1.  Geometrical machine learning
a. Dimensionality curse
b. Manifold assumption

2. Dimensionality reduction

a. Feature selection
b. Multidimensional Scaling (MDS)
Cc. Isomap
d. Locally linear embedding (LLE)
e. t-SNE
3. Clustering
a. k-means
b. DBSCAN

c. Hierarchical clustering
d. metrics
4. Density estimation
a. Kernel density estimation
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Geometrical machine learning

girafe
ai

o1




The breakthrough insight of Klein was

angles intersection

o to approach the definition of geometry

areas parallelism
as the study of invariants, or in other
5 words, structures that are preserved
under a certain type of transformations

Euclidean Affine Projective (symmmetries)

[so < Aff < PGL

SL( Geometrical machine learning T
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Article introducing a book on Geometric

Grids Groups Graphs Geodesics & Gauges



https://towardsdatascience.com/geometric-foundations-of-deep-learning-94cdd45b451d
https://towardsdatascience.com/geometric-foundations-of-deep-learning-94cdd45b451d
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Certain behaviours or effects that
appear when analysing data in high
dimensions, that do not occur in
low-dimensional spaces

Classifier performance
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https://en.wikipedia.org/wiki/Volume_of_an_n-ball
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Distance in high dimensional space

line of length 1 Line with 500 randomly generated
points

[l Inside points

- Points that fall within 10% of the distance to the edges

Ratio of inside points to total points = 80%
Average Distance between 2 points = 0.34

Square of side 1 2000 randomly generated points
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I points that fall within 10% of the distance to the edges
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IMmage source

Ratio of inside points to total points = 63%
Average Distance between 2 points = 0.52


https://towardsdatascience.com/the-surprising-behaviour-of-distance-metrics-in-high-dimensions-c2cb72779ea6

-

2\

o=

I

Distance in high dimensional space

Cube of side 1

Il Inside points

. Points that fall within 10% of the distance to the edges

Ratio of inside points to total points = 517%
Average Distance between 2 points = 0.65

% Outside Points Average distance (A,B)

1 20% 0.34
2 37% 052
3 49% 0.65
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Distance relative contrast T

Take random points uniformly distributed in D dimensional cube and calculate
distance to the farthest point and to the closest point. Plot their difference
depending on D for different Minkowski metrics
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On the Surprising Behavior of Distance Metric in High-Dimensional Space,
Aggarwal et al., 2002 10



https://www.researchgate.net/publication/30013021_On_the_Surprising_Behavior_of_Distance_Metric_in_High-Dimensional_Space
https://www.researchgate.net/publication/30013021_On_the_Surprising_Behavior_of_Distance_Metric_in_High-Dimensional_Space
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Conclusions

e Distance loses its meaning - closest and
farthest points are equally far

e Proximity concept becomes ill defined

e [ower powers of Minkowski metrics are
more sustainable to dimensionality curse

% Outside Points Average distance (A,B)

i 20% 0.34
2 37% 0.52
3 49% 0.65

11
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Manifold assumption

The data lie approximately on a surface
(called manifold) of usually much lower
dimension than the input space

So problem dimensionality could be
(non-)linearly reduced or other tasks
solved

Sometimes dimensionality of manifold
is referred as intrinsic dimension (see
this article)
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Tenenbaum, de Silva, Langford
A Clobal Geometric Framework for Nonlinear Dimensionality Reduction

12


https://en.wikipedia.org/wiki/Intrinsic_dimension
https://www.nature.com/articles/s41598-017-11873-y
https://web.mit.edu/cocosci/Papers/sci_reprint.pdf
https://doi.org/10.1126/science.290.5500.2319
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Latent space f

Latent (embedding) space
describes data in coordinates
more relevant to humans' reason
and often allows useful linear
operations:

elevation

e Interpolation (A)
e Extrapolation (B)
e Analogy (C)

This process is also called
embedding space ‘walking'’

