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Structure générale d’un algo diviser-pour-régner
B&B Section 7.2

Section 7.2 The general template

hidden constant of the former is likely to be larger than that of the latter, we see
that divide-and-conquer with padding is slower than the classic algorithm when
m < nfg(3

/
2

), and thus in particular when m < /n.

Nevertheless, it is simple to combine both algorithms to obtain a truly better
algorithm. The idea is to slice the longer operand v into blocks of size m and to
use the divide-and-conquer algorithm to multiply u by each block of v, so that the
divide-and-conquer algorithm is used to multiply pairs of operands of the same
size. The final product of u and v is then easily obtained by simple additions and
shifts. The total running time is dominated by the need to perform [n /rmn multi-
plications of m-figure numbers. Since each of these smaller multiplications takes
a time in O(m'g3 ) and since [ n/rn E IO (n/rm), the total running time to multiply
an n-figure number by an mr-figure number is in O (nmlg(3 

2)) when m < n.
Multiplication is not the only interesting operation involving large integers.

Modular exponentiation is crucial for modern cryptography; see Section 7.8. Inte-
ger division, module operations, and the calculation of the integer part of a square
root can all be carried out in a time whose order is the same as that required for
multiplication; see Section 12.4. Some other important operations, such as calculat-
ing the greatest common divisor, may well be inherently harder to compute; they
are not treated here.

7.2 The general template
Multiplying large integers is not an isolated example of the benefit to be reaped
from the divide-and-conquer approach. Consider an arbitrary problem, and let
adhoc be a simple algorithm capable of solving the problem. We ask of adhoc that
it be efficient on small instances, but its performance on large instances is of no
concern. We call it the basic subalgorithm. The classic multiplication algorithm is an
example of a basic subalgorithm.

The general template for divide-and-conquer algorithms is as follows.

function DC(x)
if x is sufficiently small or simple then return adhoc(x)
decompose x into smaller instances x1 , x2, * * - Xe

for i - 1 to l? do yi - DC(xi)
recombine the YL 's to obtain a solution y for x
return y

Some divide-and-conquer algorithms do not follow this outline exactly: for in-
stance, they could require that the first subinstance be solved before the second
subinstance is formulated; see Section 7.5.

The number of subinstances, 1?, is usually small and independent of the particu-
lar instance to be solved. When e = 1, it does not make much sense to "decompose x
into a smaller instance xl " and it is hard to justify calling the technique divide-and-
conquer. Nevertheless, it does make sense to reduce the solution of a large instance
to that of a smaller one. Divide-and-conquer goes by the name of simplification in
this case; see Sections 7.3 and 7.7. When using simplification, it is sometimes pos-
sible to replace the recursivity inherent in divide-and-conquer by an iterative loop.

223

IFT2125 A17 Diviser pour régner Structure 2/18



Multiplication de grands entiers
B&B Section 7.1
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Multiplication de grands entiers
Nombres de longueurs différentes

Produit
DONNÉE: entier a de n chiffres, entier b de m chiffres
CALCULER: a × b

L’algo diviser pour régner analysé en cours :
O(max(n,m) · [min(m, n)]α) où α = log2 3− 1 = 0, 58496
Donc O(n1,58496) lorsque n = m.
On peut montrer aussi Θ.
(L’algo classique donnerait α = 1 : exercice.)

B&B problème 7.2 (avec m = n) demande de calculer a × b à l’aide
de sommes, de décalages et de 5 produits de nombres de dn

3e chiffres.
Coût de cet algo vu en démo ?

O(nlog3 5) = O(n1,46497), donc mieux que O(nlog2 3).
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Fouille dichotomique d’un tableau trié
B&B Section 7.3

Rappel (bien connu) :

Section 7.3 Binary search

function sequential(T[I.. n], x)
{Sequential search for x in array T}
for i 1 to n do

if T[i]> x then return i
return n + I

This algorithm clearly takes a time in 0(r), where r is the index returned. This is
Q(n) in the worst case and 0(1) in the best case. If we assume that the elements
of T are distinct, that x is indeed somewhere in the array, and that it is to be found
with equal probability at each possible position, then the average number of trips
round the loop is (n + 1) /2; see Problem 7.9. On the average, therefore, as well as
in the worst case, sequential search takes a time in 0 (n).

To speed up the search, we should look for x either in the first half of the
array or in the second half. To find out which of these searches is appropriate, we
compare x to an element in the middle of the array. Let k = [n/21. If x < T[k],
then the search for x can be confined to T 1 .. k]; otherwise it is sufficient to search
T [k + 1. . n]. To avoid repeated tests in each recursive call, it is better to verify at
the outset if the answer is n + 1, that is if x lies to the right of T. We obtain the
following algorithm, illustrated in Figure 7.1.

