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What are Vectors?
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Vector 
Spaces



Vector Space: Definition
Ɣ ܸǡ൅ǡ ڄ ܸ
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Vector Space: Definition
Ɣ ܸǡ൅ǡ ڄ ܸ

ͳ ൅׷ ܸ ൈ ܸ ՜ ܸǡ ʹ ڄ ׷ Թ ൈ ܸ ՜ ܸ

Property Meaning
1. Associativity of addition ݔ ൅ ݕ ൅ ݖ ൌ ݔ ൅ ݕ ൅ ݖ
2. Commutativity of addition ݔ ൅ ݕ ൌ ݕ ൅ ݔ
3. Identity element of addition Ͳ׌ א ܸǣ ݔ׊ א ܸ Ͳ ൅ ݔ ൌ ݔ

4. Identity element of scalar 
multiplication ݔ׊ א ܸ ͳ ڄ ݔ ൌ ݔ

5. Inverse element of addition ݔ׊ א ܸ ׌ െ ݔ א ܸǣ ݔ ൅ െݔ ൌ Ͳ
6. Compatibility of scalar multiplication ߙ ݔߚ ൌ ߚߙ ݔ
7.

Distributivity
ߙ ൅ ߚ ݔ ൌ ݔߙ ൅ ݔߚ

8. ߙ ݔ ൅ ݕ ൌ ݔߙ ൅ ݕߙ
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Operations with Vectors
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ݔ ൌ
ͳ
Ͳ
ͳ
ǡ ݕ ൌ

Ͳ
ͳ
ͳ

ͳͲݔ ൌ
ͳͲ
Ͳ
ͳͲ

ݔ ൅ ݕ ൌ
ͳ
Ͳ
ͳ
൅

Ͳ
ͳ
ͳ

ൌ
ͳ
Ͳ
ʹ



Operations with Vectors: Example
ǡݔ ݕ א Թଷ:

ݔ ൌ
ͳ
Ͳ
ͳ
ǡ ݕ ൌ

Ͳ
ͳ
ͳ

ͳͲݔ ൌ
ͳͲ
Ͳ
ͳͲ

ݔ ൅ ݕ ൌ
ͳ
Ͳ
ͳ
൅

Ͳ
ͳ
ͳ

ൌ
ͳ
Ͳ
ʹ



Operations with Vectors: Example
ǡݔ ݕ א Թଷ:

ݔ ൌ
ͳ
Ͳ
ͳ
ǡ ݕ ൌ

Ͳ
ͳ
ͳ

ͳͲݔ ൌ
ͳͲ
Ͳ
ͳͲ

ݔ ൅ ݕ ൌ
ͳ
Ͳ
ͳ
൅

Ͳ
ͳ
ͳ

ൌ
ͳ
Ͳ
ʹ



Vector Operations: 
Geometrical Interpretation



Vectors: Geometrical Interpretation
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Operations with Vectors
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ڭ
௡ݔ

ǡ ݕ ൌ

ଵݕ
ଶݕ
ڭ
௡ݕ

ǡ ݔ ൅ ݕ ൌ
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ଶݔ ൅ ଶݕ
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satisfy axioms (1) ± (8)
(check it yourself)



Vector Spaces
Թ௡ǡ൅ǡڄ ǡ ݊ א Գ

ݔ ൅ ݕ ൌ ଵǡݔ ଶǡݔ ǥ ǡ ௡ݔ ൅ ଵǡݕ ଶǡǥݕ ǡ ௡ݕ ൌ ଵݔ ൅ ଵǡǥݕ ǡ ௡ݔ ൅ ௡ݕ
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Vector Spaces: Another Example
Զ௡ ൑ ݊
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Inner Product
Ɣ ڄ ǡڄ ǣ ܸ ൈ ܸ ՜ Թ

ż ǡݔ׊ ݕ א ܸ ǡݔ ݕ ൌ ǡݕ ݔ

ż ݔ׊ א ܸ ך ሼͲሽ ǡݔ ݔ ൐ Ͳ ǡݔ Ͳ ൌ Ͳ



Dot Product
Ɣ

ݔ ൌ ଵǡǥݔ ǡ ௡ݔ ǡ ݕ ൌ ଵǡǥݕ ǡ ௡ݕ א Թ௡

ǡݔ ݕ ൌ ଵݕଵݔ ൅ ଶݕଶݔ ൅ ൅ڮ ௡ݕ௡ݔ

ݔ ൌ ͳǡ ʹǡ ͵ǡ Ͷ ǡ ݕ ൌ െͳǡ Ͳǡ ͳǡ ʹ

ǡݔ ݕ ൌ ͳ ڄ െͳ ൅ ʹ ڄ Ͳ ൅ ͵ ڄ ͳ ൅ Ͷ ڄ ʹ ൌ െͳ ൅ Ͳ ൅ ͵ ൅ Ͷ ൌ ͺ



Dot Product
Ɣ

Ɣ ݔ ൌ ଵǡǥݔ ǡ ௡ݔ ǡ ݕ ൌ ଵǡǥݕ ǡ ௡ݕ א Թ௡

ǡݔ ݕ ൌ ଵݕଵݔ ൅ ଶݕଶݔ ൅ ൅ڮ ௡ݕ௡ݔ

ݔ ൌ ͳǡ ʹǡ ͵ǡ Ͷ ǡ ݕ ൌ െͳǡ Ͳǡ ͳǡ ʹ

ǡݔ ݕ ൌ ͳ ڄ െͳ ൅ ʹ ڄ Ͳ ൅ ͵ ڄ ͳ ൅ Ͷ ڄ ʹ ൌ െͳ ൅ Ͳ ൅ ͵ ൅ Ͷ ൌ ͺ



Dot Product
Ɣ

Ɣ ݔ ൌ ଵǡǥݔ ǡ ௡ݔ ǡ ݕ ൌ ଵǡǥݕ ǡ ௡ݕ א Թ௡

ǡݔ ݕ ൌ ଵݕଵݔ ൅ ଶݕଶݔ ൅ ൅ڮ ௡ݕ௡ݔ

Ɣ

ݔ ൌ ͳǡ ʹǡ ͵ǡ Ͷ ǡ ݕ ൌ െͳǡ Ͳǡ ͳǡ ʹ

ǡݔ ݕ ൌ ͳ ڄ െͳ ൅ ʹ ڄ Ͳ ൅ ͵ ڄ ͳ ൅ Ͷ ڄ ʹ ൌ െͳ ൅ Ͳ ൅ ͵ ൅ ͺ ൌ ͳͲ
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Euclidian Vector Space
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Norm
Ɣ ॽ ڄ ǣ ॽ ՜ Թ

ݔ א ॽ ݔ א Թ

ݔ׊ א ॽǡ ߣ׊ א Թ ݔߣ ൌ ߣ ݔ

ݔ׊ א ॽ ݔ ൒ Ͳ ݔ ൌ Ͳ ֞ ݔ ൌ Ͳ

ǡݔ׊ ݕ א ॽ ݔ ൅ ݕ ൑ ݔ ൅ ݕ



Norm
Ɣ ॽ ڄ ǣ ॽ ՜ Թ

ݔ א ॽ ݔ א Թ

Ɣ

ݔ׊ א ॽǡ ߣ׊ א Թ ݔߣ ൌ ߣ ݔ

ݔ׊ א ॽ ݔ ൒ Ͳ ݔ ൌ Ͳ ֞ ݔ ൌ Ͳ

ǡݔ׊ ݕ א ॽ ݔ ൅ ݕ ൑ ݔ ൅ ݕ



Norm
Ɣ ॽ ڄ ǣ ॽ ՜ Թ

ݔ א ॽ ݔ א Թ

Ɣ

ż ݔ׊ א ॽǡ ߣ׊ א Թ ݔߣ ൌ ߣ ݔ

ݔ׊ א ॽ ݔ ൒ Ͳ ݔ ൌ Ͳ ֞ ݔ ൌ Ͳ

ǡݔ׊ ݕ א ॽ ݔ ൅ ݕ ൑ ݔ ൅ ݕ



Norm
Ɣ ॽ ڄ ǣ ॽ ՜ Թ

ݔ א ॽ ݔ א Թ

Ɣ

ż ݔ׊ א ॽǡ ߣ׊ א Թ ݔߣ ൌ ߣ ݔ

ż ݔ׊ א ॽ ݔ ൒ Ͳ ݔ ൌ Ͳ ֞ ݔ ൌ Ͳ

ǡݔ׊ ݕ א ॽ ݔ ൅ ݕ ൑ ݔ ൅ ݕ



Norm
Ɣ ॽ ڄ ǣ ॽ ՜ Թ

ݔ א ॽ ݔ א Թ

Ɣ

ż ݔ׊ א ॽǡ ߣ׊ א Թ ݔߣ ൌ ߣ ݔ

ż ݔ׊ א ॽ ݔ ൒ Ͳ ݔ ൌ Ͳ ֞ ݔ ൌ Ͳ

ż ǡݔ׊ ݕ א ॽ ݔ ൅ ݕ ൑ ݔ ൅ ݕ



Examples of Norms



Manhattan Norm
Ɣ ݔ א Թ௡

ݔ ଵ ൌ෍
௜ୀଵ

௡
௜ݔ

ͳǡ ʹǡ ͵ ଵ ൌ ͳ ൅ ʹ ൅ ͵ ൌ ͷ

ͳǡ Ͳ ଵ ൌ ͳ ൅ Ͳ ൌ ͳ

െͳǡ Ͳ ଵ ൌ െͳ ൅ Ͳ ൌ ͳ



Manhattan Norm
Ɣ ݔ א Թ௡

ݔ ଵ ൌ෍
௜ୀଵ

௡
௜ݔ

Ɣ

ͳǡ ʹǡ ͵ ଵ ൌ ͳ ൅ ʹ ൅ ͵ ൌ ͸

ͳǡ Ͳ ଵ ൌ ͳ ൅ Ͳ ൌ ͳ

െͳǡ Ͳ ଵ ൌ െͳ ൅ Ͳ ൌ ͳ



Manhattan Norm
Ɣ ݔ א Թ௡

ݔ ଵ ൌ෍
௜ୀଵ

௡
௜ݔ

Ɣ

ͳǡ ʹǡ ͵ ଵ ൌ ͳ ൅ ʹ ൅ ͵ ൌ ͷ

ͳǡ Ͳ ଵ ൌ ͳ ൅ Ͳ ൌ ͳ

െͳǡ Ͳ ଵ ൌ െͳ ൅ Ͳ ൌ ͳ



Euclidian Norm
Ɣ ݔ א Թ௡

ݔ ଶ ൌ ෍
௜ୀଵ

௡
௜ଶݔ

Ɣ

ͳǡ ʹǡ ͵ ଶ ൌ ͳଶ ൅ ʹଶ ൅ ͵ଶ ൌ ͳͶ

ͳǡ Ͳ ଶ ൌ ͳଶ ൅ Ͳ ൌ ͳ

െͳǡ Ͳ ଶ ൌ െͳ ଶ ൅ Ͳ ൌ ͳ



Euclidian Norm
Ɣ ݔ א Թ௡

ݔ ଶ ൌ ෍
௜ୀଵ

௡
௜ଶݔ

Ɣ

ͳǡ ʹǡ ͵ ଶ ൌ ͳଶ ൅ ʹଶ ൅ ͵ଶ ൌ ͳͶ

ͳǡ Ͳ ଶ ൌ ͳଶ ൅ Ͳ ൌ ͳ

െͳǡ Ͳ ଶ ൌ െͳ ଶ ൅ Ͳ ൌ ͳ



Euclidian Norm
Ɣ ݔ א Թ௡

ݔ ଶ ൌ ෍
௜ୀଵ

௡
௜ଶݔ

Ɣ

Ɣ

ͳǡ ʹǡ ͵ ଶ ൌ ͳଶ ൅ ʹଶ ൅ ͵ଶ ൌ ͳͶ

ͳǡ Ͳ ଶ ൌ ͳଶ ൅ Ͳ ൌ ͳ

െͳǡ Ͳ ଶ ൌ െͳ ଶ ൅ Ͳ ൌ ͳ



Euclidian Norm
Ɣ ݔ א Թ௡

ݔ ଶ ൌ ෍
௜ୀଵ

௡
௜ଶݔ

Ɣ

Ɣ

ͳǡ ʹǡ ͵ ଶ ൌ ͳଶ ൅ ʹଶ ൅ ͵ଶ ൌ ͳͶ

ͳǡ Ͳ ଶ ൌ ͳଶ ൅ Ͳ ൌ ͳ

െͳǡ Ͳ ଶ ൌ െͳ ଶ ൅ Ͳ ൌ ͳ



Other norms

Ɣ ݔ ൌ ଵǡǥݔ ǡ ௡ݔ א Թ௡ κ࢖

ݔ ௣ ൌ
೛
෍

௜ୀଵ

௡
௜ݔ ௣ Ǥ

κଵ ڄ ଵ

κଶ ڄ

κஶǣ ݔ ஶ ൌ ���
௜

௜ݔ

ͳǡ ʹǡ ͵ ஶ ൌ ͵ǡ ͳǡ Ͳ ஶൌ ͳǡ െͳǡ ͲǤͷ ஶൌ ͳ



Other norms

Ɣ ݔ ൌ ଵǡǥݔ ǡ ௡ݔ א Թ௡ κ࢖

ݔ ௣ ൌ
೛
෍

௜ୀଵ

௡
௜ݔ ௣ Ǥ

ż κଵ ڄ ଵ

ż κଶ ڄ

κஶǣ ݔ ஶ ൌ ���
௜

௜ݔ

ͳǡ ʹǡ ͵ ஶ ൌ ͵ǡ ͳǡ Ͳ ஶൌ ͳǡ െͳǡ ͲǤͷ ஶൌ ͳ



Other norms

Ɣ ݔ ൌ ଵǡǥݔ ǡ ௡ݔ א Թ௡ κ࢖

ݔ ௣ ൌ
೛
෍

௜ୀଵ

௡
௜ݔ ௣ Ǥ

ż κଵ ڄ ଵ

ż κଶ ڄ

ż κஶǣ ݔ ஶ ൌ ���
௜

௜ݔ

ͳǡ ʹǡ ͵ ஶ ൌ ͵ǡ ͳǡ Ͳ ஶൌ ͳǡ െͳǡ ͲǤͷ ஶൌ ͳ



Inner Product and Norms
Ɣ

ݔ ؔ ǡݔ ݔ

ǡݔ ݔ ൌ ଵଶݔ ൅ ଶଶݔ ൅ ൅ڮ ௡ଶݔ ൌ ݔ ଶ

Check yourself that this is 
indeed a norm.



Inner Product and Norms
Ɣ

ݔ ؔ ǡݔ ݔ

ǡݔ ݔ ൌ ଵଶݔ ൅ ଶଶݔ ൅ ൅ڮ ௡ଶݔ ൌ ݔ ଶ

Check yourself that this is 
indeed a norm.



Inner Product and Norms
Ɣ

ݔ ؔ ǡݔ ݔ

Ɣ

ǡݔ ݔ ൌ ଵଶݔ ൅ ଶଶݔ ൅ ൅ڮ ௡ଶݔ ൌ ݔ ଶ

Check yourself that this is 
indeed a norm.



Inner Product and Norms
Ɣ

ݔ ؔ ǡݔ ݔ

Ɣ

ǡݔ ݔ ൌ ଵଶݔ ൅ ଶଶݔ ൅ ൅ڮ ௡ଶݔ ൌ ݔ ଶ

Ɣ

Check yourself that this is 
indeed a norm.