13
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Latent space example

Word2vec is a method to embed words from text corpus into linear space

Read more: manifold assumption, assessing assumption

king s

Male-Female

walked

e sSwam
©)

walking #

swimming

Verb tense

Turkey \
Ankara

Russia i
Moscow
Canada Ottawa

Japan ———— =
P Tokyo

Vietnam Hanoi
China -————— Beijing

Country-Capital

14


https://stats.stackexchange.com/questions/66939/what-is-the-manifold-assumption-in-semi-supervised-learning
https://stats.stackexchange.com/questions/115207/how-to-prove-that-the-manifold-assumption-is-correct

Dimensionality reduction
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Feature selection

Select subset of existing features to use
in further modelling

Usually is based on some supervised
method

Examples:

stepwise regression

L ARS
SHAP values
etc...
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4 other features
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https://en.wikipedia.org/wiki/Stepwise_regression
https://en.wikipedia.org/wiki/Least-angle_regression
https://github.com/slundberg/shap
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Multidimensional Scaling (MDS) T

Goal:

=

Voting patterns

N

/\ : Linearly embed to given lower space
- : LR Solution:
§//§ : S | - PCA
s e b v L=||Dz — Dyl|]2 = min
o 87_ ’ - R y=Ax
7@( . . .’. .,‘ y:Al/QvT

)
VY

Coordinate 1 Params: p - target dimensionality
Voting patterns in the United States House of
> ( Representatives Al .
- so could be non-linear
— \ 17


https://en.wikipedia.org/wiki/Multidimensional_scaling
https://en.wikipedia.org/wiki/Multidimensional_scaling

And measure distances on the produced Params:

7@( Now make distancies geodesic!
y< graph N - nuMmber of neighbours to connect

p - dimensionality of manifold

Dimensionality Reduction, Tenenbaum et al.,
Science, 2002. 18

D A Global Geometric Framework for Nonlinear
) (
e



http://www-clmc.usc.edu/publications/T/tenenbaum-Science2000.pdf
http://www-clmc.usc.edu/publications/T/tenenbaum-Science2000.pdf
http://www-clmc.usc.edu/publications/T/tenenbaum-Science2000.pdf
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Isomap algorithm

Step

{

1

Construct neighborhood graph

Compute shortest paths

Construct d-dimensional embedding

Define the graph G over all data points by connecting
points i and j if [as measured by d,(i,j)] they are
closer than e (e-Isomap), or if i is one of the K
nearest neighbors of j (K-Isomap). Set edge lengths
equal to d,(ij).

Initialize d_(i,j) = d,/(i,j) if i,j are linked by an edge;
d.(i,j) = o otherwise. Then for each value of k =
1,2, ..., Nin turn, replace all entries d_(i,j) by
min{d(i.j), d_(ik) + d.(k.j)}. The matrix of final
values D, = {d(i,j)} will contain the shortest path
distances between all pairs of points in G (76, 19).

Let A be the p-th eigenvalue (in decreasing order) of
the matrix 7(D) (77), and v/, be the i-th
component of the p-th eigenvector. Then set the
p-th component of the d-dimensional coordinate
vector y; equal to \/Apv;;.

17. The operator 7 is defined by 7(D) = —HSH/2, where S
is the matrix of squared distances {S; = D7}, and H is 19
the “centering matrix” {H; = 8; — 1/N} (13).



-

2\

O

(

I

Locally linear embedding (LLE)

Smooth manifold locally approximated with
hyperplane. Linear pieces are stitched together.

Nonlinear Dimensionality Reduction by Locally
Linear Embedding, Roweis et al., Science, 2000
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https://science.sciencemag.org/content/290/5500/2323.full
https://science.sciencemag.org/content/290/5500/2323.full
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LLE algorithm

1. estimate point by its K neighbours

n K
eW) =) o — > Wizl
i=1 =1

2. Estimate new points based on

known relations
n n

oY) = Z lyi — > Wil

Parames:

N - number of neighbours to connec

p - dimensionality of manifold

1

%o 5 @ Select neighbors
e

Reconstruct with
linear weights

Map to embedded coordinates

21
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Isomap (0.47 sec) MDS (0.92 sec) SE (0.054 sec)

