoire
B&B Section 8.8

L’idée :
Un tableau mtab qui mémorise les valeurs fT [i , j] déjà calculées
Avant de recalculer fT [i , j], vérifier mtab[i.j]
On récupère (presque) l’efficacité de la programmation dynamique

Exemple pour Ordonnancement de produits matriciels :

Section 8.8 Memory functions

allows us to avoid this at the cost of complicating the algorithm. In dynamic
programming, too, we may have to solve some irrelevant subinstances, since it
is only later that we know exactly which subsolutions are needed. A top-down,
recursive algorithm does not have this drawback. Can we perhaps combine the
advantages of both techniques, and retain the simplicity of a recursive formulation
without losing the efficiency offered by dynamic programming?

One easy way of doing this that works in many situations is to use a memory
function. To the recursive program we add a table of the necessary size. Initially,
all the entries in this table hold a special value to show they have not yet been
calculated. Thereafter, whenever we call the function, we first look in the table to
see whether it has already been evaluated with the same set of parameters. If so,
we return the value in the table. If not, we go ahead and calculate the function.
Before returning the calculated value, however, we save it at the appropriate place
in the table. In this way it is never necessary to calculate the function twice for the
same values of its parameters.

For the recursive algorithmfm of Section 8.7, let mtab be a table whose entries
are all initialized to -1 (since the number of scalar multiplications required to
compute a matrix product cannot be negative). The following reformulation of the
functionfm, which uses the table mtab as a global variable, combines the clarity of
a recursive formulation with the efficiency of dynamic programming.

functionfm-mem(i, j)
if i = j then return 0
if mtab[i, j]> 0 then return mtab[i, j]
m o
fork- itoj -Ido

m - min(m,frn-mem(i, k) +fm-mem(k + 1,j)
+d[i - lld[k]d[j])

mtab[i,jP- m
return m

As pointed out in Section 8.7, this function may be speeded up by avoiding the
recursive calls if d[i - 1]d[k]d[j] is already larger than the previous value of m.

We sometimes have to pay a price for using this technique. We saw in Sec-

tion 8.1.1, for instance, that we can calculate a binomial coefficient (k) using a time
in 6 (nk) and space in 06(k). Implemented using a memory function, the calculation
takes the same amount of time but needs space in Q(nk); see Problem 8.26.

If we use a little more space-the space needed is only multiplied by a constant
factor-we can avoid the initialization time needed to set all the entries of the table
to some special value. This can be done using virtual initialization, described in
Section 5.1. This is particularly desirable when only a few values of the function
are to be calculated, but we do not know in advance which ones. For an example,
see Section 9.1.

277

IFT2125 A17 Programmation dynamique Fonctions à mémoire 17/17


	À éviter
	Série mondiale
	Rendre la monnaie
	Principe d'optimalité
	Sac à dos
	Plus courts chemins
	Produit chaîné de matrices
	Récursion
	Fonctions à mémoire