Cauchy-Schwarz Inequality
Ɣ

ǡݔ ݕ ൑ ݔ ڄ ݕ

ǡݔ ݕ ൑ ݔ ଶ ڄ ݕ ଶ



Cauchy-Schwarz Inequality
Ɣ

ǡݔ ݕ ൑ ݔ ڄ ݕ

Ɣ

ǡݔ ݕ ൑ ݔ ଶ ڄ ݕ ଶ



Distance between Vectors
Ɣ ݔ ݕ

݀ ǡݔ ݕ ǣൌ ݔ െ ݕ ൌ ݔ െ ǡݕ ݔ െ ݕ

݀ ǡݔ ݕ ൌ ݔ െ ݕ ଶ ൌ ݔ െ ǡݕ ݔ െ ݕ ൌ

ൌ ଵݔ െ ଵݕ ଶ ൅ ଶݔ െ ଶݕ ଶ ൅ڮ൅ ௡ݔ െ ௡ݕ ଶ



Distance between Vectors
Ɣ ݔ ݕ

݀ ǡݔ ݕ ǣൌ ݔ െ ݕ ൌ ݔ െ ǡݕ ݔ െ ݕ

Ɣ

݀ ǡݔ ݕ ൌ ݔ െ ݕ ଶ ൌ ݔ െ ǡݕ ݔ െ ݕ ൌ

ൌ ଵݔ െ ଵݕ ଶ ൅ ଶݔ െ ଶݕ ଶ ൅ڮ൅ ௡ݔ െ ௡ݕ ଶ



Angles and 
Orthogonality



Angle between Two Vectors
Ɣ

Ɣ

ǡݔ ݕ ൑ ݔ ڄ ݕ

െͳ ൑
ǡݔ ݕ

ݔ ڄ ݕ
൑ ͳ

߱ǣ ���߱ ൌ ௫ǡ௬
௫ ڄ ௬

ݔ ݕ



Angle between Two Vectors: Example
Ɣ ߱ ݔ ൌ ͷǡ Ͳ ݕ ൌ ͳǡ ͳ

߱ ൌ ������
ǡݔ ݕ
ݔ ݕ

ൌ ������
ͷ ڄ ͳ ൅ Ͳ ڄ ͳ

ͷଶ ൅ Ͳଶ ڄ ͳଶ ൅ ͳଶ
ൌ ������

ͷ
ͷ ʹ

ൌ ������
ʹ
Ͷ
ൌ
ߨ
Ͷ
Ǥ

߱ ݔ ൌ ͵ǡ Ͳǡͳ ݕ ൌ ͳǡ Ͳǡ Ͳ

߱ ൌ ������
ǡݔ ݕ
ݔ ݕ

ൌ ������
͵

͵ ൅ ͳ ڄ ͳ
ൌ ������

͵
ʹ
ൌ
ߨ
͸
Ǥ

߱ ݔ ൌ ͳǡ Ͳǡ Ͳǡ Ͳǡ ͳ ݕ ൌ Ͳǡ ͳǡ ͳǡ Ͳǡ Ͳ

߱ ൌ ������
ǡݔ ݕ
ݔ ݕ

ൌ ������
Ͳ

ʹ ڄ ʹ
ൌ ������ Ͳ ൌ

ߨ
ʹ
Ǥ



Angle between Two Vectors: Example
Ɣ ߱ ݔ ൌ ͷǡ Ͳ ݕ ൌ ͳǡ ͳ

߱ ൌ ������
ǡݔ ݕ
ݔ ݕ

ൌ ������
ͷ ڄ ͳ ൅ Ͳ ڄ ͳ

ͷଶ ൅ Ͳଶ ڄ ͳଶ ൅ ͳଶ
ൌ ������

ͷ
ͷ ʹ

ൌ ������
ʹ
Ͷ
ൌ
ߨ
Ͷ
Ǥ

Ɣ ߱ ݔ ൌ ͵ǡ Ͳǡͳ ݕ ൌ ͳǡ Ͳǡ Ͳ

߱ ൌ ������
ǡݔ ݕ
ݔ ݕ

ൌ ������
͵

͵ ൅ ͳ ڄ ͳ
ൌ ������

͵
ʹ
ൌ
ߨ
͸
Ǥ

߱ ݔ ൌ ͳǡ Ͳǡ Ͳǡ Ͳǡ ͳ ݕ ൌ Ͳǡ ͳǡ ͳǡ Ͳǡ Ͳ

߱ ൌ ������
ǡݔ ݕ
ݔ ݕ

ൌ ������
Ͳ

ʹ ڄ ʹ
ൌ ������ Ͳ ൌ

ߨ
ʹ
Ǥ



Angle between Two Vectors: Example
Ɣ ߱ ݔ ൌ ͷǡ Ͳ ݕ ൌ ͳǡ ͳ

߱ ൌ ������
ǡݔ ݕ
ݔ ݕ

ൌ ������
ͷ ڄ ͳ ൅ Ͳ ڄ ͳ

ͷଶ ൅ Ͳଶ ڄ ͳଶ ൅ ͳଶ
ൌ ������

ͷ
ͷ ʹ

ൌ ������
ʹ
Ͷ
ൌ
ߨ
Ͷ
Ǥ

Ɣ ߱ ݔ ൌ ͵ǡ Ͳǡͳ ݕ ൌ ͳǡ Ͳǡ Ͳ

߱ ൌ ������
ǡݔ ݕ
ݔ ݕ

ൌ ������
͵

͵ ൅ ͳ ڄ ͳ
ൌ ������

͵
ʹ
ൌ
ߨ
͸
Ǥ

Ɣ ߱ ݔ ൌ ͳǡ Ͳǡ Ͳǡ Ͳǡ ͳ ݕ ൌ Ͳǡ ͳǡ ͳǡ Ͳǡ Ͳ

߱ ൌ ������
ǡݔ ݕ
ݔ ݕ

ൌ ������
Ͳ

ʹ ڄ ʹ
ൌ ������ Ͳ ൌ

ߨ
ʹ
Ǥ



Orthogonality
Ɣ ݔ ݕ ǡݔ ݕ ൌ Ͳ

Թ௡

ݔ ൌ ʹǡ ͵ ǡ ݕ ൌ ͳǡ Ͳ ǡ ǡݔ ݕ ൌ ʹ ് Ͳ ՜
ݔ ݕ

ݔ ൌ ͳǡ ʹǡ ͵ ǡ ݕ ൌ െʹǡͳǡ Ͳ ǡ ǡݔ ݕ ൌ െʹ ൅ ʹ ൅ Ͳ ൌ Ͳ ՜
ݔ ݕ

ݔ ൌ ͳǡ Ͳ ǡ ݕ ൌ Ͳǡͳ ǡ ǡݔ ݕ ൌ Ͳǡ ݔ ൌ ݕ ൌ ͳ ՜
ݔ ݕ



Orthogonality
Ɣ ݔ ݕ ǡݔ ݕ ൌ Ͳ

Ɣ Թ௡

ݔ ൌ ʹǡ ͵ ǡ ݕ ൌ ͳǡ Ͳ ǡ ǡݔ ݕ ൌ ʹ ് Ͳ ՜
ݔ ݕ

ݔ ൌ ͳǡ ʹǡ ͵ ǡ ݕ ൌ െʹǡͳǡ Ͳ ǡ ǡݔ ݕ ൌ െʹ ൅ ʹ ൅ Ͳ ൌ Ͳ ՜
ݔ ݕ

ݔ ൌ ͳǡ Ͳ ǡ ݕ ൌ Ͳǡͳ ǡ ǡݔ ݕ ൌ Ͳǡ ݔ ൌ ݕ ൌ ͳ ՜
ݔ ݕ



Orthogonality
Ɣ ݔ ݕ ǡݔ ݕ ൌ Ͳ

Ɣ Թ௡

ݔ ൌ ʹǡ ͵ ǡ ݕ ൌ ͳǡ Ͳ ǡ ǡݔ ݕ ൌ ʹ ് Ͳ ՜
ݔ ݕ

ݔ ൌ ͳǡ ʹǡ ͵ ǡ ݕ ൌ െʹǡͳǡ Ͳ ǡ ǡݔ ݕ ൌ െʹ ൅ ʹ ൅ Ͳ ൌ Ͳ ՜
ݔ ݕ

ݔ ൌ ͳǡ Ͳ ǡ ݕ ൌ Ͳǡͳ ǡ ǡݔ ݕ ൌ Ͳǡ ݔ ൌ ݕ ൌ ͳ ՜
ݔ ݕ



Orthogonality
Ɣ ݔ ݕ ǡݔ ݕ ൌ Ͳ

Ɣ Թ௡

ݔ ൌ ʹǡ ͵ ǡ ݕ ൌ ͳǡ Ͳ ǡ ǡݔ ݕ ൌ ʹ ് Ͳ ՜
ݔ ݕ

ݔ ൌ ͳǡ ʹǡ ͵ ǡ ݕ ൌ െʹǡͳǡ Ͳ ǡ ǡݔ ݕ ൌ െʹ ൅ ʹ ൅ Ͳ ൌ Ͳ ՜
ݔ ݕ

ݔ ൌ ͳǡ Ͳ ǡ ݕ ൌ Ͳǡͳ ǡ ǡݔ ݕ ൌ Ͳǡ ݔ ൌ ݕ ൌ ͳ ՜
ݔ ݕ



Orthogonal Projection
Ɣ

ݑ ݒ

௩ᇱݑ ݑ ݒ

௩ᇱݑ

૙ ൑ ࣓ ൑ ૢ૙

ǡݑ ݒ ൌ ݑ ݒ ࣓ܛܗ܋ ൌ ݑ ݒ
࢛࢜ᇱ

࢛
ൌ

ൌ ௩ᇱݑ ݒ

࢛

࢜

࣓



Orthogonal Projection
Ɣ

ݑ ݒ

Ɣ ௩ᇱݑ ݑ ݒ

௩ᇱݑ

૙ ൑ ࣓ ൑ ૢ૙

ǡݑ ݒ ൌ ݑ ݒ ࣓ܛܗ܋ ൌ ݑ ݒ
࢛࢜ᇱ

࢛
ൌ

ൌ ௩ᇱݑ ݒ

࢛

࢛࢜࢜ᇱ

࣓



Orthogonal Projection
Ɣ

ݑ ݒ

Ɣ ௩ᇱݑ ݑ ݒ

Ɣ ௩ᇱݑ

૙ ൑ ࣓ ൑ ૢ૙

ǡݑ ݒ ൌ ݑ ݒ ࣓ܛܗ܋ ൌ ݑ ݒ
࢛࢜ᇱ

࢛
ൌ

ൌ ௩ᇱݑ ݒ

࢛

࢛࢜࢜ᇱ

࣓



Orthogonal Projection
Ɣ

ݑ ݒ

Ɣ ௩ᇱݑ ݑ ݒ

Ɣ ௩ᇱݑ

૙ ൑ ࣓ ൑ ૢ૙

ǡݑ ݒ ൌ ݑ ݒ ࣓ܛܗ܋ ൌ ݑ ݒ
࢛࢜ᇱ

࢛
ൌ

ൌ ௩ᇱݑ ݒ

࢛

࢛࢜࢜ᇱ

࣓



Orthogonal Projection
Ɣ

ݑ ݒ

Ɣ ௩ᇱݑ ݑ ݒ

Ɣ ௩ᇱݑ

ૢ૙ ൑ ࣓ ൑ ૚ૡ૙

െ ǡݑ ݒ ൌ ݑ ݒ ࣓ܛܗ܋ ൌ ݑ ݒ
࢛࢜ᇱ

࢛
ൌ

ൌ ௩ᇱݑ ݒ

࢛

࢜



െ࢜

Orthogonal Projection
Ɣ

ݑ ݒ

Ɣ ௩ᇱݑ ݑ ݒ

Ɣ ௩ᇱݑ

ૢ૙ ൑ ࣓ ൑ ૚ૡ૙

െ ǡݑ ݒ ൌ ݑ ݒ ࣓ܛܗ܋ ൌ ݑ ݒ
࢛࢜ᇱ

࢛
ൌ

ൌ ௩ᇱݑ ݒ

࢛

࢜



െ࢜

Orthogonal Projection
Ɣ

ݑ ݒ

Ɣ ௩ᇱݑ ݑ ݒ

Ɣ ௩ᇱݑ

ૢ૙ ൑ ࣓ ൑ ૚ૡ૙

െ ǡݑ ݒ ൌ ݑ ݒ ࣓ܛܗ܋ ൌ ݑ ݒ
࢛࢜ᇱ

࢛
ൌ

ൌ ௩ᇱݑ ݒ

࢛

࢜ ࢛࢜ᇱ



െ࢜

Orthogonal Projection
Ɣ

ݑ ݒ

Ɣ ௩ᇱݑ ݑ ݒ

Ɣ ௩ᇱݑ

ૢ૙ ൑ ࣓ ൑ ૚ૡ૙

െ ǡݑ ݒ ൌ ݑ ݒ ࣓ܛܗ܋ ൌ ݑ ݒ
࢛࢜ᇱ

࢛
ൌ

ൌ ௩ᇱݑ ݒ

࢛

࢜ ࢛࢜ᇱ



Orthogonal Projection
Ɣ

ݑ ݒ

Ɣ ௩ᇱݑ ݑ ݒ

Ɣ ௩ᇱݑ

࢛ǡ ࢜ ൌ ࢛࢜ᇱ ࢜ ՞ ࢛࢜ᇱ ൌ
࢛ǡ ࢜
࢜

࢛࢜ᇱ ൌ
࢛ǡ ࢜
࢜ǡ ࢜

࢜Ǥ

࢛

࢛࢜࢜ᇱ
࣓

െ࢜

࢛

࢜ ࢛࢜ᇱ

ૢ૙ ൑ ࣓ ൑ ૚ૡ૙

૙ ൑ ࣓ ൑ ૢ૙



Orthogonal Projection
Ɣ

ݑ ݒ

Ɣ ௩ᇱݑ ݑ ݒ

Ɣ ௩ᇱݑ

࢛ǡ ࢜ ൌ ࢛࢜ᇱ ࢜ ՞ ࢛࢜ᇱ ൌ
࢛ǡ ࢜
࢜

࢛࢜ᇱ ൌ
࢛ǡ ࢜
࢜ǡ ࢜

࢜Ǥ

࢛

࢛࢜࢜ᇱ
࣓

െ࢜

࢛

࢜ ࢛࢜ᇱ

ૢ૙ ൑ ࣓ ൑ ૚ૡ૙

૙ ൑ ࣓ ൑ ૢ૙



Orthogonal Projection: Example
Ɣ ݑ ൌ ͳǡ ͵ǡ ʹ ݖ ൌ

Ͳǡ Ͳǡ ͳ

௭ᇱݑ ൌ
ǡݑ ݖ
ǡݖ ݖ

ݖ ൌ ݖ͵ ൌ Ͳǡ Ͳǡ ͵

ݑ ൌ ͳǡ ͵ǡ ʹ � ൌ Ͷǡ ͳǡ ͵

௩ᇱݑ ൌ
ǡݑ ݒ
ǡݒ ݒ

ݒ ൌ
Ͷ ൅ ͵ ൅ ͸
ͳ͸ ൅ ͳ ൅ ͻ

ݒ ൌ
ͳ
ʹ
ݒ ൌ ʹǡ ͲǤͷǡ ͳǤͷ Ǥ

࢛

ᇱࢠ࢛



Orthogonal Projection: Example
Ɣ ݑ ൌ ͳǡ ͵ǡ ʹ ݖ ൌ

Ͳǡ Ͳǡ ͳ

௭ᇱݑ ൌ
ǡݑ ݖ
ǡݖ ݖ

ݖ ൌ ݖ͵ ൌ Ͳǡ Ͳǡ ͵

ݑ ൌ ͳǡ ͵ǡ ʹ � ൌ Ͷǡ ͳǡ ͵

௩ᇱݑ ൌ
ǡݑ ݒ
ǡݒ ݒ

ݒ ൌ
Ͷ ൅ ͵ ൅ ͸
ͳ͸ ൅ ͳ ൅ ͻ

ݒ ൌ
ͳ
ʹ
ݒ ൌ ʹǡ ͲǤͷǡ ͳǤͷ Ǥ

࢛

ᇱࢠ࢛



Orthogonal Projection: Example
Ɣ ݑ ൌ ͳǡ ͵ǡ ʹ ݖ ൌ

Ͳǡ Ͳǡ ͳ

௭ᇱݑ ൌ
ǡݑ ݖ
ǡݖ ݖ

ݖ ൌ ݖ͵ ൌ Ͳǡ Ͳǡ ͵

Ɣ ݑ ൌ ͳǡ ͵ǡ ʹ � ൌ
Ͷǡ ͳǡ ͵

௩ᇱݑ ൌ
ǡݑ ݒ
ǡݒ ݒ

ݒ ൌ
Ͷ ൅ ͵ ൅ ͸
ͳ͸ ൅ ͳ ൅ ͻ

ݒ ൌ
ͳ
ʹ
ݒ ൌ ʹǡ ͲǤͷǡ ͳǤͷ Ǥ

࢜

࢛

ᇱࢠ࢛
࢛࢜ᇱ



Orthogonal Projection: Example
Ɣ ݑ ൌ ͳǡ ͵ǡ ʹ ݖ ൌ

Ͳǡ Ͳǡ ͳ

௭ᇱݑ ൌ
ǡݑ ݖ
ǡݖ ݖ

ݖ ൌ ݖ͵ ൌ Ͳǡ Ͳǡ ͵

Ɣ ݑ ൌ ͳǡ ͵ǡ ʹ � ൌ
Ͷǡ ͳǡ ͵

௩ᇱݑ ൌ
ǡݑ ݒ
ǡݒ ݒ

ݒ ൌ
Ͷ ൅ ͵ ൅ ͸
ͳ͸ ൅ ͳ ൅ ͻ

ݒ ൌ
ͳ
ʹ
ݒ ൌ ʹǡ ͲǤͷǡ ͳǤͷ Ǥ

࢜

࢛

ᇱࢠ࢛
࢛࢜ᇱ



Hyperplanes

Ɣ

ଵݔଵݓ ൅ ଶݔଶݓ ൅ ൅ڮ ௡ݔ௡ݓ ൅ ܾ ൌ Ͳ

௜ݓ ് Ͳ

Ɣ

ǡݓ ݔ ൅ ܾ ൌ Ͳǡ ݓ ൌ ଵǡǥݓ ǡݓ௡



Hyperplanes
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Hyperplanes

Ɣ Թ௡

ଵݔଵݓ ൅ ଶݔଶݓ ൅ ൅ڮ ௡ݔ௡ݓ ൅ ܾ ൌ Ͳ

௜ݓ ് Ͳ

ǡݓ ݔ ൅ ܾ ൌ Ͳǡ ݓ ൌ ଵǡǥݓ ǡݓ௡



Hyperplanes

Image source: https://deepai.org/machine-learning-glossary-and-terms/hyperplane

https://deepai.org/machine-learning-glossary-and-terms/hyperplane


Hyperplanes

Ɣ Թ௡

ଵݔଵݓ ൅ ଶݔଶݓ ൅ ൅ڮ ௡ݔ௡ݓ ൅ ܾ ൌ Ͳ

௜ݓ ് Ͳ

Ɣ

ǡݓ ݔ ൅ ܾ ൌ Ͳǡ ݓ ൌ ଵǡǥݓ ǡݓ௡



Normal to a Hyperplane
Ɣ

ǡݓ ݔ ൅ ܾ ൌ Ͳ

Ɣ ݓ ൌ ଵǡǥݓ ǡݓ௡

ݓ



Normal to a Hyperplane
Ɣ

ǡݓ ݔ ൅ ܾ ൌ Ͳ

Ɣ ݓ ൌ ଵǡǥݓ ǡݓ௡

Ɣ ݓ ǡݓ ݔ ൅ ܾ ൌ Ͳ



ML Example: Linear Classifier
Ɣ

Ɣ

ǡݓ ݔ ൅ ܾ ൌ Ͳ

ǡݓ ݔ ൅ ܾ ൐ Ͳ

ǡݓ ݔ ൅ ܾ ൏ Ͳ



ML Example: Linear Classifier
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Ɣ
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ML Example: Linear Classifier
Ɣ

Ɣ

Ɣ

ǡݓ ݔ ൅ ܾ ൌ Ͳ
ż

ż

Ɣ

ż ǡݓ ݔ ൅ ܾ ൐ Ͳ

ż ǡݓ ݔ ൅ ܾ ൏ Ͳ

࢝ǡ ࢞ ൅ ࢈ ൏ ૙

࢝ǡ ࢞ ൅ ࢈ ൐ ૙



To sum up
Ɣ

ż

ż

ż

ż

ż

Ɣ

ż

ż

ż
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Last Time

Ɣ

Ɣ

Ɣ

Ɣ

Ɣ

Ɣ



Today
Ɣ

ż

ż

Ɣ



Back to 
Vector Spaces



(Reminder) Vector Space: Definition
Ɣ ܸǡ൅ǡ ڄ ܸ

ͳ ൅׷ ܸ ൈ ܸ ՜ ܸǡ ʹ ڄ ׷ Թ ൈ ܸ ՜ ܸ

Property Meaning
1. Associativity of addition ݔ ൅ ݕ ൅ ݖ ൌ ݔ ൅ ݕ ൅ ݖ
2. Commutativity of addition ݔ ൅ ݕ ൌ ݕ ൅ ݔ
3. Identity element of addition Ͳ׌ א ܸǣ ݔ׊ א ܸ Ͳ ൅ ݔ ൌ ݔ

4. Identity element of scalar 
multiplication ݔ׊ א ܸ ͳ ڄ ݔ ൌ ݔ

5. Inverse element of addition ݔ׊ א ܸ ׌ െ ݔ א ܸǣ ݔ ൅ െݔ ൌ Ͳ
6. Compatibility of scalar multiplication ߙ ݔߚ ൌ ߚߙ ݔ
7.

Distributivity
ߙ ൅ ߚ ݔ ൌ ݔߙ ൅ ݔߚ

8. ߙ ݔ ൅ ݕ ൌ ݔߙ ൅ ݕߙ



(Reminder) Examples of Vector Spaces

Ɣ Թ௡ ݊
Թ௡ǡ൅ǡڄ

Զ௡ ൑ ݊
Զ௡ǡ ൅ǡ ڄ



(Reminder) Examples of Vector Spaces

Ɣ Թ௡ ݊
Թ௡ǡ൅ǡڄ

Ɣ Զ௡ ൑ ݊

Զ௡ǡ ൅ǡ ڄ
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Vector Subspace
Ɣ ܸ ൌ ॽǡ ൅ǡ ڄ