C.l/\
o\

/\ e Hessian Eigenmapping
2 .
1o 1 ol e Spectral Embedding
Manifold Learning with 1000 points, 10 neighbors .
\/ e |ocal Tangent Space Alignment
LLE (0.084 sec) LTSA (0.13 sec) Hessian LLE (0.22 sec) Modified LLE (0.17 sec) X .
% ] , e Riemannian Geometry
1 e UMAP
] 3 |
) ( i Read more:
' sklearn manifold methods

sklearn signals decomposition

d

e

I
b

N
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https://scikit-learn.org/stable/modules/manifold.html
https://scikit-learn.org/stable/modules/decomposition.html
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Next level: Neural Networks

"Smiley" (Ivis Embeddings)
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"Smiley"
L5 e Left Eye o Left Eye
s Mouth ¢ Mouth
e Nose ® Nose
e Right Eye 40 ® Right Eye
1
20
0.5
0
0
-0.5 -20
=1
-40

-60 —40

UMAP vs lvis embeddings

-20

20

40

60

23


https://dpfoose.github.io/posts/2019/10/29/Ivis_vs_UMAP.html
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t-SNE

t-distributed Stochastic Neighbor Embedding

SNE

Stochastic Neighbor Embedding, Hinton et al., NIPS, 2002

24


https://cs.nyu.edu/~roweis/papers/sne_final.pdf
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Stochastic Neighbor Embedding f

=

Convert pairwise distances to probabilities, preserve probabilities through the spaces

N

- ex (_\|ﬂ3i—fﬁj\|2)
O\/< D P = p 20,L.2 asymmetric probability
7l — i— 2 of object i chooses j as its neighbour
>N Zk# exp(— IE QUw?kll )
2
;/< C_I|7, — eXp(_Hyi - ng ) the same in target space
e T — P

Let's construct embedding s.t. this distributions are close.
What are close distributions?

Ya

N
—

J

25



Kullback-Leibler divergence f

Dir(P || Q) = melog :

Suspiciously similar to Shannon entropy

2

 earn more

va%

J
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https://en.wikipedia.org/wiki/Kullback%E2%80%93Leibler_divergence
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SNE problem

eXp(_Hx};?H )

Hwi_ka2)

2 ki €XP(— 202

Pili =

exp(—||yi — y;1|?)

q. . —
Sz exp(=[lyi — yil[?)

DKL(P H Q) — m}}n

27



t-distributed SNE

Patches over SNE:

1. choose common variance
2. make distributions symmetric

2

Visualizing Data using t-SNE,
Maaten, Hinton, 2008, IMLR

o=
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I

{

exp (—||x,-—xj||2/2(52)

Pij =

Dzt €Xp (=i — (|2 /26%)

_ Pij + Dji
2N

S
127

28


https://lvdmaaten.github.io/publications/papers/JMLR_2008.pdf
https://lvdmaaten.github.io/publications/papers/JMLR_2008.pdf
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t-distributed SNE

Patches over SNE:

A

< 0.40
1. choose common variance 0.35f
2. make distributions symmetric 0.30f

3. make it decrease faster than Gaussian 0.25}

(use Student'’s t-distribution) X 590k
= 0.

0.15F

0.10f

0.05f

Qi = (1 T Hyz — yjHQ)_l 0.00
i =
T Y (L e —wl]?) !
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X O
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https://en.wikipedia.org/wiki/Student%27s_t-distribution
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t-SNE problem 3?
b — exp (—|pei —x;]%/20%) . Dij + i
! Ek;ézeXP(—ka—x; |2/2c52) Pij = N

e (1 +lys —y;l17) "
7 —
T (U yk —wl?)