1 2 3 4 5 6 7 8 9 10 11

-5 -2 0 3 8 8 9 12 12 26 31 x < T[k]?

i k j no
i k j yes
i k j yes

ik j no

ij Ei= j: stop
Figure 7.1. Binary search for x 12 in T[1. .11]

function binsearch(T[1 . . n], x)
if n = 0 or x> T n] then return n + 1
else return binrec(T[1 . .n], x)

function binrec(T[i.. .j], x)
{Binary search for x in subarray T[i . .j]

with the promise that T[i -1]< x < T[j]}
if i = j then return i
k- (i + j) 2
if x < T[k] then return binrec(T[i . .k], x)

else return binrec(TI[ k + 1. .j], x)

Let t(m) be the time required for a call on binrec(T[i . .j], x), where m j - i + 1
is the number of elements still under consideration in the search. The time required
for a call on binsearch(T[1 . .n], x) is clearly t(n) up to a small additive constant.
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Fouille dichotomique : temps de calcul

Section 7.3 Binary search

function sequential(T[I.. n], x)
{Sequential search for x in array T}
for i 1 to n do

if T[i]> x then return i
return n + I
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On suppose coût unitaire pour accéder à l’élément i
T (n) ∈ T (dn

2e) + O(1)
T (n) ∈ T (bn

2c) + Ω(1)
Cas 3 du transparent 17 sur l’analyse d’algos :
a = 1, b = 2, ε = 0 =⇒ T (n) ∈ Θ(nlog2 1 log n) = Θ(log n).
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Tris
Tri par fusion, B&B Section 7.4.1

Rappel du tri par fusion (merge sort) :
trier deux demi-tableaux puis fusionner
T (n) ∈ T (dn

2e) + T (bn
2c) + Θ(n)

Cas 3 du transparent 17 sur l’analyse d’algos :
a = 2, b = 2, ε = 0 =⇒ T (n) ∈ Θ(nlog2 2 log n) = Θ(n log n).
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Tris
Quicksort, B&B Section 7.4.2

Quicksort (que nous n’étudierons pas plus à fond) :
choisir pivot, trier {x : x ≤ pivot}, trier {x : x > pivot}, concaténer
en pire cas : T (n) ∈ T (n − 1) + Ω(n) =⇒ T (n) ∈ Ω(n2)
en moyenne (si tableaux équiprobables) : analyse difficile, O(n log n).
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Médiane
B&B Section 7.5

Médiane
DONNÉE: tableau de n éléments, non trié
CALCULER: l’élément qui serait le dn

2eième si le tableau était trié

Pas besoin de trier le tableau : on peut trouver la médiane en Θ(n) !
Étonnant et à voir en détail, en cours.
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Exponentiation
B&B Section 7.7

Exponentiation
DONNÉE: a, n ∈ N
CALCULER: a × a × a × · · · × a︸ ︷︷ ︸

n fois

Deux contextes :
× à coût unitaire (ex : produits modulo un nombre m fixé)
nous étudierons ce cas.
× à coût qui croît avec le nombre de chiffres
serait pertinent à l’arithmétique exacte de très grands nombres
le meilleur ordre s’obtient en combinant dpr pour a× b et dpr pour an

IFT2125 A17 Diviser pour régner Exponentiation 10/18



Produit matriciel
B&B Section 7.6

Produit matriciel
DONNÉE: Matrices carrées A ∈ Rm×m et B ∈ Rm×m

CALCULER: Matrice A× B

L’algorithme naïf utilise Ω(n3) produits scalaires
Supposons produits scalaires à coût unitaire
Alors Strassen résoud Produit matriciel en O(mlog2 7) !
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Produit matriciel
L’idée géniale de Strassen (B&B page 242) :

Divide-and-Conquer Chapter 7

Putting together the constraints given by Equations 7.7 and 7.8, and choosing
no = 23 for the sake of definiteness, it suffices to set

c = max(20d, max{t(m)/m 11 < m < 23})

to conclude the proof by constructive induction that t (n) < cn for all n > 1. A

7.6 Matrix multiplication
Let A and B be two n x n matrices to be multiplied, and let C be their product.
The classic matrix multiplication algorithm comes directly from the definition

n

Cii = E AikBkj-
k-l

Each entry in C is calculated in a time in 0((n), assuming that scalar addition and
multiplication are elementary operations. Since there are n2 entries to compute,
the product AB can be calculated in a time in 0 (n

3
).

Towards the end of the 1960s, Strassen caused a considerable stir by improving
this algorithm. From an algorithmic point of view, this breakthrough is a landmark
in the history of divide-and-conquer, even though the equally surprising algorithm
for multiplying large integers (Section 7.1) was discovered almost a decade earlier.
The basic idea behind Strassen's algorithm is similar to that earlier one. First we
show that two 2 x 2 matrices can be multiplied using less than the eight scalar
multiplications apparently required by the definition. Let

A al a12 ) and B bl b 2 )
a2l a22 b2l b22

be two matrices to be multiplied. Consider the following operations, each of which
involves just one multiplication.

ml = (a2l + a22 - all) (b2 2 - b12 + bil)

m2 = alib

m3 = al 2 b 2 l

m4 = (all - a2 l) (b22 - b12) (7.9)

m5 = (a2l + a22 ) (bl 2 - bit)

m6 = (al2 - a2 l + all - a22) b2 2

m7 = a2 2 (bli + b2 2 - b 12 - b 2 l)

We leave the reader to verify that the required product AB is given by the following
matrix.