ॼ ് ׎ ॽ ॼ ك ॽ

ܷ ൌ ॼǡ ൅ǡ ڄ ܷ ك ܸ ܷ

൅ ॼ ൈ ॼ ՜ ॼ
ڄ Թ ൈ ॼ ՜ ॼ



Vector Subspace
Ɣ ܸ ൌ ॽǡ ൅ǡ ڄ

Ɣ ॼ ് ׎ ॽ ॼ ك ॽ

ܷ ൌ ॼǡ ൅ǡ ڄ ܷ ك ܸ ܷ

൅ ॼ ൈ ॼ ՜ ॼ
ڄ Թ ൈ ॼ ՜ ॼ



Vector Subspace
Ɣ ܸ ൌ ॽǡ ൅ǡ ڄ

Ɣ ॼ ് ׎ ॽ ॼ ك ॽ

Ɣ ܷ ൌ ॼǡ ൅ǡ ڄ ܷ ك ܸ ܷ

ż ൅ ॼ ൈ ॼ ՜ ॼ
ż ڄ Թ ൈ ॼ ՜ ॼ



Vector Subspace
Ɣ ܷ ൌ ॼǡ ൅ǡ ڄ

ॼ ك ॽ ܸ ൌ ॽǡ ൅ǡ ڄ ൅
ڄ

Ͳ א ॼ
൅ ڄ

׊ ǡݔ ݕ א ॼ ݔ ൅ ݕ א ॼ
׊ ݔ א ॼǡ ߣ א Թ ݔߣ א ॼ



Vector Subspace
Ɣ ܷ ൌ ॼǡ ൅ǡ ڄ

Ɣ ॼ ك ॽ ܸ ൌ ॽǡ ൅ǡ ڄ ൅
ڄ

Ͳ א ॼ
൅ ڄ

׊ ǡݔ ݕ א ॼ ݔ ൅ ݕ א ॼ
׊ ݔ א ॼǡ ߣ א Թ ݔߣ א ॼ



Vector Subspace
Ɣ ܷ ൌ ॼǡ ൅ǡ ڄ

Ɣ ॼ ك ॽ ܸ ൌ ॽǡ ൅ǡ ڄ ൅
ڄ

Ɣ

Ͳ א ॼ
൅ ڄ

׊ ǡݔ ݕ א ॼ ݔ ൅ ݕ א ॼ
׊ ݔ א ॼǡ ߣ א Թ ݔߣ א ॼ



Vector Subspace
Ɣ ܷ ൌ ॼǡ ൅ǡ ڄ

Ɣ ॼ ك ॽ ܸ ൌ ॽǡ ൅ǡ ڄ ൅
ڄ

Ɣ

Ͳ א ॼ
൅ ڄ

׊ ǡݔ ݕ א ॼ ݔ ൅ ݕ א ॼ
׊ ݔ א ॼǡ ߣ א Թ ݔߣ א ॼ



Vector Subspace: Examples
Ɣ Թଶ

Ɣ ࡭

࢞ א ࡭ ૛࢞ ב ࡭ ՜
ڄ
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Ɣ Թଶ

Ɣ ࡭

࢞ א ࡭ ૛࢞ ב ࡭ ՜
ڄ

࢞
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Ɣ Թଶ

Ɣ ࡭

࢞ א ࡭ ૛࢞ ב ࡭ ՜
ڄ

૛࢞

࢞



Vector Subspace: Examples
Ɣ Թଶ

Ɣ ࡭

Ɣ

࢞ א ࡭ ૛࢞ ב ࡭ ՜
ڄ

૛࢞

࢞



Vector Subspace: Examples
Ɣ Թଶ

Ɣ ࡮

Ͳ ב ܤ
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Ͳ ב ܤ
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Ɣ Թଶ

Ɣ ࡰ

Ͳǡ൅ǡڄ
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Ɣ Թଶ

Ɣ ࡰ

Ɣ

Ͳǡ൅ǡڄ
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Ɣ Թଶ

Ɣ ࡰ

Ɣ

Ͳǡ൅ǡڄ



Vector Subspace: Examples

Ɣ ܲ௡ ൌ Զ௡ǡ൅ǡ ڄ

׊ ݉ ൑ ݊ ܲ௠ ൌ Զ௠ǡ൅ǡ ڄ ك ܲ௡

Ͳ א Զ௠

݉ ൑ ݊

݉ ൑ ݊



Vector Subspace: Examples

Ɣ ܲ௡ ൌ Զ௡ǡ൅ǡ ڄ

Ɣ ׊ ݉ ൑ ݊ ܲ௠ ൌ Զ௠ǡ൅ǡ ڄ ك ܲ௡

Ͳ א Զ௠

݉ ൑ ݊

݉ ൑ ݊



Vector Subspace: Examples

Ɣ ܲ௡ ൌ Զ௡ǡ൅ǡ ڄ

Ɣ ׊ ݉ ൑ ݊ ܲ௠ ൌ Զ௠ǡ൅ǡ ڄ ك ܲ௡

¾ Ͳ א Զ௠

݉ ൑ ݊

݉ ൑ ݊



Vector Subspace: Examples

Ɣ ܲ௡ ൌ Զ௡ǡ൅ǡ ڄ

Ɣ ׊ ݉ ൑ ݊ ܲ௠ ൌ Զ௠ǡ൅ǡ ڄ ك ܲ௡

¾ Ͳ א Զ௠

¾

݉ ൑ ݊
݉ ൑ ݊
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Linear Combinations

Ɣ

ܸ
ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ א ܸ
ଵǡߣ ଶǡߣ ǥ ǡ ௞ߣ א Թ

ݒ ൌ ଵݔଵߣ ൅ ଶݔଶߣ ൅ ൅ڮ ௞ݔ௞ߣ ൌ σ௜ୀଵ
௞ ௜ݔ௜ߣ א ܸ

ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ



Linear Combinations

Ɣ

Ɣ ܸ
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ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ
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Ɣ

Ɣ ܸ
Ɣ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ א ܸ
Ɣ ଵǡߣ ଶǡߣ ǥ ǡ ௞ߣ א Թ

ݒ ൌ ଵݔଵߣ ൅ ଶݔଶߣ ൅ ൅ڮ ௞ݔ௞ߣ ൌ σ௜ୀଵ
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Linear Combinations: Examples

Ɣ Թଶǡ൅ǡ ڄ ݁ଵ ൌ
ͳ
Ͳ ݁ଶ ൌ

Ͳ
ͳ

ݑ ൌ ʹ݁ଵ െ ݁ଶ ൌ
ʹ
െͳ ݁ଵ ݁ଶ

Զଶǡ ൅ǡ ڄ ݁଴ ൌ ͳǡ ݁ଵ ൌ ǡݐ ݁ଶ ൌ ଶݐ

ݑ ൌ ଶݐʹ െ ݐ ൅ ͳ ൌ ʹ݁ଶ െ ݁ଵ ൅ ݁଴ ݁଴ǡ ݁ଵ ݁ଶ

ݒ ൌ ݐ͵ ൅ ͵ ൌ ͵݁ଵ ൅ ͵݁଴ ݁଴ ݁ଵ
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Span
Ɣ ܸ Ȃ ,  ८ ൌ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ ك ܸ

८ ८

݊ܽ݌ݏ ଵǡݔ ǥ ǡ ௡ݔ ൌ ଵݔଵߣ ൅ڮ൅ ଵǡߣ௡ȁݔ௡ߣ ǥ ௡ߣ א Թ

८ ܸ

ܸ ൌ ݊ܽ݌ݏ ८ ܸ ൌ ݊ܽ݌ݏ ଵǡǥݔ ǡ ௡ݔ
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८ ܸ
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Ɣ ८ ܸ
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Ɣ Թଶ
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ͳ
Ͳ
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ͳ
Ͳ ݁ଶ ൌ

Ͳ
ͳ
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ȁ ଵǡଶߣ א Թ ൌ Թଶ
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݊ܽ݌ݏ ݁଴ǡ ǥ ǡ ݁ଷ ൌ ଷݐܽ ൅ ଶݐܾ ൅ ݐܿ ൅ ݀ ȁ ܽǡ ܾǡ ܿǡ ݀ א Թ ൌ ܲଷ



Span: Example 2
Ɣ ܲଷ ൌ Զଷǡ൅ǡ ڄ

Ɣ ݁଴ ൌ ͳǡ ݁ଵ ൌ ǡݐ ݁ଶ ൌ ଶݐ

݊ܽ݌ݏ ݁଴ǡ ǥ ǡ ݁ଶ ൌ ଶݐܽ ൅ ݐܾ ൅ ܿ ȁ ܽǡ ܾǡ ܿ א Թ ൌ ܲଶ ك ܲଷ

Ɣ ݁଴ ൌ ͳǡ ݁ଵ ൌ ǡݐ ݁ଶ ൌ ଶǡݐ ݁ଷ ൌ ଷݐ

݊ܽ݌ݏ ݁଴ǡ ǥ ǡ ݁ଷ ൌ ଷݐܽ ൅ ଶݐܾ ൅ ݐܿ ൅ ݀ ȁ ܽǡ ܾǡ ܿǡ ݀ א Թ ൌ ܲଷ



Generating Set

Ɣ ܸ
Ɣ ८ ൌ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ ك ܸ

� א ܸ
ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ ८ ܸ



Generating Set

Ɣ ܸ
Ɣ ८ ൌ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ ك ܸ

Ɣ � א ܸ
ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ ८

ܸ



Linear 
independence

58



Linear Combinations
Ɣ

ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ

Ͳ ൌ෍
௜ୀଵ

௞

Ͳ ڄ ௜ݔ

ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ ௜ߣ Ͳ



Linear Combinations
Ɣ

ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ

Ͳ ൌ෍
௜ୀଵ

௞

Ͳ ڄ ௜ݔ

Ɣ

ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ ௜ߣ Ͳ



Linear (In)dependence

Ɣ ܸ
Ɣ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ א ܸ

ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ
σ௜ୀଵ
௞ ௜ݔ௜ߣ ൌ Ͳ ௜ߣ ് Ͳ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ

ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ



Linear (In)dependence

Ɣ ܸ
Ɣ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ א ܸ

Ɣ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ
σ௜ୀଵ
௞ ௜ݔ௜ߣ ൌ Ͳ ௜ߣ ് Ͳ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ

ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ



Linear (In)dependence

Ɣ ܸ
Ɣ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ א ܸ

Ɣ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ
σ௜ୀଵ
௞ ௜ݔ௜ߣ ൌ Ͳ ௜ߣ ് Ͳ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ

Ɣ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ



Linear (In)dependence
Ɣ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ

σ௜ୀଵ
௞ ௜ݔ௜ߣ ൌ Ͳ ௜ߣ ് Ͳ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ

՞

ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ

௜ݔ ൌ ଵݔଵߙ ൅ ൅ڮ ௞ݔ௞ߙ



Linear (In)dependence
Ɣ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ

σ௜ୀଵ
௞ ௜ݔ௜ߣ ൌ Ͳ ௜ߣ ് Ͳ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ

՞

Ɣ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ

௜ݔ ൌ ଵݔଵߙ ൅ ൅ڮ ௞ݔ௞ߙ



Linear (In)dependence
Ɣ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ

σ௜ୀଵ
௞ ௜ݔ௜ߣ ൌ Ͳ ௜ߣ ് Ͳ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ

՞

Ɣ ଵǡݔ ଶǡݔ ǥ ǡ ௞ݔ

௜ݔ ൌ ଵݔଵߙ ൅ ൅ڮ ௞ݔ௞ߙ



Linear (In)dependence: Example 1
Ɣ Թଶ

ݑ ൌ ʹ
Ͷ ݒ ൌ െͳ

െʹ ݑ ൌ െʹݒ

݁ଵ ൌ
ͳ
Ͳ ݁ଶ ൌ

Ͳ
ͳ

ଵǡߣ ଶߣ א Թ ௜ߣ ് Ͳ

ଵ݁ଵߣ ൅ ଶ݁ଶߣ ൌ
ଵߣ
ଶߣ

ൌ Ͳ
Ͳ

݁ଵ ଶ݁ߣ



Linear (In)dependence: Example 1
Ɣ Թଶ

Ɣ ݑ ൌ ʹ
Ͷ ݒ ൌ െͳ

െʹ ݑ ൌ െʹݒ

݁ଵ ൌ
ͳ
Ͳ ݁ଶ ൌ

Ͳ
ͳ

ଵǡߣ ଶߣ א Թ ௜ߣ ് Ͳ

ଵ݁ଵߣ ൅ ଶ݁ଶߣ ൌ
ଵߣ
ଶߣ

ൌ Ͳ
Ͳ

݁ଵ ଶ݁ߣ



Linear (In)dependence: Example 1
Ɣ Թଶ

Ɣ ݑ ൌ ʹ
Ͷ ݒ ൌ െͳ

െʹ ݑ ൌ െʹݒ

Ɣ ݁ଵ ൌ
ͳ
Ͳ ݁ଶ ൌ

Ͳ
ͳ

ଵǡߣ ଶߣ א Թ ௜ߣ ് Ͳ

ଵ݁ଵߣ ൅ ଶ݁ଶߣ ൌ
ଵߣ
ଶߣ

ൌ Ͳ
Ͳ

݁ଵ ଶ݁ߣ



Linear (In)dependence: Example 1
Ɣ Թଶ

Ɣ ݑ ൌ ʹ
Ͷ ݒ ൌ െͳ

െʹ ݑ ൌ െʹݒ

Ɣ ݁ଵ ൌ
ͳ
Ͳ ݁ଶ ൌ

Ͳ
ͳ

ଵǡߣ ଶߣ א Թ ௜ߣ ് Ͳ

ଵ݁ଵߣ ൅ ଶ݁ଶߣ ൌ
ଵߣ
ଶߣ

ൌ Ͳ
Ͳ

݁ଵ ଶ݁ߣ



Linear (In)dependence: Example 2
Ɣ ܲ ൌ Զଷǡ൅ǡ ڄ

Ɣ ͳǡ ǡݐ ଶݐ א ܲ



Linear (In)dependence: Example 2
Ɣ ܲ ൌ Զଷǡ൅ǡ ڄ

Ɣ ͳǡ ǡݐ ଶݐ א ܲ

Ɣ



Linear (In)dependence: Example 3
Ɣ Թସ

ଵݔ ൌ

ͳ
ʹ
െ͵
Ͷ

ǡ ଶݔ ൌ

ͳ
ͳ
Ͳ
ʹ

ǡ ଷݔ ൌ

െͳ
െʹ
ͳ
ͳ

ଵǡߣ ଶǡߣ ଷߣ א Թ ௜ߣ ് Ͳ

ଵݔଵߣ ൅ ଶݔଶߣ ൅ ଷݔଷߣ ൌ Ͳ ՞

ଵߣ

ͳ
ʹ
െ͵
Ͷ

൅ ଶߣ

ͳ
ͳ
Ͳ
ʹ

൅ ଷߣ

െͳ
െʹ
ͳ
ͳ

ൌ

ଵߣ ൅ ଶߣ െ ଷߣ
ଵߣʹ ൅ ଶߣ െ ଷߣʹ
െ͵ߣଵ ൅ ଷߣ

Ͷߣଵ ൅ ଶߣʹ ൅ ଷߣ

ൌ

Ͳ
Ͳ
Ͳ
Ͳ



Linear (In)dependence: Example 3
Ɣ Թସ

ଵݔ ൌ

ͳ
ʹ
െ͵
Ͷ

ǡ ଶݔ ൌ

ͳ
ͳ
Ͳ
ʹ

ǡ ଷݔ ൌ

െͳ
െʹ
ͳ
ͳ

Ɣ ଵǡߣ ଶǡߣ ଷߣ א Թ ௜ߣ ് Ͳ

ଵݔଵߣ ൅ ଶݔଶߣ ൅ ଷݔଷߣ ൌ Ͳ ՞

ଵߣ

ͳ
ʹ
െ͵
Ͷ

൅ ଶߣ

ͳ
ͳ
Ͳ
ʹ

൅ ଷߣ

െͳ
െʹ
ͳ
ͳ

ൌ

ଵߣ ൅ ଶߣ െ ଷߣ
ଵߣʹ ൅ ଶߣ െ ଷߣʹ
െ͵ߣଵ ൅ ଷߣ

Ͷߣଵ ൅ ଶߣʹ ൅ ଷߣ

ൌ

Ͳ
Ͳ
Ͳ
Ͳ



Linear (In)dependence: Example 3
Ɣ Թସ

ଵݔ ൌ

ͳ
ʹ
െ͵
Ͷ

ǡ ଶݔ ൌ

ͳ
ͳ
Ͳ
ʹ

ǡ ଷݔ ൌ

െͳ
െʹ
ͳ
ͳ

Ɣ ଵǡߣ ଶǡߣ ଷߣ א Թ ௜ߣ ് Ͳ

ଵݔଵߣ ൅ ଶݔଶߣ ൅ ଷݔଷߣ ൌ Ͳ ՞

ଵߣ

ͳ
ʹ
െ͵
Ͷ

൅ ଶߣ

ͳ
ͳ
Ͳ
ʹ

൅ ଷߣ

െͳ
െʹ
ͳ
ͳ

ൌ

ଵߣ ൅ ଶߣ െ ଷߣ
ଵߣʹ ൅ ଶߣ െ ଷߣʹ
െ͵ߣଵ ൅ ଷߣ

Ͷߣଵ ൅ ଶߣʹ ൅ ଷߣ

ൌ

Ͳ
Ͳ
Ͳ
Ͳ



Linear (In)dependence: Example 3
Ɣ ଵǡߣ ଶǡߣ ଷߣ א Թ ௜ߣ ് Ͳ

ଵߣ ൅ ଶߣ െ ଷߣ ൌ Ͳ
ଵߣʹ ൅ ଶߣ െ ଷߣʹ ൌ Ͳ
െ͵ߣଵ ൅ ଷߣ ൌ Ͳ

Ͷߣଵ ൅ ଶߣʹ ൅ ଷߣ ൌ Ͳ

֞

െʹߣଵ ൅ ଶߣ ൌ Ͳ
െͶߣଵ ൅ ଶߣ ൌ Ͳ

ଷߣ ൌ ଵߣ͵
͹ߣଵ ൅ ଶߣʹ ൌ Ͳ

֞

૛ࣅ ൌ ૛ࣅ૚
െʹߣଵ ൌ Ͳ
ଷߣ ൌ ଵߣ͵
ͳͳߣଵ ൌ Ͳ

֞ ଵǡଶǡଷߣ ൌ Ͳ

ଵǡݔ ଶݔ ଷݔ

ଵǡݔ ଶݔ ଷݔ



Linear (In)dependence: Example 3
Ɣ ଵǡߣ ଶǡߣ ଷߣ א Թ ௜ߣ ് Ͳ

ଵߣ ൅ ଶߣ െ ଷߣ ൌ Ͳ
ଵߣʹ ൅ ଶߣ െ ଷߣʹ ൌ Ͳ
െ͵ߣଵ ൅ ଷߣ ൌ Ͳ

Ͷߣଵ ൅ ଶߣʹ ൅ ଷߣ ൌ Ͳ

֞

െʹߣଵ ൅ ଶߣ ൌ Ͳ
െͶߣଵ ൅ ଶߣ ൌ Ͳ
૜ࣅ ൌ ૜ࣅ૚

͹ߣଵ ൅ ଶߣʹ ൌ Ͳ

֞

૛ࣅ ൌ ૛ࣅ૚
െʹߣଵ ൌ Ͳ
ଷߣ ൌ ଵߣ͵
ͳͳߣଵ ൌ Ͳ

֞ ଵǡଶǡଷߣ ൌ Ͳ

ଵǡݔ ଶݔ ଷݔ

ଵǡݔ ଶݔ ଷݔ



Linear (In)dependence: Example 3
Ɣ ଵǡߣ ଶǡߣ ଷߣ א Թ ௜ߣ ് Ͳ

ଵߣ ൅ ଶߣ െ ଷߣ ൌ Ͳ
ଵߣʹ ൅ ଶߣ െ ଷߣʹ ൌ Ͳ
െ͵ߣଵ ൅ ଷߣ ൌ Ͳ

Ͷߣଵ ൅ ଶߣʹ ൅ ଷߣ ൌ Ͳ

֞

െʹߣଵ ൅ ଶߣ ൌ Ͳ
െͶߣଵ ൅ ଶߣ ൌ Ͳ

ଷߣ ൌ ଵߣ͵
͹ߣଵ ൅ ଶߣʹ ൌ Ͳ

֞

૛ࣅ ൌ ૛ࣅ૚
െʹߣଵ ൌ Ͳ
ଷߣ ൌ ଵߣ͵
ͳͳߣଵ ൌ Ͳ

֞ ଵǡଶǡଷߣ ൌ Ͳ

ଵǡݔ ଶݔ ଷݔ

ଵǡݔ ଶݔ ଷݔ



Linear (In)dependence: Example 3
Ɣ ଵǡߣ ଶǡߣ ଷߣ א Թ ௜ߣ ് Ͳ

ଵߣ ൅ ଶߣ െ ଷߣ ൌ Ͳ
ଵߣʹ ൅ ଶߣ െ ଷߣʹ ൌ Ͳ
െ͵ߣଵ ൅ ଷߣ ൌ Ͳ

Ͷߣଵ ൅ ଶߣʹ ൅ ଷߣ ൌ Ͳ

֞

െʹߣଵ ൅ ଶߣ ൌ Ͳ
െͶߣଵ ൅ ଶߣ ൌ Ͳ

ଷߣ ൌ ଵߣ͵
͹ߣଵ ൅ ଶߣʹ ൌ Ͳ

֞

૛ࣅ ൌ ૛ࣅ૚
െʹߣଵ ൌ Ͳ
ଷߣ ൌ ଵߣ͵
ͳͳߣଵ ൌ Ͳ

֞ ଵǡଶǡଷߣ ൌ Ͳ

ଵǡݔ ଶݔ ଷݔ

ଵǡݔ ଶݔ ଷݔ



Linear (In)dependence: Example 3
Ɣ ଵǡߣ ଶǡߣ ଷߣ א Թ ௜ߣ ് Ͳ

ଵߣ ൅ ଶߣ െ ଷߣ ൌ Ͳ
ଵߣʹ ൅ ଶߣ െ ଷߣʹ ൌ Ͳ
െ͵ߣଵ ൅ ଷߣ ൌ Ͳ

Ͷߣଵ ൅ ଶߣʹ ൅ ଷߣ ൌ Ͳ

֞

െʹߣଵ ൅ ଶߣ ൌ Ͳ
െͶߣଵ ൅ ଶߣ ൌ Ͳ

ଷߣ ൌ ଵߣ͵
͹ߣଵ ൅ ଶߣʹ ൌ Ͳ

֞

ଶߣ ൌ ଵߣʹ
െʹߣଵ ൌ Ͳ
ଷߣ ൌ ଵߣ͵
ͳͳߣଵ ൌ Ͳ

֞ ଵǡଶǡଷߣ ൌ Ͳ

ଵǡݔ ଶݔ ଷݔ

ଵǡݔ ଶݔ ଷݔ



Linear (In)dependence: Example 3
Ɣ ଵǡߣ ଶǡߣ ଷߣ א Թ ௜ߣ ് Ͳ

ଵߣ ൅ ଶߣ െ ଷߣ ൌ Ͳ
ଵߣʹ ൅ ଶߣ െ ଷߣʹ ൌ Ͳ
െ͵ߣଵ ൅ ଷߣ ൌ Ͳ

Ͷߣଵ ൅ ଶߣʹ ൅ ଷߣ ൌ Ͳ

֞

െʹߣଵ ൅ ଶߣ ൌ Ͳ
െͶߣଵ ൅ ଶߣ ൌ Ͳ

ଷߣ ൌ ଵߣ͵
͹ߣଵ ൅ ଶߣʹ ൌ Ͳ

֞

ଶߣ ൌ ଵߣʹ
െʹߣଵ ൌ Ͳ
ଷߣ ൌ ଵߣ͵
ͳͳߣଵ ൌ Ͳ

֞ ଵǡଶǡଷߣ ൌ Ͳ

ଵǡݔ ଶݔ ଷݔ

ଵǡݔ ଶݔ ଷݔ



Linear (In)dependence: Example 3
Ɣ ଵǡߣ ଶǡߣ ଷߣ א Թ ௜ߣ ് Ͳ

ଵߣ ൅ ଶߣ െ ଷߣ ൌ Ͳ
ଵߣʹ ൅ ଶߣ െ ଷߣʹ ൌ Ͳ
െ͵ߣଵ ൅ ଷߣ ൌ Ͳ

Ͷߣଵ ൅ ଶߣʹ ൅ ଷߣ ൌ Ͳ

֞

െʹߣଵ ൅ ଶߣ ൌ Ͳ
െͶߣଵ ൅ ଶߣ ൌ Ͳ

ଷߣ ൌ ଵߣ͵
͹ߣଵ ൅ ଶߣʹ ൌ Ͳ

֞

ଶߣ ൌ ଵߣʹ
െʹߣଵ ൌ Ͳ
ଷߣ ൌ ଵߣ͵
ͳͳߣଵ ൌ Ͳ

֞ ଵǡଶǡଷߣ ൌ Ͳ

Ɣ ଵǡݔ ଶݔ ଷݔ

ଵǡݔ ଶݔ ଷݔ



Linear (In)dependence: Example 3
Ɣ ଵǡߣ ଶǡߣ ଷߣ א Թ ௜ߣ ് Ͳ

ଵߣ ൅ ଶߣ െ ଷߣ ൌ Ͳ
ଵߣʹ ൅ ଶߣ െ ଷߣʹ ൌ Ͳ
െ͵ߣଵ ൅ ଷߣ ൌ Ͳ

Ͷߣଵ ൅ ଶߣʹ ൅ ଷߣ ൌ Ͳ

֞

െʹߣଵ ൅ ଶߣ ൌ Ͳ
െͶߣଵ ൅ ଶߣ ൌ Ͳ

ଷߣ ൌ ଵߣ͵
͹ߣଵ ൅ ଶߣʹ ൌ Ͳ

֞

ଶߣ ൌ ଵߣʹ
െʹߣଵ ൌ Ͳ
ଷߣ ൌ ଵߣ͵
ͳͳߣଵ ൌ Ͳ

֞ ଵǡଶǡଷߣ ൌ Ͳ

Ɣ ଵǡݔ ଶݔ ଷݔ

ଵǡݔ ଶݔ ଷݔ



Linear (In)dependence: Example 3
Ɣ ଵǡߣ ଶǡߣ ଷߣ א Թ ௜ߣ ് Ͳ

ଵߣ ൅ ଶߣ െ ଷߣ ൌ Ͳ
ଵߣʹ ൅ ଶߣ െ ଷߣʹ ൌ Ͳ
െ͵ߣଵ ൅ ଷߣ ൌ Ͳ

Ͷߣଵ ൅ ଶߣʹ ൅ ଷߣ ൌ Ͳ

֞

െʹߣଵ ൅ ଶߣ ൌ Ͳ
െͶߣଵ ൅ ଶߣ ൌ Ͳ

ଷߣ ൌ ଵߣ͵
͹ߣଵ ൅ ଶߣʹ ൌ Ͳ

֞

ଶߣ ൌ ଵߣʹ
െʹߣଵ ൌ Ͳ
ଷߣ ൌ ଵߣ͵
ͳͳߣଵ ൌ Ͳ

֞ ଵǡଶǡଷߣ ൌ Ͳ

Ɣ ଵǡݔ ଶݔ ଷݔ

ଵǡݔ ଶݔ ଷݔ



Dimension of a Linear Space

Ɣ ܸ ࢔
݊

��� ܸ ൌ ݊



Dimension of a Linear Space

Ɣ ܸ ࢔
݊

��� ܸ ൌ ݊



Dimension: Example
Ɣ Թ௡ ݊

Ɣ ݊ ݁ଵǡ ǥ ǡ ݁௡

݁ଵ ൌ

ͳ
Ͳ
ڭ
Ͳ

ǡ ݁ଶ ൌ

Ͳ
ͳ
ڭ
Ͳ

ǡ ǥ ǡ ݁௡ ൌ

Ͳ
Ͳ
ڭ
ͳ

Ɣ ݁ଵǡǥ ǡ ݁௡ ՜ ��� Թ௡ ൒ ݊

Ɣ ݊ Թ௡



Dimension: Example
Ɣ Թ௡ ݊

݊ ݁ଵǡ ǥ ǡ ݁௡

݁ଵ ൌ

ͳ
Ͳ
ڭ
Ͳ

ǡ ݁ଶ ൌ

Ͳ
ͳ
ڭ
Ͳ

ǡ ǥ ǡ ݁௡ ൌ

Ͳ
Ͳ
ڭ
ͳ

݁ଵǡ ǥ ǡ ݁௡ ՜ ��� Թ௡ ൒ ݊



Dimension: Example
Ɣ Թ௡ ݊

Ɣ ݊ ݁ଵǡ ǥ ǡ ݁௡

݁ଵ ൌ

ͳ
Ͳ
ڭ
Ͳ

ǡ ݁ଶ ൌ

Ͳ
ͳ
ڭ
Ͳ

ǡ ǥ ǡ ݁௡ ൌ

Ͳ
Ͳ
ڭ
ͳ

݁ଵǡ ǥ ǡ ݁௡ ՜ ��� Թ௡ ൒ ݊



Dimension: Example
Ɣ Թ௡ ݊

Ɣ ݊ ݁ଵǡ ǥ ǡ ݁௡

݁ଵ ൌ

ͳ
Ͳ
ڭ
Ͳ

ǡ ݁ଶ ൌ

Ͳ
ͳ
ڭ
Ͳ

ǡ ǥ ǡ ݁௡ ൌ

Ͳ
Ͳ
ڭ
ͳ

Ɣ ݁ଵǡ ǥ ǡ ݁௡ ՜ ��� Թ௡ ൒ ݊



Dimension: Example
Ɣ ݊ Թ௡



Dimension: Example
Ɣ ݊ Թ௡



Dimension: Another Example
Ɣ ܲଷ ൌ Զଷǡ൅ǡ ڄ

ܲଷ

ͳǡ ǡݐ ଶǡݐ ଷݐ

ܲଷ

՜ ��� ܲଷ ൌ Ͷ



Dimension: Another Example
Ɣ ܲଷ ൌ Զଷǡ൅ǡ ڄ

Ɣ ܲଷ

ͳǡ ǡݐ ଶǡݐ ଷݐ

ܲଷ

՜ ��� ܲଷ ൌ Ͷ



Dimension: Another Example
Ɣ ܲଷ ൌ Զଷǡ൅ǡ ڄ

Ɣ ܲଷ

ͳǡ ǡݐ ଶǡݐ ଷݐ

Ɣ ܲଷ

՜ ��� ܲଷ ൌ Ͷ



Dimension: Another Example
Ɣ ܲଷ ൌ Զଷǡ൅ǡ ڄ

Ɣ ܲଷ

ͳǡ ǡݐ ଶǡݐ ଷݐ

Ɣ ܲଷ

՜ ��� ܲଷ ൌ Ͷ
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Basis

Ɣ ݊ ݁ଵǡ ݁ଶǡ ǥ ǡ ݁௡ ݊
ܸ ܸ



Basis

Ɣ ݊ ݁ଵǡ ݁ଶǡ ǥ ǡ ݁௡ ݊
ܸ ܸ

Ɣ



Basis: Example

݁ଵ ൌ
ͳ
Ͳ ݁ଶ ൌ

Ͳ
ͳ Թଶ

݁ଵ ൌ

ͳ
Ͳ
ڭ
Ͳ

ǡ ݁ଶ ൌ

Ͳ
ͳ
ڭ
Ͳ

ǡ ǥ ǡ ݁௡ ൌ

Ͳ
Ͳ
ڭ
ͳ

Թ௡

݁଴ ൌ Ͳǡ ݁ଵ ൌ ǡݐ ǥ ǡ ݁௡ ൌ ௡ݐ ܲ௡



Basis: Example

Ɣ ݁ଵ ൌ
ͳ
Ͳ ݁ଶ ൌ

Ͳ
ͳ Թଶ

݁ଵ ൌ

ͳ
Ͳ
ڭ
Ͳ

ǡ ݁ଶ ൌ

Ͳ
ͳ
ڭ
Ͳ

ǡ ǥ ǡ ݁௡ ൌ

Ͳ
Ͳ
ڭ
ͳ

Թ௡

݁଴ ൌ Ͳǡ ݁ଵ ൌ ǡݐ ǥ ǡ ݁௡ ൌ ௡ݐ ܲ௡



Basis: Example

Ɣ ݁ଵ ൌ
ͳ
Ͳ ݁ଶ ൌ

Ͳ
ͳ Թଶ

Ɣ ݁ଵ ൌ

ͳ
Ͳ
ڭ
Ͳ

ǡ ݁ଶ ൌ

Ͳ
ͳ
ڭ
Ͳ

ǡ ǥ ǡ ݁௡ ൌ

Ͳ
Ͳ
ڭ
ͳ

Թ௡

݁଴ ൌ Ͳǡ ݁ଵ ൌ ǡݐ ǥ ǡ ݁௡ ൌ ௡ݐ ܲ௡



Basis: Example

Ɣ ݁ଵ ൌ
ͳ
Ͳ ݁ଶ ൌ

Ͳ
ͳ Թଶ

Ɣ ݁ଵ ൌ

ͳ
Ͳ
ڭ
Ͳ

ǡ ݁ଶ ൌ

Ͳ
ͳ
ڭ
Ͳ

ǡ ǥ ǡ ݁௡ ൌ

Ͳ
Ͳ
ڭ
ͳ

Թ௡

Ɣ ݁଴ ൌ Ͳǡ ݁ଵ ൌ ǡݐ ǥ ǡ ݁௡ ൌ ௡ݐ ܲ௡



Basis: Example 
Ɣ

ݔ ൌ
ͳ
െʹ
͵

ǡ ݕ ൌ
Ͳ
െ͵
͵

ǡ ݖ ൌ
ͳ
ͳ
Ͳ

ݔ ݕ
ݖ ݔ ݕ ݖ ൌ ݔ െ ݕ

ܸ ൌ ݊ܽ݌ݏ ǡݔ ǡݕ ݖ ൌ ݊ܽ݌ݏ ǡݔ ݕ
ܤ ൌ ǡݔ ݕ ܸ



Basis: Example 
Ɣ

ݔ ൌ
ͳ
െʹ
͵

ǡ ݕ ൌ
Ͳ
െ͵
͵

ǡ ݖ ൌ
ͳ
ͳ
Ͳ

Ɣ ݔ ݕ
ݖ ݔ ݕ ݖ ൌ ݔ െ ݕ

ܸ ൌ ݊ܽ݌ݏ ǡݔ ǡݕ ݖ ൌ ݊ܽ݌ݏ ǡݔ ݕ
ܤ ൌ ǡݔ ݕ ܸ



Basis: Example 
Ɣ

ݔ ൌ
ͳ
െʹ
͵

ǡ ݕ ൌ
Ͳ
െ͵
͵

ǡ ݖ ൌ
ͳ
ͳ
Ͳ

Ɣ ݔ ݕ
Ɣ ݖ ݔ ݕ ݖ ൌ ݔ െ ݕ

ܸ ൌ ݊ܽ݌ݏ ǡݔ ǡݕ ݖ ൌ ݊ܽ݌ݏ ǡݔ ݕ
ܤ ൌ ǡݔ ݕ ܸ



Basis: Example 
Ɣ

ݔ ൌ
ͳ
െʹ
͵

ǡ ݕ ൌ
Ͳ
െ͵
͵

ǡ ݖ ൌ
ͳ
ͳ
Ͳ

Ɣ ݔ ݕ
Ɣ ݖ ݔ ݕ ݖ ൌ ݔ െ ݕ