Dkr(P || Q) — m}}n )
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http://yann.lecun.com/exdb/mnist/
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Real life example

MDS (PCA) on faces
embeddings

Image source

33


https://medium.com/catalyst-team/representation-learning-with-catalyst-and-faces-946644d49184#e524
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t-SNE on ArcFace

Real life example

Australian terrier
Border terrier
Samoyed, Beagle
Shih-Tzu

Beagle

English foxhound
Rhodesian ridgeback
Dingo

Golden retriever

Old English sheepdog

t-SNE on Coskace

Australian terrier
Border terrier
Samoyed, Beagle
Shih-Tzu

Beagle

English foxhound
Rhodesian ridgeback
Dingo

Golden retriever

Old English sheepdog

34
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k-means
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Iris Species
+
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o %, .
x % lIris setosa +
" Iris versicolor X

Iris virginica O
7

Dim. 1

Original Data

Dim, 2
i
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0.6

054 x

0.4

0.3

0.2

k-Me+ans Clusters

Cluster 1+
o Cluster 2 X
Cluster 30O

0.1
0 01 02 03 04 05 06 07 08 09 1

0.1
0 01 02 03 04 05 06 07 08 09 1

Based on K nearest neighbours
algorithm

1. Init clusters centers randomly

2. Define current cluster of an object
as a nearest center

3. Calculate new cluster center as a
mean of all objects in cluster

4. Repeat from p. 2 until convergence

36
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k-means

Parames:
k - number of clusters

=

N

Advanced version: k-means++

The Advantages of Careful Seeding,

Arthur, Vassilvitskii, 2007, ACM-SIAM

SODA
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0.9 4

0.8

0.7 1

0.6

0.5 1

0.4

0.3 4

0.2

0.1

Iteration #0

0

61 02 03 04 0S 06 OY 08 09

37


http://ilpubs.stanford.edu:8090/778/1/2006-13.pdf
http://ilpubs.stanford.edu:8090/778/1/2006-13.pdf
http://ilpubs.stanford.edu:8090/778/1/2006-13.pdf
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DBSCAN

Density-Based Spatial Clustering of
Applications with Noise

Split all data points into 3 groups:

1. Core (red)
2. Border (yellow)
3. Noise (blue)

Core point has at least k other points in
e-neighbourhood

A density-based algorithm for discovering clusters in large
spatial databases with noise, Ester et al.. 1996, KDD-96

38



https://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.121.9220
https://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.121.9220
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DBSCAN f
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Any two core or border points in
e-neighbourhood noted as
connected points

7\

Q. 'WO pointsboth connected toa
common point also defined
connected (transitivity)

20 0D

Cluster is defined as maximum
connected set of points

Cluster 1 Cluster 2

o=

—

Params:
€ - radius of neighbourhood
k - minimal number of neighbours of core point 39
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DBSCAN examples

Feature 2
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DBSCAN Clustering
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DBSCAN examples

DBSCAN on t-SNE output

to analyze embeddings (Doc2vec) Cridie :

Image source

%

%
.

o’...

of video games M@“

F;#i ::ﬁv%

-5

R

visual
= a1

‘\,.o.
Novel
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https://gdoria.com/Exploring-the-Doc2Vec-and-Creating-a-Map-of-Video-Games.html

.

20 N

o=

I

DBSCAN examples

Characteristics extraction

% Pre-processing
v

.-
BN

DBSCAN Algorithm Contour Smoothing image

Ak, S -5 38

Improving of Fingerprint Segmentation
Images Based on K-MEANS and DBSCAN

Clustering, Cherrat et al., 2019, IJECE

(a) (c)

a - original, b - kmeansc DBSCAN 4o


http://doi.org/10.11591/ijece.v9i4.pp2425-2432
http://doi.org/10.11591/ijece.v9i4.pp2425-2432
http://doi.org/10.11591/ijece.v9i4.pp2425-2432
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Step 01

Hierarchical clustering

Step 02

11111111111

Step 03

11111111111

image source

11111111111

43


https://dataaspirant.com/hierarchical-clustering-algorithm/
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Hierarchical clustering
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Dendrograms example

X

(B)