C- (n2+m 3  ni1 + m 2 + m5+m6'\
C +=m2 + m 4 m7 ml + m2 + m4 + m5 (7.10)

It is therefore possible to multiply two 2 x 2 matrices using only seven scalar mul-
tiplications. At first glance, this algorithm does not look very interesting: it uses

242

IFT2125 A17 Diviser pour régner Produit matriciel 12/18



Produit matriciel
Quelques salves dans la “guerre des décimales”

Strassen 1969 : log2 7 = 2, 8074
Pan 1978 : log70 143640 = 2, 7951
Bini et al 1979 : < 2, 78
Schönhage 1981 : < 2, 522
Romani 1982 : < 2, 517
Coppersmith Winograd 1986 : < 2, 496
Strassen 1986 : < 2, 479
Coppersmith Winograd 1989 : < 2, 376
2012 : < 2, 373 (record mondial de Virginia Vassilevska Williams 1 )
2017 : est-ce que 2 + ε est atteignable ?

1. Multiplying matrices in O(n2,373) time, Stanford University, juillet 2014, 73 pages.
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Cryptographie à clef publique
B&B Section 7.8

La tâche :
Alice veut envoyer en secret un entier a de 500 chiffres à Bob
N’importe qui peut lire ce qu’enverra Alice
Personne d’autre que Bob ne doit pouvoir décoder le message

La difficulté supplémentaire : Alice et Bob ne doivent pas supposer qu’ils
possèdent au préalable un secret quelconque qu’eux seuls partagent.

Possible ? Étonnamment oui...sous hypothèse calculatoire !
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Les outils mathématiques disponibles

1 pgcd(a, b) = 1 =⇒ (∃s ∈ N)[ as ≡ 1 mod b ]

2 (Fermat) :
p premier et 0 < a < p =⇒ ap−1 ≡ 1 mod p

3 (fonction indicatrice d’Euler, définition) :
ϕ(z) = |{a ∈ [1..z ] : pgcd(a, z) = 1}|

4 0 ≤ a < pq︸︷︷︸
premiers

=⇒ (∀x ≡ 1 mod ϕ(pq)) [ ax ≡ a mod pq ]
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Les outils calculatoires (polynomiaux) disponibles

1 euler
DONNÉE: nombres premiers p1, . . . , pk (avec répétitions)
CALCULER: ϕ(p1 × p2 × · · · × pk).
Car ϕ(p1 × · · · × pk) = p1 × · · · × pk × (1− 1

pi1
)× · · · × (1− 1

pi`
)︸ ︷︷ ︸

répétitions supprimées
On n’aura besoin que de ϕ(pq) = (p − 1)(q − 1)

2 puissance
DONNÉE: naturels a, n, z
CALCULER: an mod z
Par exponentiation rapide (modulo z à chaque étape).

3 inversemod
DONNÉE: naturels a et z tels que pgcd(a, z) = 1
CALCULER: naturel s tel que as ≡ 1 mod z
Par l’algorithme d’Euclide étendu (Introduction, transparent 16).
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Le maillon faible de la crypto : hypothèses calculatoires

Fait : aucun algo polynomial pour ci-dessous n’est du domaine public.
Hypothèse : Aucun tel algorithme n’existe !

1 racinemod
DONNÉE: naturels c, n, z
CALCULER: naturel a tel que c ≡ an mod z si un tel a existe.
Doit demeurer difficile même sous la promesse qu’un a existe et que z
est “semi-premier”, i.e., z = pq avec p, q premiers

2 ni, a fortiori :
factorisation
DONNÉE: naturel z
CALCULER: décomposition de z en produits de nombres premiers
(“a fortiori” car découvrir z = pq découvre ϕ(z), qui découvre s tel
que ns ≡ 1 mod ϕ(z) et qui résout racinemod en posant a = cs ,
puisqu’alors an = cns ≡ c mod z)
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Cryptographie à clef publique
Le protocole RSA (Rivest, Shamir, Adleman)

1 Bob
1 choisit deux nombres premiers p et q de 251 chiffres chacun
2 calcule z = pq et φ = (p − 1)(q − 1)
3 choisit un nombre n ∈ [1..z − 1]
4 calcule s ∈ [1..z − 1] tel que ns = 1 mod φ

(si échec alors pgcd(n, φ) 6= 1 alors reprendre le choix de n)
5 annonce z et n publiquement

2 Alice
1 calcule m = an mod z
2 envoie m (que tous observent) à Bob

3 Bob
1 Bob calcule ms mod z = ans mod z = a, le secret d’Alice !

Les étapes 2.1 et 3.1 ne sont rendues possibles que par diviser-pour-régner.
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