Ɣ ܸ ൌ ݊ܽ݌ݏ ǡݔ ǡݕ ݖ ൌ ݊ܽ݌ݏ ǡݔ ݕ
ܤ ൌ ǡݔ ݕ ܸ



Coordinates
Ɣ

݁ଵǡ ݁ଶǡ ǥ ǡ ݁௡

ݒ
݁ଵǡ ݁ଶǡ ǥ ǡ ݁௡

ݒ ൌ ܽଵ݁ଵ ൅ ܽଶ݁ଶ ൅ ൅ڮ ܽ௡݁௡

ܽଵǡ ܽଶǡ ǥ ǡ ܽ௡ ݒ ݁ଵǡ ݁ଶǡ ǥ ǡ ݁௡



Coordinates
Ɣ

݁ଵǡ ݁ଶǡ ǥ ǡ ݁௡

Ɣ ݒ
݁ଵǡ ݁ଶǡ ǥ ǡ ݁௡

ݒ ൌ ܽଵ݁ଵ ൅ ܽଶ݁ଶ ൅ ൅ڮ ܽ௡݁௡

ܽଵǡ ܽଶǡ ǥ ǡ ܽ௡ ݒ ݁ଵǡ ݁ଶǡ ǥ ǡ ݁௡



Coordinates
Ɣ

݁ଵǡ ݁ଶǡ ǥ ǡ ݁௡

Ɣ ݒ
݁ଵǡ ݁ଶǡ ǥ ǡ ݁௡

ݒ ൌ ܽଵ݁ଵ ൅ ܽଶ݁ଶ ൅ ൅ڮ ܽ௡݁௡

Ɣ ܽଵǡ ܽଶǡ ǥ ǡ ܽ௡ ݒ ݁ଵǡ ݁ଶǡ ǥ ǡ ݁௡



Coordinates: Example
Ɣ ԹଶǤ

ݔ ൌ Ͷ
͸

݁ଵ ൌ
ͳ
Ͳ ݁ଶ ൌ

Ͳ
ͳ



Coordinates: Example
Ɣ ԹଶǤ

Ɣ ݔ ൌ Ͷ
͸

݁ଵ ൌ
ͳ
Ͳ ݁ଶ ൌ

Ͳ
ͳ

4

6
࢞ ൌ ૝ǡ ૟



Coordinates: Example
Ɣ ԹଶǤ

Ɣ ݔ ൌ Ͷ
͸

Ɣ

݁ଵ ൌ
ͳ
Ͳ ݁ଶ ൌ

Ͳ
ͳ

4

6
࢞ ൌ ૝ǡ ૟

૛ࢋ ൌ ૙ǡ ૚

૚ࢋ ൌ ૚ǡ ૙



Coordinates: Example
Ɣ ԹଶǤ

Ɣ ݔ ൌ Ͷ
͸

Ɣ

݁ଵ ൌ
ͳ
Ͳ ݁ଶ ൌ

Ͳ
ͳ

4

6
࢞ ൌ ૝ǡ ૟

࢞ ൌ ૝ࢋ૚ ൅ ૟ࢋ૛

૟ࢋ૛

૛ࢋ ൌ ૙ǡ ૚
૝ࢋ૚

૚ࢋ ൌ ૚ǡ ૙



Orthogonal Basis
Ɣ ݁ଵǡ ǥ ǡ ݁௡ ǡ݅׊ ݆ ݁௜ ٣ ௝݁

݅׊ ݁௜ ൌ ͳ ݁ଵǡ ǥ ǡ ݁௡

݁ଵ ൌ

ͳ
Ͳ
ڭ
Ͳ

ǡ ݁ଶ ൌ

Ͳ
ͳ
ڭ
Ͳ

ǡ ǥ ǡ ݁௡ ൌ

Ͳ
Ͳ
ڭ
ͳ

Թ௡



Orthogonal Basis
Ɣ ݁ଵǡ ǥ ǡ ݁௡ ǡ݅׊ ݆ ݁௜ ٣ ௝݁

Ɣ ݅׊ ݁௜ ൌ ͳ ݁ଵǡ ǥ ǡ ݁௡

݁ଵ ൌ

ͳ
Ͳ
ڭ
Ͳ

ǡ ݁ଶ ൌ

Ͳ
ͳ
ڭ
Ͳ

ǡ ǥ ǡ ݁௡ ൌ

Ͳ
Ͳ
ڭ
ͳ

Թ௡



Orthogonal Basis
Ɣ ݁ଵǡ ǥ ǡ ݁௡ ǡ݅׊ ݆ ݁௜ ٣ ௝݁

Ɣ ݅׊ ݁௜ ൌ ͳ ݁ଵǡ ǥ ǡ ݁௡

݁ଵ ൌ

ͳ
Ͳ
ڭ
Ͳ

ǡ ݁ଶ ൌ

Ͳ
ͳ
ڭ
Ͳ

ǡ ǥ ǡ ݁௡ ൌ

Ͳ
Ͳ
ڭ
ͳ

Թ௡



Orthogonal Basis
Ɣ ݁ଵǡ ǥ ǡ ݁௡ ǡ݅׊ ݆ ݁௜ ٣ ௝݁

Ɣ ݅׊ ݁௜ ൌ ͳ ݁ଵǡ ǥ ǡ ݁௡

݁ଵ ൌ

ͳ
Ͳ
ڭ
Ͳ

ǡ ݁ଶ ൌ

Ͳ
ͳ
ڭ
Ͳ

ǡ ǥ ǡ ݁௡ ൌ

Ͳ
Ͳ
ڭ
ͳ

Թ௡

Ɣ



Change of 
Basis
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Basis
Ɣ

Թଶ

݁ ൌ ݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

ܽ ൌ ܽଵ ൌ
ͳ
ͳ ǡ ܽଶ ൌ

ͳ
െͳ

ܾ ൌ ܾଵ ൌ
ʹ
ͳ ǡ ܾଶ ൌ

െͳ
െͳ



Basis
Ɣ

Ɣ Թଶ

ż ݁ ൌ ݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

ܽ ൌ ܽଵ ൌ
ͳ
ͳ ǡ ܽଶ ൌ

ͳ
െͳ

ܾ ൌ ܾଵ ൌ
ʹ
ͳ ǡ ܾଶ ൌ

െͳ
െͳ



Basis
Ɣ

Ɣ Թଶ

ż ݁ ൌ ݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

ż ܽ ൌ ܽଵ ൌ
ͳ
ͳ ǡ ܽଶ ൌ

ͳ
െͳ

ܾ ൌ ܾଵ ൌ
ʹ
ͳ ǡ ܾଶ ൌ

െͳ
െͳ



Basis
Ɣ

Ɣ Թଶ

ż ݁ ൌ ݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

ż ܽ ൌ ܽଵ ൌ
ͳ
ͳ ǡ ܽଶ ൌ

ͳ
െͳ

ż ܾ ൌ ܾଵ ൌ
ʹ
ͳ ǡ ܾଶ ൌ

െͳ
െͳ



Basis
Ɣ

Ɣ Թଶ

ż ݁ ൌ ݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

ż ܽ ൌ ܽଵ ൌ
ͳ
ͳ ǡ ܽଶ ൌ

ͳ
െͳ

ż ܾ ൌ ܾଵ ൌ
ʹ
ͳ ǡ ܾଶ ൌ

െͳ
െͳ

Ɣ



Coordinate Change: Example
Ɣ Թଶ

݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

݁Ԣଵ ൌ
ʹ
ͳ ǡ ݁ଶᇱ ൌ

െͳ
െͳ

௢௟ௗݔ ൌ
ʹ
െͳ

௡௘௪ݔ ൌǫ



Coordinate Change: Example
Ɣ Թଶ

݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

Ɣ

݁Ԣଵ ൌ
ʹ
ͳ ǡ ݁ଶᇱ ൌ

െͳ
െͳ

௢௟ௗݔ ൌ
ʹ
െͳ

௡௘௪ݔ ൌǫ



Coordinate Change: Example
Ɣ Թଶ

݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

Ɣ

݁Ԣଵ ൌ
ʹ
ͳ ǡ ݁ଶᇱ ൌ

െͳ
െͳ

Ɣ ௢௟ௗݔ ൌ
ʹ
െͳ

௡௘௪ݔ ൌǫ



Coordinate Change: Example
Ɣ Թଶ

݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

Ɣ

݁Ԣଵ ൌ
ʹ
ͳ ǡ ݁ଶᇱ ൌ

െͳ
െͳ

Ɣ ௢௟ௗݔ ൌ
ʹ
െͳ

Ɣ

௡௘௪ݔ ൌǫ



Coordinate Change: General Case

Ɣ ܸ ݁ଵǡ ݁ଶǡ ǥ ݁௡

ݔ ൌ ଵǡݔ ଶǡݔ ǥ ǡ ௡ݔ א ܸ
ଵǡݔ ଶǡݔ ǥ ǡ ௡ݔ ݁ଵǡ ݁ଶǡ ǥ ݁௡

݁Ԣଵǡ ݁Ԣଶǡ ǥ ݁Ԣ௡

ݔ
Ԣଵǡݔ Ԣଶǡݔ ǥ ǡ ᇱ௡ݔ ൌ ǫ



Coordinate Change: General Case

Ɣ ܸ ݁ଵǡ ݁ଶǡ ǥ ݁௡

Ɣ ݔ ൌ ଵǡݔ ଶǡݔ ǥ ǡ ௡ݔ א ܸ
ଵǡݔ ଶǡݔ ǥ ǡ ௡ݔ ݁ଵǡ ݁ଶǡ ǥ ݁௡

݁Ԣଵǡ ݁Ԣଶǡ ǥ ݁Ԣ௡

ݔ
Ԣଵǡݔ Ԣଶǡݔ ǥ ǡ ᇱ௡ݔ ൌ ǫ



Coordinate Change: General Case

Ɣ ܸ ݁ଵǡ ݁ଶǡ ǥ ݁௡

Ɣ ݔ ൌ ଵǡݔ ଶǡݔ ǥ ǡ ௡ݔ א ܸ
ଵǡݔ ଶǡݔ ǥ ǡ ௡ݔ ݁ଵǡ ݁ଶǡ ǥ ݁௡

Ɣ ݁Ԣଵǡ ݁Ԣଶǡ ǥ ݁Ԣ௡

ݔ
Ԣଵǡݔ Ԣଶǡݔ ǥ ǡ ᇱ௡ݔ ൌ ǫ



Coordinate Change: General Case

Ɣ ܸ ݁ଵǡ ݁ଶǡ ǥ ݁௡

Ɣ ݔ ൌ ଵǡݔ ଶǡݔ ǥ ǡ ௡ݔ א ܸ
ଵǡݔ ଶǡݔ ǥ ǡ ௡ݔ ݁ଵǡ ݁ଶǡ ǥ ݁௡

Ɣ ݁Ԣଵǡ ݁Ԣଶǡ ǥ ݁Ԣ௡

Ɣ ݔ
Ԣଵǡݔ Ԣଶǡݔ ǥ ǡ ᇱ௡ݔ ൌ ǫ



Coordinate Change
Ɣ ݁ଵǡ ݁ଶǡ ǥ ݁௡

݁Ԣଵǡ ݁Ԣଶǡ ǥ ݁Ԣ௡

Ɣ ௢௟ௗݔ ൌ ଵǡݔ ଶǡݔ ǥ ǡ ௡ݔ ǡ ௡௘௪ݔ ൌ ଵᇱݔ ǡ ଶᇱݔ ǡ ǥ ǡ ௡ᇱݔ ൌǫ

Ɣ

݁ଵᇱ ൌ ૚૚݁ଵࢻ ൅ ૛૚݁ଶࢻ ൅ڮ൅ ૚݁௡࢔ࢻ
݁ଶᇱ ൌ ૚૛݁ଵࢻ ൅ ૛૛݁ଶࢻ ൅ ൅ڮ ૛݁௡࢔ࢻ

ڭ
݁௜ᇱ ൌ ଵ݁࢏૚ࢻ ൅ ଶ݁࢏૛ࢻ ൅ ൅ڮ ௡݁࢏࢔ࢻ

ڭ
݁௡ᇱ ൌ ଵ݁࢔૚ࢻ ൅ ଶ݁࢔૛ࢻ ൅ ൅ڮ ௡݁࢔࢔ࢻ



Coordinate Change
Ɣ ݁ଵǡ ݁ଶǡ ǥ ݁௡

݁Ԣଵǡ ݁Ԣଶǡ ǥ ݁Ԣ௡

Ɣ ௢௟ௗݔ ൌ ଵǡݔ ଶǡݔ ǥ ǡ ௡ݔ ǡ ௡௘௪ݔ ൌ ଵᇱݔ ǡ ଶᇱݔ ǡ ǥ ǡ ௡ᇱݔ ൌǫ

Ɣ

݁ଵᇱ ൌ ૚૚݁ଵࢻ ൅ ૛૚݁ଶࢻ ൅ڮ൅ ૚݁௡࢔ࢻ
݁ଶᇱ ൌ ૚૛݁ଵࢻ ൅ ૛૛݁ଶࢻ ൅ ൅ڮ ૛݁௡࢔ࢻ

ڭ
݁௜ᇱ ൌ ଵ݁࢏૚ࢻ ൅ ଶ݁࢏૛ࢻ ൅ ൅ڮ ௡݁࢏࢔ࢻ

ڭ
݁௡ᇱ ൌ ଵ݁࢔૚ࢻ ൅ ଶ݁࢔૛ࢻ ൅ ൅ڮ ௡݁࢔࢔ࢻ



Coordinate Change
ݔ ൌ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ Ԣ૚ࢋԢଵݔ ൅ Ԣ૛ࢋԢଶݔ ൅ ࢔ᇱࢋᇱ௡ݔڮ ൌ

ൌ ᇱଵݔ ڄ ૚ࢋ૚૚ࢻ ൅ ૛ࢋ૛૚ࢻ ൅ ൅ڮ ࢔ࢋ૚࢔ࢻ ൅ ൅ڮ ௜ᇱݔ ڄ ૚ࢋ࢏૚ࢻ ൅ ૛ࢋ࢏૛ࢻ ൅ ൅ڮ ࢔ࢋ࢏࢔ࢻ ൅ ڮ
൅ݔ௡ᇱ ૚ࢋ࢔૚ࢻ ൅ ૛ࢋ࢔૛ࢻ ൅ ൅ڮ ࢔ࢋ࢔࢔ࢻ ൌ

ଵݔ ൌ ଵଵߙଵᇱݔ ൅ ൅ڮ ଵ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଵ௡ߙ
ଶݔ ൌ ଶଵߙଵᇱݔ ൅ ൅ڮ ଶ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଶ௡ߙ

ڭ
௡ݔ ൌ ௡ଵߙଵᇱݔ ൅ ൅ڮ ௡௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ௡௡ߙ



Coordinate Change
ݔ ൌ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ Ԣ૚ࢋԢଵݔ ൅ Ԣ૛ࢋԢଶݔ ൅ ࢔ᇱࢋᇱ௡ݔڮ ൌ

ൌ ᇱଵݔ ڄ ૚ࢋ૚૚ࢻ ൅ ૛ࢋ૛૚ࢻ ൅ ൅ڮ ࢔ࢋ૚࢔ࢻ ൅ ൅ڮ ௜ᇱݔ ڄ ૚ࢋ࢏૚ࢻ ൅ ૛ࢋ࢏૛ࢻ ൅ ൅ڮ ࢔ࢋ࢏࢔ࢻ ൅ ڮ
൅ݔ௡ᇱ ૚ࢋ࢔૚ࢻ ൅ ૛ࢋ࢔૛ࢻ ൅ ൅ڮ ࢔ࢋ࢔࢔ࢻ ൌ

ଵݔ ൌ ଵଵߙଵᇱݔ ൅ ൅ڮ ଵ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଵ௡ߙ
ଶݔ ൌ ଶଵߙଵᇱݔ ൅ ൅ڮ ଶ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଶ௡ߙ

ڭ
௡ݔ ൌ ௡ଵߙଵᇱݔ ൅ ൅ڮ ௡௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ௡௡ߙ

݁௜ᇱ ൌ ଵ݁࢏૚ࢻ ൅ ଶ݁࢏૛ࢻ ൅ ൅ڮ ௡݁࢏࢔ࢻ



Coordinate Change
ݔ ൌ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ Ԣ૚ࢋԢଵݔ ൅ Ԣ૛ࢋԢଶݔ ൅ ࢔ᇱࢋᇱ௡ݔڮ ൌ

ൌ ᇱଵݔ ڄ ૚ࢋ૚૚ࢻ ൅ ૛ࢋ૛૚ࢻ ൅ ൅ڮ ࢔ࢋ૚࢔ࢻ ൅ ൅ڮ ௜ᇱݔ ڄ ૚ࢋ࢏૚ࢻ ൅ ૛ࢋ࢏૛ࢻ ൅ ൅ڮ ࢔ࢋ࢏࢔ࢻ ൅ ڮ
൅ݔ௡ᇱ ૚ࢋ࢔૚ࢻ ൅ ૛ࢋ࢔૛ࢻ ൅ ൅ڮ ࢔ࢋ࢔࢔ࢻ ൌ

ଵݔ ൌ ଵଵߙଵᇱݔ ൅ ൅ڮ ଵ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଵ௡ߙ
ଶݔ ൌ ଶଵߙଵᇱݔ ൅ ൅ڮ ଶ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଶ௡ߙ

ڭ
௡ݔ ൌ ௡ଵߙଵᇱݔ ൅ ൅ڮ ௡௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ௡௡ߙ

݁௜ᇱ ൌ ଵ݁࢏૚ࢻ ൅ ଶ݁࢏૛ࢻ ൅ ൅ڮ ௡݁࢏࢔ࢻ



Coordinate Change
ݔ ൌ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ Ԣ૚ࢋԢଵݔ ൅ Ԣ૛ࢋԢଶݔ ൅ ࢔ᇱࢋᇱ௡ݔڮ ൌ

ൌ ᇱଵݔ ڄ ૚ࢋ૚૚ࢻ ൅ ૛ࢋ૛૚ࢻ ൅ ൅ڮ ࢔ࢋ૚࢔ࢻ ൅ ൅ڮ ௜ᇱݔ ڄ ૚ࢋ࢏૚ࢻ ൅ ૛ࢋ࢏૛ࢻ ൅ ൅ڮ ࢔ࢋ࢏࢔ࢻ ൅ ڮ
൅ݔ௡ᇱ ૚ࢋ࢔૚ࢻ ൅ ૛ࢋ࢔૛ࢻ ൅ ൅ڮ ࢔ࢋ࢔࢔ࢻ ൌ

ଵݔ ൌ ଵଵߙଵᇱݔ ൅ ൅ڮ ଵ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଵ௡ߙ
ଶݔ ൌ ଶଵߙଵᇱݔ ൅ ൅ڮ ଶ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଶ௡ߙ

ڭ
௡ݔ ൌ ௡ଵߙଵᇱݔ ൅ ൅ڮ ௡௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ௡௡ߙ

݁௜ᇱ ൌ ଵ݁࢏૚ࢻ ൅ ଶ݁࢏૛ࢻ ൅ ൅ڮ ௡݁࢏࢔ࢻ

݁ଵǡǥ ǡ ݁௡



Coordinate Change
ݔ ൌ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ Ԣ૚ࢋԢଵݔ ൅ Ԣ૛ࢋԢଶݔ ൅ ࢔ᇱࢋᇱ௡ݔڮ ൌ

ൌ ᇱଵݔ ڄ ૚ࢋ૚૚ࢻ ൅ ૛ࢋ૛૚ࢻ ൅ ൅ڮ ࢔ࢋ૚࢔ࢻ ൅ ൅ڮ ௜ᇱݔ ڄ ૚ࢋ࢏૚ࢻ ൅ ૛ࢋ࢏૛ࢻ ൅ ൅ڮ ࢔ࢋ࢏࢔ࢻ ൅ ڮ
൅ݔ௡ᇱ ૚ࢋ࢔૚ࢻ ൅ ૛ࢋ࢔૛ࢻ ൅ ൅ڮ ࢔ࢋ࢔࢔ࢻ ൌ

ଵݔ ൌ ଵଵߙଵᇱݔ ൅ ൅ڮ ଵ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଵ௡ߙ
ଶݔ ൌ ଶଵߙଵᇱݔ ൅ ൅ڮ ଶ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଶ௡ߙ

ڭ
௡ݔ ൌ ௡ଵߙଵᇱݔ ൅ ൅ڮ ௡௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ௡௡ߙ

݁௜ᇱ ൌ ଵ݁࢏૚ࢻ ൅ ଶ݁࢏૛ࢻ ൅ ൅ڮ ௡݁࢏࢔ࢻ

݁ଵǡǥ ǡ ݁௡



Coordinate Change
ݔ ൌ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ Ԣ૚ࢋԢଵݔ ൅ Ԣ૛ࢋԢଶݔ ൅ ࢔ᇱࢋᇱ௡ݔڮ ൌ

ൌ ᇱଵݔ ڄ ૚ࢋ૚૚ࢻ ൅ ૛ࢋ૛૚ࢻ ൅ ൅ڮ ࢔ࢋ૚࢔ࢻ ൅ ൅ڮ ௜ᇱݔ ڄ ૚ࢋ࢏૚ࢻ ൅ ૛ࢋ࢏૛ࢻ ൅ ൅ڮ ࢔ࢋ࢏࢔ࢻ ൅ ڮ
൅ݔ௡ᇱ ૚ࢋ࢔૚ࢻ ൅ ૛ࢋ࢔૛ࢻ ൅ ൅ڮ ࢔ࢋ࢔࢔ࢻ ൌ

ଵݔ ൌ ଵଵߙଵᇱݔ ൅ ൅ڮ ଵ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଵ௡ߙ
ଶݔ ൌ ଶଵߙଵᇱݔ ൅ ൅ڮ ଶ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଶ௡ߙ

ڭ
௡ݔ ൌ ௡ଵߙଵᇱݔ ൅ ൅ڮ ௡௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ௡௡ߙ

݁௜ᇱ ൌ ଵ݁࢏૚ࢻ ൅ ଶ݁࢏૛ࢻ ൅ ൅ڮ ௡݁࢏࢔ࢻ

ࢊ࢒࢕࢞



Coordinate Change
ݔ ൌ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ Ԣ૚ࢋԢଵݔ ൅ Ԣ૛ࢋԢଶݔ ൅ ࢔ᇱࢋᇱ௡ݔڮ ൌ

ൌ ᇱଵݔ ڄ ૚ࢋ૚૚ࢻ ൅ ૛ࢋ૛૚ࢻ ൅ ൅ڮ ࢔ࢋ૚࢔ࢻ ൅ ൅ڮ ௜ᇱݔ ڄ ૚ࢋ࢏૚ࢻ ൅ ૛ࢋ࢏૛ࢻ ൅ ൅ڮ ࢔ࢋ࢏࢔ࢻ ൅ ڮ
൅ݔ௡ᇱ ૚ࢋ࢔૚ࢻ ൅ ૛ࢋ࢔૛ࢻ ൅ ൅ڮ ࢔ࢋ࢔࢔ࢻ ൌ