9

LPSHFN-r_BR3

LPS+IFN-r_BR2
LPS+IFN-r_BR1

—l ==
N
zee
-
W o
gzt
-
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-

e

Cluster.1:
108 proteins

Cluster.2 :
40 proteins

Cluster.3:
54 proteins

Cluster.1:
59 proteins

Cluster.2:
36 proteins

Cluster.3:
40 proteins

LPS_BR3
LPS_BR2
LPS_BR1

g
g
2
3
£
&

Cont_BR2

Cont_BR3

Cont_BR1
LPS+IFN-r_BR2
LPS+IFN-r_BR3

\

Cont_BR2
Cont_BR3
Cont_BR1
LPS_BR3
LPS_BR2
LPS_BR1

PSHFN-r_BR2
LPSHFN-r_BR3
LPSHFN-r_BR1

|

Cont_BR2
Cont_BR3
Cont_BR1
LPS_BR3
LPS_BR2
LPS_BR1

PSHFN-r_BR2
PSHEN-r_BR3
LPSHFN-r_BR1

u
u

Zosre n—:\ -‘N’N..,

LPS+IFN-r_BR2

LPS+IFN-r_BR1

Cont_BR2
Cont_BR3
Cont_BR1
LPS_BR1
LPS_BR2
LPS_BR3

w

Cont_BR2
Cont_BR3
Cont_BR1
LPS_BR1
LPS_BR2
LPS_BR3
LPSHEN-r_BR1
LPSHEN-r_BR2
LPSHEN-r_BR3
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Cont_BR2
Cont_BR3
Cont_BR1
LPS_BR1
LPS_BR2
LPS_BR3
LPS+IFN-r_BR1
LPSHEN-r_BR2
LPS+IFN-r_BR3

LPS+IFN-r_BR3
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guasny

yamsniy
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024681
Antigon processing and
eectation -
Pathways in cancer RN

Mismatch ropair I
Natural killer cell
mediated cytotoxici '
RIS AR% Pocoptor -
signaling pathway
Primary -
immunodeficiency
Toli-like receptor
signaling pathway

Biosynthes

PPAR signaling pathway Tl

Pentose phosphate wy

E
ycolys
Gluconeogenosis Y
Starch and sucrose py |
metabolism
Galactose metabolism MY
Alanine, aspartato and o,
glutamate metabolism
Cystoine and methionine oy,
metabolism
Pyruvate metabolism Ml

Proteasome W
0123456

-Log p-value
Count
o 3 L] °
immune response NN
translation NN
response to wounding IENEEE
multicellular organismal N
cell activation W
cell proliferation NN
RNA stability B¢

response to wounding I
complement activation Il ¢
proteolysis N

single fertilization NN ¢
cell recognition NEEE  »
fertilization NN ~
vacuole organization NI ¢
angiogenesis M+
lipid catabolic process [N
cation homeostasis N
chemical homeostasis M
homeostatic process NN

defense response NN
ssiael o 0O

-Log p-value

Hierarchical clustering and
dendrograms often used in
bioinformatics to visualize
heatmaps of molecules
interactions

lmage source

Practical case: seriation,
historical overview, Pvthon

iImplementation for images
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https://www.researchgate.net/figure/Statistical-analysis-and-bioinformatics-Hierarchical-heatmap-clusters-of-significant_fig4_318914940
http://nicolas.kruchten.com/content/2018/02/seriation/
http://innar.com/Liiv_Seriation.pdf
https://github.com/robinhouston/image-unshredding
https://github.com/robinhouston/image-unshredding

-

Many more

MiniBatch Affinity Spectral Agglomerative Gaussian
KMeans Propagation MeanShift Clustering Ward Clustering DBSCAN OPTICS BIRCH Mixture

Read more:

sklearn huge overview
HDBSCAN (hierarchy + DBSCAN)
timeseries clusterization (ru)
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https://scikit-learn.org/stable/modules/clustering.html
https://github.com/scikit-learn-contrib/hdbscan
https://habr.com/ru/post/334220/

=

VO X

va

—\

Clustering metrics

e |abel based

o Rand index
Mutual Information
Homogeneity
Completeness
V-measure

bel free
Silhouette Coefficient
Calinski-Harabasz Index
Davies-Bouldin Index

o |

O O O o @ o o O O o

Nice overview [ru]

Detailed explanations (sklearn docs)

Clustering took 0.06 s

Clusters found by HDBSCAN

image source
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https://habr.com/ru/company/yandex/blog/500742/
https://scikit-learn.org/stable/modules/clustering.html#clustering-performance-evaluation
https://hdbscan.readthedocs.io/en/latest/comparing_clustering_algorithms.html

B( Homogeneity T

Each cluster contains only members of a single class

_-Cluster 2
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image source 50
and great slides on topic
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https://www.slideshare.net/radiohead0401/cluster-analysis-assignment-update

X( Completeness

all members of a given class are assigned to the same cluster

Cluster 1 il H
' ﬁ " Cluster1 v

] \
L! ”

s

Cluster 2
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y( Cluster 2

Cluster 3
>D : Good Sad
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l{ V-measure

geometric mean of Homogeneity and Completeness

_Cluster 2

Cluster.1. H‘ c'"ftér 1' “ ﬁ |
w H ::_"',.-.':::: .............. d "_/'\.
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(2

homogenenty B 1 completeness score = 1
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Silhouette coefficient f

a: mean distance to points
INn the same cluster

b: mean distance to points
in the next nearest cluster

Feature 1

image source
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https://towardsdatascience.com/silhouette-coefficient-validating-clustering-techniques-e976bb81d10c
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Feature space for the 2nd feature

ilhouette analysis

The visualization of the clustered data.

-10.0

-10 -8 -6 -4 -2
Feature space for the 1st feature

The silhouette plot for the various clusters.
T

Cluster label

02 0.4 06
The silhouette coefficient values

Feature space for the 2nd feature

The visualization of the clustered data.
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5.0

-10.0

-10 -8 -6 -4 2 0
Feature space for the 1st feature

The silhouette plot for the various clusters.

Cluster label

-0.1

¥ 06 08
The silhouette coefficient values

image source

Feature space for the 2nd feature

-10.0

The visualization of the clustered data.

8 -6 -4
Feature space for the 1st feature

The silhouette plot for the various clusters.

Cluster label
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https://scikit-learn.org/stable/auto_examples/cluster/plot_kmeans_silhouette_analysis.html

Density estimation

girafe
ai
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Kernel density estimation

statsmodels documentation example
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https://www.statsmodels.org/stable/examples/notebooks/generated/kernel_density.html
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Kernel density estimation
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Window size

== KDE from samples, bw = 0.1
061 __ KDE from samples, bw = 0.2
== KDE from samples, bw = 0.4
| weTrue distribution
[ Histogram from samples
» Data samples
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Kernel types

Kernel function "epa” Kernel function “uni”

Kernel function “gau”

Kernel function "tri"

VO X

=2

I

Kernel function "biw"

04
03
0.2
01
0.0 1 T X : 0.0 1 T % T 0.0 1 I % T
-10 -05 0.0 05 10 -10 -05 0.0 05 10 -10 -05 0.0 05 10

Kernel function "triw"

Kernel function “cos"

Kernel function "cos2"

100

0.75 1

0.50 1

-1.0

-05

0.0

05

10

-04 -02 00 02 04
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Revise

Geometrical machine learning
o Dimensionality curse
o Manifold assumption
Dimensionality reduction
o Feature selection
o Multidimensional Scaling (MDS)
o Isomap
o Locally linear embedding (LLE)
o t-SNE

Clustering
o k-means
o DBSCAN

o Hierarchical clustering
o metrics
Density estimation
o Kernel density estimation



Thanks for attention!

Questions?
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Notable links

O bW

Good lecture on MDS, Isomap, LLE

Lecture on t-SNE (this one is good too)

Slides about clusterization

Metrics in clusterization

Slides about ICA

More clustering methods (in Russian)
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https://www.youtube.com/watch?v=RPjPLlGefzw
https://www.youtube.com/watch?v=4GBgqmq0XAY
https://github.com/vkantor/MIPT_Data_Mining_In_Action_2016/blob/master/lectures/3_Clustering.pdf
https://github.com/esokolov/ml-course-hse/blob/master/2018-fall/lecture-notes/lecture11-unsupervised.pdf
https://www.dropbox.com/s/fhcg7598v048yei/GMML_Bernstein_Lecture3.pdf?dl=0
https://habr.com/ru/post/321216/