ଵݔ ൌ ଵଵߙଵᇱݔ ൅ ൅ڮ ଵ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଵ௡ߙ
ଶݔ ൌ ଶଵߙଵᇱݔ ൅ ൅ڮ ଶ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଶ௡ߙ

ڭ
௡ݔ ൌ ௡ଵߙଵᇱݔ ൅ ൅ڮ ௡௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ௡௡ߙ

݁௜ᇱ ൌ ଵ݁࢏૚ࢻ ൅ ଶ݁࢏૛ࢻ ൅ ൅ڮ ௡݁࢏࢔ࢻ

ࢊ࢒࢕࢞

࢝ࢋ࢔࢞



Coordinate Change
ݔ ൌ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ Ԣ૚ࢋԢଵݔ ൅ Ԣ૛ࢋԢଶݔ ൅ ࢔ᇱࢋᇱ௡ݔڮ ൌ

ൌ ᇱଵݔ ڄ ૚ࢋ૚૚ࢻ ൅ ૛ࢋ૛૚ࢻ ൅ ൅ڮ ࢔ࢋ૚࢔ࢻ ൅ ൅ڮ ௜ᇱݔ ڄ ૚ࢋ࢏૚ࢻ ൅ ૛ࢋ࢏૛ࢻ ൅ ൅ڮ ࢔ࢋ࢏࢔ࢻ ൅ ڮ
൅ݔ௡ᇱ ૚ࢋ࢔૚ࢻ ൅ ૛ࢋ࢔૛ࢻ ൅ ൅ڮ ࢔ࢋ࢔࢔ࢻ ൌ

ଵݔ ൌ ଵଵߙଵᇱݔ ൅ ൅ڮ ଵ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଵ௡ߙ
ଶݔ ൌ ଶଵߙଵᇱݔ ൅ ൅ڮ ଶ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଶ௡ߙ

ڭ
௡ݔ ൌ ௡ଵߙଵᇱݔ ൅ ൅ڮ ௡௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ௡௡ߙ

݁௜ᇱ ൌ ଵ݁࢏૚ࢻ ൅ ଶ݁࢏૛ࢻ ൅ ൅ڮ ௡݁࢏࢔ࢻ

ࢊ࢒࢕࢞

࢝ࢋ࢔࢞

࢏ࢋᇱ࢏ࢋ
ᇱ



Coordinate Change: Example

Ɣ Թଶ ݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

Ɣ ݁Ԣଵ ൌ
ʹ
ͳ ǡ ݁ଶᇱ ൌ

െͳ
െͳ

Ɣ ௢௟ௗݔ ൌ
ଵݔ
ଶݔ ൌ ʹ

െͳ ǡ ௡௘௪ݔ ൌ
ଵᇱݔ

ଶᇱݔ

ʹ ൌ ଵᇱݔʹ െ ͳݔଶᇱ

െͳ ൌ ͳݔଵᇱ െ ͳݔଶᇱ
฻

ଵᇱݔ ൌ ͵
ଶᇱݔ ൌ Ͷ ฻ ௡௘௪ݔ ൌ ͵

Ͷ



Coordinate Change: Example

Ɣ Թଶ ݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

Ɣ ݁Ԣଵ ൌ
ʹ
ͳ ǡ ݁ଶᇱ ൌ

െͳ
െͳ

Ɣ ௢௟ௗݔ ൌ
ଵݔ
ଶݔ ൌ ʹ

െͳ ǡ ௡௘௪ݔ ൌ
ଵᇱݔ

ଶᇱݔ

ʹ ൌ ଵᇱݔʹ െ ͳݔଶᇱ

െͳ ൌ ͳݔଵᇱ െ ͳݔଶᇱ
฻

ଵᇱݔ ൌ ͵
ଶᇱݔ ൌ Ͷ ฻ ௡௘௪ݔ ൌ ͵

Ͷ



Coordinate Change: Example

Ɣ Թଶ ݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

Ɣ ݁Ԣଵ ൌ
ʹ
ͳ ǡ ݁ଶᇱ ൌ

െͳ
െͳ

Ɣ ௢௟ௗݔ ൌ
ଵݔ
ଶݔ ൌ ʹ

െͳ ǡ ௡௘௪ݔ ൌ
ଵᇱݔ

ଶᇱݔ

ʹ ൌ ଵᇱݔʹ െ ͳݔଶᇱ

െͳ ൌ ͳݔଵᇱ െ ͳݔଶᇱ
฻

ଵᇱݔ ൌ ͵
ଶᇱݔ ൌ Ͷ ฻ ௡௘௪ݔ ൌ ͵

Ͷ



Coordinate Change: Example

Ɣ Թଶ ݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

Ɣ ݁Ԣଵ ൌ
ʹ
ͳ ǡ ݁ଶᇱ ൌ

െͳ
െͳ

Ɣ ௢௟ௗݔ ൌ
ଵݔ
ଶݔ ൌ ʹ

െͳ ǡ ௡௘௪ݔ ൌ
ଵᇱݔ

ଶᇱݔ

ʹ ൌ ଵᇱݔʹ െ ͳݔଶᇱ

െͳ ൌ ͳݔଵᇱ െ ͳݔଶᇱ
฻

ଵᇱݔ ൌ ͵
ଶᇱݔ ൌ Ͷ ฻ ௡௘௪ݔ ൌ ͵

Ͷ



Coordinate Change: Example

Ɣ Թଶ ݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

Ɣ ݁Ԣଵ ൌ
ʹ
ͳ ǡ ݁ଶᇱ ൌ

െͳ
െͳ

Ɣ ௢௟ௗݔ ൌ
ଵݔ
ଶݔ ൌ ʹ

െͳ ǡ ௡௘௪ݔ ൌ
ଵᇱݔ

ଶᇱݔ

ʹ ൌ ଵᇱݔʹ െ ͳݔଶᇱ

െͳ ൌ ͳݔଵᇱ െ ͳݔଶᇱ
฻

ଵᇱݔ ൌ ͵
ଶᇱݔ ൌ Ͷ ฻ ௡௘௪ݔ ൌ ͵

Ͷ



Coordinate Change
Ɣ

ଵݔ ൌ ଵଵߙଵᇱݔ ൅ ൅ڮ ଵ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଵ௡ߙ
ଶݔ ൌ ଶଵߙଵᇱݔ ൅ ൅ڮ ଶ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଶ௡ߙ

ڭ
௡ݔ ൌ ௡ଵߙଵᇱݔ ൅ ൅ڮ ௡௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ௡௡ߙ



Coordinate Change
Ɣ

ଵݔ ൌ ଵଵߙଵᇱݔ ൅ ൅ڮ ଵ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଵ௡ߙ
ଶݔ ൌ ଶଵߙଵᇱݔ ൅ ൅ڮ ଶ௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ଶ௡ߙ

ڭ
௡ݔ ൌ ௡ଵߙଵᇱݔ ൅ ൅ڮ ௡௜ߙ௜ᇱݔ ൅ ൅ڮ ௡ᇱݔ ௡௡ߙ

Ɣ



Matrices



A Matrix

Ɣ ܣ א Թ௠ൈ௡ ݉ ݊

ܣ ൌ

ܽଵଵ ܽଵଶ ڮ ܽଵ௡
ܽଶଵ ܽଶଶ ڮ ܽଶ௡
ڮ ڮ ڮ ڮ
ܽ௠ଵ ܽ௠ଶ ڮ ܽ௠௡

ͳ Ͳ
Ͳ ͳ א Թଶൈଶǡ ͳ ʹ ͵

Ͷ ͷ ͸ א Թଶൈଷ



A Matrix

Ɣ ܣ א Թ௠ൈ௡ ݉ ݊

ܣ ൌ

ܽଵଵ ܽଵଶ ڮ ܽଵ௡
ܽଶଵ ܽଶଶ ڮ ܽଶ௡
ڮ ڮ ڮ ڮ
ܽ௠ଵ ܽ௠ଶ ڮ ܽ௠௡

Ɣ

ͳ Ͳ
Ͳ ͳ א Թଶൈଶǡ ͳ ʹ ͵

Ͷ ͷ ͸ א Թଶൈଷ



Special Matrices

Ɣ

ͳ Ͳ Ͳ
Ͳ ʹ Ͳ
Ͳ Ͳ ͵

ܽ௜௜ ് Ͳǡ ܽ௜௝ ൌ Ͳ ݅׊ ് ݆

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

ܽ௜௜ ൌ ͳǡ ܽ௜௝ ൌ Ͳ ݅׊ ് ݆

ͳ Ͳ Ͳ
Ͳ ʹ Ͳ
Ͳ Ͳ ͵

ܽ௜௝ ൌ ௝ܽ௜

ͳ ʹ ͵
Ͳ Ͷ ͷ
Ͳ Ͳ ͸

ǡ
ͳ Ͳ Ͳ
ʹ ͵ Ͳ
Ͷ ͷ ͸

ܽ௜௝ ൌ Ͳ ݅׊ ൐ ݆ ݎ݋ ݅׊ ൏ ݆



Special Matrices

Ɣ

ͳ Ͳ Ͳ
Ͳ ʹ Ͳ
Ͳ Ͳ ͵

ܽ௜௜ ് Ͳǡ ܽ௜௝ ൌ Ͳ ݅׊ ് ݆

Ɣ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

ܽ௜௜ ൌ ͳǡ ܽ௜௝ ൌ Ͳ ݅׊ ് ݆

ͳ Ͳ Ͳ
Ͳ ʹ Ͳ
Ͳ Ͳ ͵

ܽ௜௝ ൌ ௝ܽ௜

ͳ ʹ ͵
Ͳ Ͷ ͷ
Ͳ Ͳ ͸

ǡ
ͳ Ͳ Ͳ
ʹ ͵ Ͳ
Ͷ ͷ ͸

ܽ௜௝ ൌ Ͳ ݅׊ ൐ ݆ ݎ݋ ݅׊ ൏ ݆



Special Matrices

Ɣ

ͳ Ͳ Ͳ
Ͳ ʹ Ͳ
Ͳ Ͳ ͵

ܽ௜௜ ് Ͳǡ ܽ௜௝ ൌ Ͳ ݅׊ ് ݆

Ɣ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

ܽ௜௜ ൌ ͳǡ ܽ௜௝ ൌ Ͳ ݅׊ ് ݆

Ɣ

ͳ Ͳ Ͳ
Ͳ ʹ Ͳ
Ͳ Ͳ ͵

ܽ௜௝ ൌ ௝ܽ௜

ͳ ʹ ͵
Ͳ Ͷ ͷ
Ͳ Ͳ ͸

ǡ
ͳ Ͳ Ͳ
ʹ ͵ Ͳ
Ͷ ͷ ͸

ܽ௜௝ ൌ Ͳ ݅׊ ൐ ݆ ݎ݋ ݅׊ ൏ ݆



Special Matrices

Ɣ

ͳ Ͳ Ͳ
Ͳ ʹ Ͳ
Ͳ Ͳ ͵

ܽ௜௜ ് Ͳǡ ܽ௜௝ ൌ Ͳ ݅׊ ് ݆

Ɣ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

ܽ௜௜ ൌ ͳǡ ܽ௜௝ ൌ Ͳ ݅׊ ് ݆

Ɣ

ͳ Ͳ Ͳ
Ͳ ʹ Ͳ
Ͳ Ͳ ͵

ܽ௜௝ ൌ ௝ܽ௜

Ɣ

ͳ ʹ ͵
Ͳ Ͷ ͷ
Ͳ Ͳ ͸

ǡ
ͳ Ͳ Ͳ
ʹ ͵ Ͳ
Ͷ ͷ ͸

ܽ௜௝ ൌ Ͳ ݅׊ ൐ ݆ ݎ݋ ݅׊ ൏ ݆



Vectors vs Matrices
Ɣ ݊ ݊ ൈ ͳ

ݔ ൌ

ଵݔ
ଶݔ
ڭ
௡ݔ

א Թ௡ൈଵ



Operations 
with 

Matrices



Transpose of a Matrix
Ɣ

ܣ ൌ

ܽଵଵ ܽଵଶ ڮ ܽଵ௡
ܽଶଵ ܽଶଶ ڮ ܽଶ௡
ڮ ڮ ڮ ڮ
ܽ௠ଵ ܽ௠ଶ ڮ ܽ௠௡

்ܣ ൌ

ܽଵଵ ܽଶଵ ڮ ܽ௠ଵ
ܽଵଶ ܽଶଶ ڮ ܽ௠ଶ
ڮ ڮ ڮ ڮ
ܽଵ௡ ܽଶ௡ ڮ ܽ௠௡

ǡ

ଵݔ
ଶݔ
ڭ
௡ݔ

்

ൌ ଵǡǥݔ ǡ ௡ݔ



Transpose of a Matrix
Ɣ

ܣ ൌ

ܽଵଵ ܽଵଶ ڮ ܽଵ௡
ܽଶଵ ܽଶଶ ڮ ܽଶ௡
ڮ ڮ ڮ ڮ
ܽ௠ଵ ܽ௠ଶ ڮ ܽ௠௡

Ɣ

்ܣ ൌ

ܽଵଵ ܽଶଵ ڮ ܽ௠ଵ
ܽଵଶ ܽଶଶ ڮ ܽ௠ଶ
ڮ ڮ ڮ ڮ
ܽଵ௡ ܽଶ௡ ڮ ܽ௠௡

ǡ

ଵݔ
ଶݔ
ڭ
௡ݔ

்

ൌ ଵǡǥݔ ǡ ௡ݔ



Transpose of a Matrix: Example

Ɣ
Ͳ ͳ ʹ
ʹ ͳ ͷ

୘
ൌ

Ͳ ʹ
ͳ ͳ
ʹ ͷ

ͳ ʹ ͵
ʹ ͳ ʹ
͵ ʹ ͳ

்

ൌ
ͳ ʹ ͵
ʹ ͳ ʹ
͵ ʹ ͳ



Transpose of a Matrix: Example

Ɣ
Ͳ ͳ ʹ
ʹ ͳ ͷ

୘
ൌ

Ͳ ʹ
ͳ ͳ
ʹ ͷ

Ɣ

ͳ ʹ ͵
ʹ ͳ ʹ
͵ ʹ ͳ

்

ൌ
ͳ ʹ ͵
ʹ ͳ ʹ
͵ ʹ ͳ



Multiplying by a Scalar
Ɣ

ܣߣ ൌ

ܽଵଵ ܽଵଶ ڮ ܽଵ௡
ܽଶଵ ܽଶଶ ڮ ܽଶ௡
ڮ ڮ ڮ ڮ
ܽ௠ଵ ܽ௠ଶ ڮ ܽ௠௡

ൌ

ଵଵܽߣ ଵଶܽߣ ڮ ଵ௡ܽߣ
ଶଵܽߣ ଶଶܽߣ ڮ ଶ௡ܽߣ
ڮ ڮ ڮ ڮ

௠ଵܽߣ ௠ଶܽߣ ڮ ௠௡ܽߣ

ͷ ڄ ͳ Ͳ
Ͳ ͳ ൌ ͷ Ͳ

Ͳ ͷ



Multiplying by a Scalar
Ɣ

ܣߣ ൌ

ܽଵଵ ܽଵଶ ڮ ܽଵ௡
ܽଶଵ ܽଶଶ ڮ ܽଶ௡
ڮ ڮ ڮ ڮ
ܽ௠ଵ ܽ௠ଶ ڮ ܽ௠௡

ൌ

ଵଵܽߣ ଵଶܽߣ ڮ ଵ௡ܽߣ
ଶଵܽߣ ଶଶܽߣ ڮ ଶ௡ܽߣ
ڮ ڮ ڮ ڮ

௠ଵܽߣ ௠ଶܽߣ ڮ ௠௡ܽߣ

Ɣ

ͷ ڄ ͳ Ͳ
Ͳ ͳ ൌ ͷ Ͳ

Ͳ ͷ



Sum of Two Matrices
Ɣ

ܣ ൌ

ܽଵଵ ܽଵଶ ڮ ܽଵ௡
ܽଶଵ ܽଶଶ ڮ ܽଶ௡
ڮ ڮ ڮ ڮ
ܽ௠ଵ ܽ௠ଶ ڮ ܽ௠௡

ǡ ܤ ൌ

ܾଵଵ ܾଵଶ ڮ ܾଵ௡
ܾଶଵ ܾଶଶ ڮ ܾଶ௡
ڮ ڮ ڮ ڮ
ܾ௠ଵ ܾ௠ଶ ڮ ܾ௠௡

ǡ

ܣ ൅ ܤ ൌ

ܽଵଵ ൅ ܾଵଵ ܽଵଶ ൅ ܾଵଶ ڮ ܽଵ௡ ൅ ܾଵ௡
ܽଶଵ ൅ ܾଶଵ ܽଶଶ ൅ ܾଶଶ ڮ ܽଶ௡ ൅ ܾଶ௡

ڮ ڮ ڮ ڮ
ܽ௠ଵ ൅ ܾ௠ଵ ܽ௠ଶ ൅ ܾ௠ଶ ڮ ܽ௠௡ ൅ ܾ௠௡

ͳ Ͳ
Ͳ ͳ ൅ െͳ ʹ

Ͳ ͵ ൌ Ͳ ʹ
Ͳ Ͷ



Sum of Two Matrices
Ɣ

ܣ ൌ

ܽଵଵ ܽଵଶ ڮ ܽଵ௡
ܽଶଵ ܽଶଶ ڮ ܽଶ௡
ڮ ڮ ڮ ڮ
ܽ௠ଵ ܽ௠ଶ ڮ ܽ௠௡

ǡ ܤ ൌ

ܾଵଵ ܾଵଶ ڮ ܾଵ௡
ܾଶଵ ܾଶଶ ڮ ܾଶ௡
ڮ ڮ ڮ ڮ
ܾ௠ଵ ܾ௠ଶ ڮ ܾ௠௡

ǡ

ܣ ൅ ܤ ൌ

ܽଵଵ ൅ ܾଵଵ ܽଵଶ ൅ ܾଵଶ ڮ ܽଵ௡ ൅ ܾଵ௡
ܽଶଵ ൅ ܾଶଵ ܽଶଶ ൅ ܾଶଶ ڮ ܽଶ௡ ൅ ܾଶ௡

ڮ ڮ ڮ ڮ
ܽ௠ଵ ൅ ܾ௠ଵ ܽ௠ଶ ൅ ܾ௠ଶ ڮ ܽ௠௡ ൅ ܾ௠௡

Ɣ

ͳ Ͳ
Ͳ ͳ ൅ െͳ ʹ

Ͳ ͵ ൌ Ͳ ʹ
Ͳ Ͷ



Matrices Also Form a Vector Space!

Ɣ Թ௠ൈ௡ǡ൅ǡ ڄ



Matrices Also Form a Vector Space!

Ɣ Թ௠ൈ௡ǡ൅ǡ ڄ

Ɣ



Matrix Multiplication

Ɣ ܣ ൌ ܽ௜௝ ௠ൈ௡
ܾ ൌ ܾ௜௝ ௡ൈ௣

Ɣ ܥ ൌ ܤܣ

ܿ௜௝ ܥ ݅ ܣ

݆ ǣܤ ܥ ൌ ܿ௜௝ ௠ൈ௣
ൌ ௜ǡܣ ௝ܤ

௠ൈ௣

Թଶൈଶ ܽଵଵ ܽଵଶ
ܽଶଵ ܽଶଶ ڄ ܾଵଵ ܾଵଶ

ܾଶଵ ܾଶଶ
ൌ ܽଵଵܾଵଵ ൅ ܽଵଶܾଶଵ ܽଵଵܾଵଶ ൅ ܽଵଶܾଶଶ

ܽଶଵܾଵଵ ൅ ܽଶଶܾଶଵ ܽଶଵܾଵଶ ൅ ܽଶଶܾଶଶ



Matrix Multiplication

Ɣ ܣ ൌ ܽ௜௝ ௠ൈ௡
ܾ ൌ ܾ௜௝ ௡ൈ௣

Ɣ ܥ ൌ ܤܣ

Ɣ ܿ௜௝ ܥ ݅ ܣ

݆ ǣܤ ܥ ൌ ܿ௜௝ ௠ൈ௣
ൌ ௜ǡܣ ௝ܤ

௠ൈ௣

Թଶൈଶ ܽଵଵ ܽଵଶ
ܽଶଵ ܽଶଶ ڄ ܾଵଵ ܾଵଶ

ܾଶଵ ܾଶଶ
ൌ ܽଵଵܾଵଵ ൅ ܽଵଶܾଶଵ ܽଵଵܾଵଶ ൅ ܽଵଶܾଶଶ

ܽଶଵܾଵଵ ൅ ܽଶଶܾଶଵ ܽଶଵܾଵଶ ൅ ܽଶଶܾଶଶ



Matrix Multiplication

Ɣ ܣ ൌ ܽ௜௝ ௠ൈ௡
ܾ ൌ ܾ௜௝ ௡ൈ௣

Ɣ ܥ ൌ ܤܣ

Ɣ ܿ௜௝ ܥ ݅ ܣ

݆ ǣܤ ܥ ൌ ܿ௜௝ ௠ൈ௣
ൌ ௜ǡܣ ௝ܤ

௠ൈ௣

Ɣ Թଶൈଶ ܽଵଵ ܽଵଶ
ܽଶଵ ܽଶଶ ڄ ܾଵଵ ܾଵଶ

ܾଶଵ ܾଶଶ
ൌ ܽଵଵܾଵଵ ൅ ܽଵଶܾଶଵ ܽଵଵܾଵଶ ൅ ܽଵଶܾଶଶ

ܽଶଵܾଵଵ ൅ ܽଶଶܾଶଵ ܽଶଵܾଵଶ ൅ ܽଶଶܾଶଶ



Matrix Multiplication: Example

Ͳ ͳ ʹ
ʹ ͳ ͷ

͵ ͸ Ͷ
ʹ ͷ ͺ
͹ ͳ ͻ

ൌ

ൌ Ͳ ൅ ʹ ൅ ͳͶ Ͳ ൅ ͷ ൅ ʹ Ͳ ൅ ͺ ൅ ͳͺ
͸ ൅ ʹ ൅ ͵ͷ ͳʹ ൅ ͷ ൅ ͷ ͺ ൅ ͺ ൅ Ͷͷ ൌ

ൌ ͳ͸ ͹ ʹ͸
Ͷ͵ ʹʹ ͸ͳ



Matrix Multiplication: Example

Ͳ ͳ ʹ
ʹ ͳ ͷ

͵ ͸ Ͷ
ʹ ͷ ͺ
͹ ͳ ͻ

ൌ

ൌ Ͳ ൅ ʹ ൅ ͳͶ Ͳ ൅ ͷ ൅ ʹ Ͳ ൅ ͺ ൅ ͳͺ
͸ ൅ ʹ ൅ ͵ͷ ͳʹ ൅ ͷ ൅ ͷ ͺ ൅ ͺ ൅ Ͷͷ ൌ

ൌ ͳ͸ ͹ ʹ͸
Ͷ͵ ʹʹ ͸ͳ



Matrix Multiplication: Example

Ͳ ͳ ʹ
ʹ ͳ ͷ

͵ ͸ Ͷ
ʹ ͷ ͺ
͹ ͳ ͻ

ൌ

ൌ Ͳ ൅ ʹ ൅ ͳͶ Ͳ ൅ ͷ ൅ ʹ Ͳ ൅ ͺ ൅ ͳͺ
͸ ൅ ʹ ൅ ͵ͷ ͳʹ ൅ ͷ ൅ ͷ ͺ ൅ ͺ ൅ Ͷͷ ൌ

ൌ ͳ͸ ͹ ʹ͸
Ͷ͵ ʹʹ ͸ͳ



Coordinate Change: Matrix Notation
Ɣ

݁ଵǡǥ ǡ ݁௡
݁Ԣଵǡ ǥ ǡ ݁Ԣ௡

௢௟ௗݔ ൌ ଵǡݔ ǥ ǡ ௡ݔ ǡ ௡௘௪ݔ ൌ ଵᇱݔ ǡ ǥ ǡ ௡ᇱݔ



Coordinate Change: Matrix Notation
Ɣ

݁ଵǡǥ ǡ ݁௡
݁Ԣଵǡ ǥ ǡ ݁Ԣ௡

௢௟ௗݔ ൌ ଵǡݔ ǥ ǡ ௡ݔ ǡ ௡௘௪ݔ ൌ ଵᇱݔ ǡ ǥ ǡ ௡ᇱݔ

Ɣ

ܣ ൌ

ଵଵߙ ଵଶߙ ǥ ଵ௡ߙ
ଶଵߙ ଶଶߙ ǥ ଶଵߙ
ڭ ڭ ڭ ڭ

௡ଵߙ ௡ଶߙ ǥ ௡௡ߙ

௢௟ௗݔ ൌ ௡௘௪ݔ்ܣ



Coordinate Change: Matrix Notation
Ɣ

݁ଵǡǥ ǡ ݁௡
݁Ԣଵǡ ǥ ǡ ݁Ԣ௡

௢௟ௗݔ ൌ ଵǡݔ ǥ ǡ ௡ݔ ǡ ௡௘௪ݔ ൌ ଵᇱݔ ǡ ǥ ǡ ௡ᇱݔ

Ɣ

ܣ ൌ

ଵଵߙ ଵଶߙ ǥ ଵ௡ߙ
ଶଵߙ ଶଶߙ ǥ ଶଵߙ
ڭ ڭ ڭ ڭ

௡ଵߙ ௡ଶߙ ǥ ௡௡ߙ

௢௟ௗݔ ൌ ௡௘௪ݔ்ܣ



Coordinate Change: Example (again)

Ɣ Թଶ ݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

Ɣ ݁Ԣଵ ൌ
ʹ
ͳ ǡ ݁ଶᇱ ൌ

െͳ
െͳ

Ɣ ௢௟ௗݔ ൌ
ଵݔ
ଶݔ ൌ ʹ

െͳ ǡ ௡௘௪ݔ ൌ ଵᇱݔ

ଶᇱݔ
ൌ ǫ

ܣ ൌ ʹ െͳ
ͳ െͳ ǡ ʹ

െͳ ൌ ௢௟ௗݔ ൌ ௡௘௪ݔ்ܣ ൌ ʹ ͳ
െͳ െͳ

ଵᇱݔ

ଶᇱݔ
ൌ ଵᇱݔʹ ൅ ଶᇱݔ

െݔଵᇱ െ ଶᇱݔ

௡௘௪ݔ ൌ ͵
Ͷ Ǥ



Coordinate Change: Example (again)

Ɣ Թଶ ݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

Ɣ ݁Ԣଵ ൌ
ʹ
ͳ ǡ ݁ଶᇱ ൌ

െͳ
െͳ

Ɣ ௢௟ௗݔ ൌ
ଵݔ
ଶݔ ൌ ʹ

െͳ ǡ ௡௘௪ݔ ൌ ଵᇱݔ

ଶᇱݔ
ൌ ǫ

ܣ ൌ ʹ െͳ
ͳ െͳ ǡ ʹ

െͳ ൌ ௢௟ௗݔ ൌ ௡௘௪ݔ்ܣ ൌ ʹ ͳ
െͳ െͳ

ଵᇱݔ

ଶᇱݔ
ൌ ଵᇱݔʹ ൅ ଶᇱݔ

െݔଵᇱ െ ଶᇱݔ

௡௘௪ݔ ൌ ͵
Ͷ Ǥ



Coordinate Change: Example (again)

Ɣ Թଶ ݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

Ɣ ݁Ԣଵ ൌ
ʹ
ͳ ǡ ݁ଶᇱ ൌ

െͳ
െͳ

Ɣ ௢௟ௗݔ ൌ
ଵݔ
ଶݔ ൌ ʹ

െͳ ǡ ௡௘௪ݔ ൌ ଵᇱݔ

ଶᇱݔ
ൌ ǫ

ܣ ൌ ʹ െͳ
ͳ െͳ ǡ ʹ

െͳ ൌ ௢௟ௗݔ ൌ ௡௘௪ݔ்ܣ ൌ ʹ ͳ
െͳ െͳ

ଵᇱݔ

ଶᇱݔ
ൌ ଵᇱݔʹ ൅ ଶᇱݔ

െݔଵᇱ െ ଶᇱݔ

௡௘௪ݔ ൌ ͵
Ͷ Ǥ



Coordinate Change: Example (again)

Ɣ Թଶ ݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

Ɣ ݁Ԣଵ ൌ
ʹ
ͳ ǡ ݁ଶᇱ ൌ

െͳ
െͳ

Ɣ ௢௟ௗݔ ൌ
ଵݔ
ଶݔ ൌ ʹ

െͳ ǡ ௡௘௪ݔ ൌ ଵᇱݔ

ଶᇱݔ
ൌ ǫ

ܣ ൌ ʹ െͳ
ͳ െͳ ǡ ʹ

െͳ ൌ ௢௟ௗݔ ൌ ௡௘௪ݔ்ܣ ൌ ʹ ͳ
െͳ െͳ

ଵᇱݔ

ଶᇱݔ
ൌ ଵᇱݔʹ ൅ ଶᇱݔ

െݔଵᇱ െ ଶᇱݔ

௡௘௪ݔ ൌ ͵
Ͷ Ǥ



Coordinate Change: Example (again)

Ɣ Թଶ ݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

Ɣ ݁Ԣଵ ൌ
ʹ
ͳ ǡ ݁ଶᇱ ൌ

െͳ
െͳ

Ɣ ௢௟ௗݔ ൌ
ଵݔ
ଶݔ ൌ ʹ

െͳ ǡ ௡௘௪ݔ ൌ ଵᇱݔ

ଶᇱݔ
ൌ ǫ

ܣ ൌ ʹ െͳ
ͳ െͳ ǡ ʹ

െͳ ൌ ௢௟ௗݔ ൌ ௡௘௪ݔ்ܣ ൌ ʹ ͳ
െͳ െͳ

ଵᇱݔ

ଶᇱݔ
ൌ ଵᇱݔʹ ൅ ଶᇱݔ

െݔଵᇱ െ ଶᇱݔ

௡௘௪ݔ ൌ ͵
Ͷ Ǥ



Coordinate Change: Example (again)

Ɣ Թଶ ݁ଵ ൌ
ͳ
Ͳ ǡ ݁ଶ ൌ

Ͳ
ͳ

Ɣ ݁Ԣଵ ൌ
ʹ
ͳ ǡ ݁ଶᇱ ൌ

െͳ
െͳ

Ɣ ௢௟ௗݔ ൌ
ଵݔ
ଶݔ ൌ ʹ

െͳ ǡ ௡௘௪ݔ ൌ ଵᇱݔ

ଶᇱݔ
ൌ ǫ

ܣ ൌ ʹ െͳ
ͳ െͳ ǡ ʹ

െͳ ൌ ௢௟ௗݔ ൌ ௡௘௪ݔ்ܣ ൌ ʹ ͳ
െͳ െͳ

ଵᇱݔ

ଶᇱݔ
ൌ ଵᇱݔʹ ൅ ଶᇱݔ

െݔଵᇱ െ ଶᇱݔ

௡௘௪ݔ ൌ ͵
Ͷ Ǥ



To Sum Up
Ɣ

ż

ż

ż

Ɣ

ż

ż



Next Time
Ɣ

Ɣ



Math Refresher for DS



Last Time
Ɣ

ż

ż

ż

ż

Ɣ



Today
Ɣ

ż

ż

ż

Ɣ

Ɣ



Matrices:
a small 
review



A Matrix

Ɣ ܣ א Թ௠ൈ௡ ݉ ݊

ܣ ൌ

ܽଵଵ ܽଵଶ ڮ ܽଵ௡
ܽଶଵ ܽଶଶ ڮ ܽଶ௡
ڮ ڮ ڮ ڮ
ܽ௠ଵ ܽ௠ଶ ڮ ܽ௠௡

Ɣ

ͳ Ͳ
Ͳ ͳ א Թଶൈଶǡ ͳ ʹ ͵

Ͷ ͷ ͸ א Թଶൈଷ



Special Matrices

Ɣ

ͳ Ͳ Ͳ
Ͳ ʹ Ͳ
Ͳ Ͳ ͵

ܽ௜௜ ് Ͳǡ ܽ௜௝ ൌ Ͳ ݅׊ ് ݆

Ɣ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

ܽ௜௜ ൌ ͳǡ ܽ௜௝ ൌ Ͳ ݅׊ ് ݆

Ɣ

ͳ Ͷ ͷ
Ͷ ʹ ͸
ͷ ͸ ͵

ܽ௜௝ ൌ ௝ܽ௜

Ɣ

ͳ ʹ ͵
Ͳ Ͷ ͷ
Ͳ Ͳ ͸

ǡ
ͳ Ͳ Ͳ
ʹ ͵ Ͳ
Ͷ ͷ ͸

ܽ௜௝ ൌ Ͳ ݅׊ ൐ ݆ ݎ݋ ݅׊ ൏ ݆



Basic Operations with Matrices
Ɣ

ܣ ൌ ܽ௜௝ ௜ୀଵǡǥǡ௠ǡ௝ୀଵǡǥǡ௡
ǡ ܤ ൌ ܾ௜௝ ௜ୀଵǡǥǡ௠ǡ௝ୀଵǡǥǡ௡

ǡ ܣ ൅ ܤ ൌ ܽ௜௝ ൅ ܾ௜௝ ௜ୀଵǡǥǡ௠ǡ௝ୀଵǡǥǡ௡

ܣ ൌ ܽ௜௝ ௜ୀଵǡǥǡ௠ǡ௝ୀଵǡǥǡ௡
ǡ ߣ א Թǡ ܣߣ ൌ ௜௝ܽߣ ௜ୀଵǡǥǡ௠ǡ௝ୀଵǡǥǡ௡



Basic Operations with Matrices
Ɣ

ܣ ൌ ܽ௜௝ ௜ୀଵǡǥǡ௠ǡ௝ୀଵǡǥǡ௡
ǡ ܤ ൌ ܾ௜௝ ௜ୀଵǡǥǡ௠ǡ௝ୀଵǡǥǡ௡

ǡ ܣ ൅ ܤ ൌ ܽ௜௝ ൅ ܾ௜௝ ௜ୀଵǡǥǡ௠ǡ௝ୀଵǡǥǡ௡

Ɣ

ܣ ൌ ܽ௜௝ ௜ୀଵǡǥǡ௠ǡ௝ୀଵǡǥǡ௡
ǡ ߣ א Թǡ ܣߣ ൌ ௜௝ܽߣ ௜ୀଵǡǥǡ௠ǡ௝ୀଵǡǥǡ௡



Matrix Multiplication
Ɣ

ܣ ൌ ܽ௜௝ ௜ୀଵǡǥǡ௠ǡ௝ୀଵǡǥǡ௡
ǡ ܤ ൌ ܾ௜௝ ௜ୀଵǡǥǡ௡ǡ௝ୀଵǡǥǡ௞

ܣ ڄ ܤ ൌ ௜ǡܣ ௝ܤ
௜ୀଵǡǥǡ௠ǡ௝ୀଵǡǥǡ௞ ൌ ෍

௟ୀଵǡǥǡ௡
ܽ௜௟ ڄ ܾ௟௝

௜ୀଵǡǥǡ௠ǡ௝ୀଵǡǥǡ௞

Թଶൈଶ

ܽଵଵ ܽଵଶ
ܽଶଵ ܽଶଶ ڄ ܾଵଵ ܾଵଶ

ܾଶଵ ܾଶଶ
ൌ ܽଵଵܾଵଵ ൅ ܽଵଶܾଶଵ ܽଵଵܾଵଶ ൅ ܽଵଶܾଶଶ

ܽଶଵܾଵଵ ൅ ܽଶଶܾଶଵ ܽଶଵܾଵଶ ൅ ܽଶଶܾଶଶ



Matrix Multiplication
Ɣ

ܣ ൌ ܽ௜௝ ௜ୀଵǡǥǡ௠ǡ௝ୀଵǡǥǡ௡
ǡ ܤ ൌ ܾ௜௝ ௜ୀଵǡǥǡ௡ǡ௝ୀଵǡǥǡ௞

ܣ ڄ ܤ ൌ ௜ǡܣ ௝ܤ
௜ୀଵǡǥǡ௠ǡ௝ୀଵǡǥǡ௞ ൌ ෍

௟ୀଵǡǥǡ௡
ܽ௜௟ ڄ ܾ௟௝

௜ୀଵǡǥǡ௠ǡ௝ୀଵǡǥǡ௞

Ɣ Թଶൈଶ

ܽଵଵ ܽଵଶ
ܽଶଵ ܽଶଶ ڄ ܾଵଵ ܾଵଶ

ܾଶଵ ܾଶଶ
ൌ ܽଵଵܾଵଵ ൅ ܽଵଶܾଶଵ ܽଵଵܾଵଶ ൅ ܽଵଶܾଶଶ

ܽଶଵܾଵଵ ൅ ܽଶଶܾଶଵ ܽଶଵܾଵଶ ൅ ܽଶଶܾଶଶ



Matrix Multiplication
Ɣ ʹ ൈ ͵ ൌ ͵ ൈ ʹ ൌ ͸

࡮࡭ ് ࡭࡮

ܣ ൌ ͵ Ͷ
ͳ ʹ ǡ ܤ ൌ ͸ ʹ

͵ ʹ ǡ ܤܣ ൌ ͵Ͳ ͳͶ
ͳʹ ͸ ǡ ܣܤ ൌ ʹͲ ʹͺ

ͳͳ ͳ͸



Matrix Multiplication
Ɣ ʹ ൈ ͵ ൌ ͵ ൈ ʹ ൌ ͸

Ɣ

࡮࡭ ് ࡭࡮

ܣ ൌ ͵ Ͷ
ͳ ʹ ǡ ܤ ൌ ͸ ʹ

͵ ʹ ǡ ܤܣ ൌ ͵Ͳ ͳͶ
ͳʹ ͸ ǡ ܣܤ ൌ ʹͲ ʹͺ

ͳͳ ͳ͸



Matrix Multiplication
Ɣ ʹ ൈ ͵ ൌ ͵ ൈ ʹ ൌ ͸

Ɣ

࡮࡭ ് ࡭࡮

Ɣ

ܣ ൌ ͵ Ͷ
ͳ ʹ ǡ ܤ ൌ ͸ ʹ

͵ ʹ ǡ ܤܣ ൌ ͵Ͳ ͳͶ
ͳʹ ͸ ǡ ܣܤ ൌ ʹͲ ʹͺ

ͳͳ ͳ͸



Matrix Multiplication
Ɣ ܧ

ܧܣ ൌ ܣܧ ൌ ܣ

ܱ

ܱܣ ൌ ܣܱ ൌ ܱ



Matrix Multiplication
Ɣ ܧ

ܧܣ ൌ ܣܧ ൌ ܣ

Ɣ ܱ

ܱܣ ൌ ܣܱ ൌ ܱ



Transposing a Matrix
Ɣ

ܣ ൌ ͳ ʹ
͵ Ͷ ǡ ்ܣ ൌ ͳ ͵

ʹ Ͷ Ǥ



Transposing a Matrix

Ɣ

ż ܣ െ ฺ ்ܣ ൌ ܣ

ż ்ܣ ் ൌ ܣ

ż ܣ ൅ ܤ ் ൌ ்ܣ ൅ ்ܤ

ż ࡮࡭ ࢀ ൌ ࢀ࡭ࢀ࡮



Linear 
Transforms



Linear Transformation

ܣ ݔߣ ൌ

௜௡௣௨௧ݔ ՜ ܣ ՜ ௢௨௧௣௨௧ݔ

ܣ െ
௜௡௣௨௧ݔ ௢௨௧௣௨௧ݔ െ



Linear Transformation

௜௡௣௨௧ݔ ՜ ܣ ՜ ௢௨௧௣௨௧ݔ

ܣ െ
௜௡௣௨௧ݔ ௢௨௧௣௨௧ݔ െ



Linear Transformation

௜௡௣௨௧ݔ ՜ ܣ ՜ ௢௨௧௣௨௧ݔ

ܣ െ
௜௡௣௨௧ݔ ௢௨௧௣௨௧ݔ െ



Transformation

Source: Linear Transformations and Matrices

https://youtu.be/kYB8IZa5AuE


Transformation

Source: Linear Transformations and Matrices

https://youtu.be/kYB8IZa5AuE


Transformation: Examples

Source: Linear Transformations and Matrices

https://youtu.be/kYB8IZa5AuE


Linear Transformation

௜௡௣௨௧ݔ ՜ ܣ ՜ ௢௨௧௣௨௧ݔ

ܣ െ
௜௡௣௨௧ݔ ௢௨௧௣௨௧ݔ െ



Linear Transformation

1. ܣ ݔ ൅ ݕ ൌ ܣ ݔ ൅ ܣ ݕ

2. ܣ ݔߣ ൌ ݔܣߣ

௜௡௣௨௧ݔ ՜ ܣ ՜ ௢௨௧௣௨௧ݔ

ܣ െ
௜௡௣௨௧ݔ ௢௨௧௣௨௧ݔ െ



Linear Transformation
Ɣ

Ɣ

௜௡௣௨௧ݔ ൌ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ǡݔ ݁ଵǡ ǥ ݁௡ െ ଵǡݔ ǥ ǡ ௡ݔ െ

௢௨௧௣௨௧ݔ ൌ ܣ ௜௡௣௨௧ݔ ൌ ܣ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ ܣଵݔ ݁ଵ ൅ ܣଶݔ ݁ଶ ൅ ൅ڮ ܣ௡ݔ ݁௡

ܣ ؔ ܣ ݁ଵ ܣ ݁ଶ ǥ ȁ ܣ ݁௡

ฺ ௢௨௧௣௨௧ݔ ൌ ܣ ௜௡௣௨௧ݔ ൌ ܣ ڄ ௜௡௣௨௧ݔ

௢௨௧௣௨௧ݔ ൌ ܣ ௜௡௣௨௧ݔ ൌ ܣ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ ଵݔ



Linear Transformation
Ɣ

Ɣ

௜௡௣௨௧ݔ ൌ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ǡݔ ݁ଵǡ ǥ ݁௡ െ ଵǡݔ ǥ ǡ ௡ݔ െ

௢௨௧௣௨௧ݔ ൌ ܣ ௜௡௣௨௧ݔ ൌ ܣ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ ܣଵݔ ݁ଵ ൅ ܣଶݔ ݁ଶ ൅ ൅ڮ ܣ௡ݔ ݁௡

ܣ ؔ ܣ ݁ଵ ܣ ݁ଶ ǥ ȁ ܣ ݁௡

ฺ ௢௨௧௣௨௧ݔ ൌ ܣ ௜௡௣௨௧ݔ ൌ ܣ ڄ ௜௡௣௨௧ݔ

௢௨௧௣௨௧ݔ ൌ ܣ ௜௡௣௨௧ݔ ൌ ܣ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ ଵݔ



Linear Transformation
Ɣ

Ɣ

௜௡௣௨௧ݔ ൌ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ǡݔ ݁ଵǡ ǥ ݁௡ െ ଵǡݔ ǥ ǡ ௡ݔ െ

௢௨௧௣௨௧ݔ ൌ ܣ ௜௡௣௨௧ݔ ൌ ܣ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ ܣଵݔ ݁ଵ ൅ ܣଶݔ ݁ଶ ൅ ൅ڮ ܣ௡ݔ ݁௡

ܣ ؔ ܣ ݁ଵ ܣ ݁ଶ ǥ ȁ ܣ ݁௡

ฺ ௢௨௧௣௨௧ݔ ൌ ܣ ௜௡௣௨௧ݔ ൌ ܣ ڄ ௜௡௣௨௧ݔ



Linear Transformation
Ɣ

Ɣ

௜௡௣௨௧ݔ ൌ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ǡݔ ݁ଵǡ ǥ ݁௡ െ ଵǡݔ ǥ ǡ ௡ݔ െ

௢௨௧௣௨௧ݔ ൌ ܣ ௜௡௣௨௧ݔ ൌ ܣ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ ܣଵݔ ݁ଵ ൅ ܣଶݔ ݁ଶ ൅ ൅ڮ ܣ௡ݔ ݁௡

ܣ ؔ ܣ ݁ଵ ܣ ݁ଶ ǥ ȁ ܣ ݁௡

ฺ ௢௨௧௣௨௧ݔ ൌ ܣ ௜௡௣௨௧ݔ ൌ ܣ ڄ ௜௡௣௨௧ݔ



Linear Transformation
Ɣ

Ɣ

௜௡௣௨௧ݔ ൌ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ǡݔ ݁ଵǡ ǥ ݁௡ െ ଵǡݔ ǥ ǡ ௡ݔ െ

௢௨௧௣௨௧ݔ ൌ ܣ ௜௡௣௨௧ݔ ൌ ܣ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ ܣଵݔ ݁ଵ ൅ ܣଶݔ ݁ଶ ൅ ൅ڮ ܣ௡ݔ ݁௡

ܣ ؔ ܣ ݁ଵ ܣ ݁ଶ ǥ ȁ ܣ ݁௡

ฺ ௢௨௧௣௨௧ݔ ൌ ܣ ௜௡௣௨௧ݔ ൌ ܣ ڄ ௜௡௣௨௧ݔ



Linear Transformation
Ɣ

Ɣ

௜௡௣௨௧ݔ ൌ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ǡݔ ݁ଵǡ ǥ ݁௡ െ ଵǡݔ ǥ ǡ ௡ݔ െ

௢௨௧௣௨௧ݔ ൌ ܣ ௜௡௣௨௧ݔ ൌ ܣ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ ܣଵݔ ݁ଵ ൅ ܣଶݔ ݁ଶ ൅ ൅ڮ ܣ௡ݔ ݁௡

ܣ ؔ ܣ ݁ଵ ܣ ݁ଶ ǥ ȁ ܣ ݁௡

ฺ ௢௨௧௣௨௧ݔ ൌ ܣ ௜௡௣௨௧ݔ ൌ ܣ ڄ ௜௡௣௨௧ݔ



Linear Transformation
Ɣ

Ɣ

௜௡௣௨௧ݔ ൌ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ǡݔ ݁ଵǡ ǥ ݁௡ െ ଵǡݔ ǥ ǡ ௡ݔ െ

௢௨௧௣௨௧ݔ ൌ ܣ ௜௡௣௨௧ݔ ൌ ܣ ଵ݁ଵݔ ൅ ଶ݁ଶݔ ൅ ൅ڮ ௡݁௡ݔ ൌ ܣଵݔ ݁ଵ ൅ ܣଶݔ ݁ଶ ൅ ൅ڮ ܣ௡ݔ ݁௡

ܣ ؔ ܣ ݁ଵ ܣ ݁ଶ ǥ ȁ ܣ ݁௡

ฺ ௢௨௧௣௨௧ݔ ൌ ܣ ௜௡௣௨௧ݔ ൌ ܣ ڄ ௜௡௣௨௧ݔ



Example: Rotation
Ɣ

Թଶ ͻͲι

݁ଵ ൌ
ͳ
Ͳ ՜ Ͳ

ͳ ǡ ݁ଶ ൌ
Ͳ
ͳ ՜ െͳ

Ͳ

ܴ ൌ Ͳ െͳ
ͳ Ͳ

ݔ ൌ ͳǡ ͳ ்

௥௢௧௔௧௘ௗݔ ൌ ݔܴ ൌ Ͳ െͳ
ͳ Ͳ

ͳ
ͳ ൌ െͳ

ͳ



Example: Rotation
Ɣ

Թଶ ͻͲι

Ɣ

݁ଵ ൌ
ͳ
Ͳ ՜ Ͳ

ͳ ǡ ݁ଶ ൌ
Ͳ
ͳ ՜ െͳ

Ͳ

ܴ ൌ Ͳ െͳ
ͳ Ͳ

ݔ ൌ ͳǡ ͳ ்

௥௢௧௔௧௘ௗݔ ൌ ݔܴ ൌ Ͳ െͳ
ͳ Ͳ

ͳ
ͳ ൌ െͳ

ͳ

૛ࢋ

૚ࢋ



Example: Rotation
Ɣ
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૚ᇱࢋ
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Example: Rotation
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Example: Rotation
Ɣ
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Example: Rotation
Ɣ
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Example: Rotation
Ɣ

Թଶ ͻͲι

Ɣ

݁ଵ ൌ
ͳ
Ͳ ՜ Ͳ

ͳ ǡ ݁ଶ ൌ
Ͳ
ͳ ՜ െͳ

Ͳ

Ɣ
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ͳ

૛ࢋ

૚ࢋ

૚ᇱࢋ

૛ᇱࢋ

ࢊࢋ࢚ࢇ࢚࢕࢘࢞࢞



Example: Rotation
Ɣ

Թଶ ͻͲι

Ɣ

݁ଵ ൌ
ͳ
Ͳ ՜ Ͳ

ͳ ǡ ݁ଶ ൌ
Ͳ
ͳ ՜ െͳ

Ͳ

Ɣ

ܴ ൌ Ͳ െͳ
ͳ Ͳ

Ɣ ݔ ൌ ͳǡ ͳ ்

௥௢௧௔௧௘ௗݔ ൌ ݔܴ ൌ Ͳ െͳ
ͳ Ͳ

ͳ
ͳ ൌ െͳ

ͳ

૛ࢋ

૚ࢋ

૚ᇱࢋ

૛ᇱࢋ

ࢊࢋ࢚ࢇ࢚࢕࢘࢞࢞



Linear Transformation
Ɣ



Linear Transformation
Ɣ

Ɣ



Common 
Transforms



Identity Transformation
Ɣ

Ɣ ܧ

ݔܧ ൌ ͳ Ͳ
Ͳ ͳ

ଵݔ
ଶݔ

ͳ Ͳ
Ͳ ͳ

ͳ
ʹ ൌ ͳ

ʹ



Identity Transformation
Ɣ

Ɣ ܧ

ݔܧ ൌ ͳ Ͳ
Ͳ ͳ

ଵݔ
ଶݔ

Ɣ

ͳ Ͳ
Ͳ ͳ

ͳ
ʹ ൌ ͳ

ʹ



Stretching / Squeezing 
Ɣ

Ɣ

ݔܭ ൌ ݇ଵ Ͳ
Ͳ ݇ଶ

ଵݔ
ଶݔ

ݔ ݕ

͵ Ͳ
Ͳ ͲǤͷ

ͳ
ʹ ൌ ͵

ͳ



Stretching / Squeezing 
Ɣ

Ɣ

ݔܭ ൌ ݇ଵ Ͳ
Ͳ ݇ଶ

ଵݔ
ଶݔ

Ɣ ݔ ݕ

͵ Ͳ
Ͳ ͲǤͷ

ͳ
ʹ ൌ ͵

ͳ



Projection on an Axis
Ɣ Թଷ ܻܺ െ

Ɣ

ݔܲ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ Ͳ

ଵݔ
ଶݔ
ଷݔ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ Ͳ

ͳ
ʹ
͵

ൌ
ͳ
ʹ
Ͳ



Projection on an Axis
Ɣ Թଷ ܻܺ െ

Ɣ

ݔܲ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ Ͳ

ଵݔ
ଶݔ
ଷݔ

Ɣ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ Ͳ

ͳ
ʹ
͵

ൌ
ͳ
ʹ
Ͳ



Rotation
Ɣ ߠ

Ɣ ܴఏ

ܴఏ ݔ ൌ
ߠݏ݋ܿ െߠ݊݅ݏ
ߠ݊݅ݏ ߠݏ݋ܿ

ଵݔ
ଶݔ

Ͷͷι

ʹȀʹ െ ʹȀʹ
ʹȀʹ ʹȀʹ

ͳ
ͳ ൌ Ͳ

ʹ



Rotation
Ɣ ߠ

Ɣ ܴఏ

ܴఏ ݔ ൌ
ߠݏ݋ܿ െߠ݊݅ݏ
ߠ݊݅ݏ ߠݏ݋ܿ

ଵݔ
ଶݔ

Ɣ Ͷͷι

ʹȀʹ െ ʹȀʹ
ʹȀʹ ʹȀʹ

ͳ
ͳ ൌ Ͳ

ʹ



Combining 
Transforms



Composition
Ɣ ܣ ܤ

ܣ ܤ

ͻͲι

ܣ ൌ Ͳ െͳ
ͳ Ͳ െ ܤ ൌ ͲǤͷ Ͳ

Ͳ ͲǤͷ െ

ܤ ݔܣ ൌ ܣܤ ݔ ൌ ݔܥ

ܥ ൌ ܣܤ ൌ ͲǤͷ Ͳ
Ͳ ͲǤͷ

Ͳ െͳ
ͳ Ͳ ൌ Ͳ െͲǤͷ

ͲǤͷ Ͳ

ͻͲι



Composition
Ɣ ܣ ܤ

ܣ ܤ

Ɣ ͻͲι

ܣ ൌ Ͳ െͳ
ͳ Ͳ െ ܤ ൌ ͲǤͷ Ͳ

Ͳ ͲǤͷ െ

ܤ ݔܣ ൌ ܣܤ ݔ ൌ ݔܥ

ܥ ൌ ܣܤ ൌ ͲǤͷ Ͳ
Ͳ ͲǤͷ

Ͳ െͳ
ͳ Ͳ ൌ Ͳ െͲǤͷ

ͲǤͷ Ͳ

ͻͲι



Composition
Ɣ ܣ ܤ

ܣ ܤ

Ɣ ͻͲι

ܣ ൌ Ͳ െͳ
ͳ Ͳ െ ܤ ൌ ͲǤͷ Ͳ

Ͳ ͲǤͷ െ

ܤ ݔܣ ൌ ܣܤ ݔ ൌ ݔܥ

ܥ ൌ ܣܤ ൌ ͲǤͷ Ͳ
Ͳ ͲǤͷ

Ͳ െͳ
ͳ Ͳ ൌ Ͳ െͲǤͷ

ͲǤͷ Ͳ

ͻͲι



Composition
Ɣ ܣ ܤ

ܣ ܤ

Ɣ ͻͲι

ܣ ൌ Ͳ െͳ
ͳ Ͳ െ ܤ ൌ ͲǤͷ Ͳ

Ͳ ͲǤͷ െ

ܤ ݔܣ ൌ ܣܤ ݔ ൌ ݔܥ

ܥ ൌ ܣܤ ൌ ͲǤͷ Ͳ
Ͳ ͲǤͷ

Ͳ െͳ
ͳ Ͳ ൌ Ͳ െͲǤͷ

ͲǤͷ Ͳ

ͻͲι



Composition
Ɣ ܣ ܤ

ܣ ܤ

Ɣ ͻͲι

ܣ ൌ Ͳ െͳ
ͳ Ͳ െ ܤ ൌ ͲǤͷ Ͳ

Ͳ ͲǤͷ െ

ܤ ݔܣ ൌ ܣܤ ݔ ൌ ݔܥ

ܥ ൌ ܣܤ ൌ ͲǤͷ Ͳ
Ͳ ͲǤͷ

Ͳ െͳ
ͳ Ͳ ൌ Ͳ െͲǤͷ

ͲǤͷ Ͳ

ͻͲι

࢞



Composition
Ɣ ܣ ܤ

ܣ ܤ

Ɣ ͻͲι

ܣ ൌ Ͳ െͳ
ͳ Ͳ െ ܤ ൌ ͲǤͷ Ͳ

Ͳ ͲǤͷ െ

ܤ ݔܣ ൌ ܣܤ ݔ ൌ ݔܥ

ܥ ൌ ܣܤ ൌ ͲǤͷ Ͳ
Ͳ ͲǤͷ

Ͳ െͳ
ͳ Ͳ ൌ Ͳ െͲǤͷ

ͲǤͷ Ͳ

ͻͲι

ࢊࢋ࢚ࢇ࢚࢕࢘࢞࢞



Composition
Ɣ ܣ ܤ

ܣ ܤ

Ɣ ͻͲι

ܣ ൌ Ͳ െͳ
ͳ Ͳ െ ܤ ൌ ͲǤͷ Ͳ

Ͳ ͲǤͷ െ

ܤ ݔܣ ൌ ܣܤ ݔ ൌ ݔܥ

ܥ ൌ ܣܤ ൌ ͲǤͷ Ͳ
Ͳ ͲǤͷ

Ͳ െͳ
ͳ Ͳ ൌ Ͳ െͲǤͷ

ͲǤͷ Ͳ

ͻͲι

ࢊࢋ࢚ࢇ࢚࢕࢘࢞࢞

ǤƬ࢚࢕࢘࢞ ࢊࢋࢠࢋࢋ࢛࢙ࢗ
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Ͳ ͲǤͷ

Ͳ െͳ
ͳ Ͳ ൌ Ͳ െͲǤͷ

ͲǤͷ Ͳ

ͻͲι

ࢊࢋ࢚ࢇ࢚࢕࢘࢞࢞

ǤƬ࢚࢕࢘࢞ ࢊࢋࢠࢋࢋ࢛࢙ࢗ



Sum of Transforms
Ɣ ܣ ܤ

ܥ ൌ ܣ ൅ ܤ

ܥ ൌ ݔܣ ൅ ݔܤ

ܣ ൌ Ͳ െͳ
ͳ Ͳ െ ܤ ൌ ͲǤͷ Ͳ

Ͳ ͲǤͷ െ

� ൌ ͳ
ͳ ǡ ݔܣ ൅ ݔܤ ൌ െͳ

ͳ ൅ ͲǤͷ
ͲǤͷ ൌ െͲǤͷ

ͳǤͷ



Sum of Transforms
Ɣ ܣ ܤ

Ɣ ܥ ൌ ܣ ൅ ܤ

ܥ ൌ ݔܣ ൅ ݔܤ

ܣ ൌ Ͳ െͳ
ͳ Ͳ െ ܤ ൌ ͲǤͷ Ͳ

Ͳ ͲǤͷ െ

� ൌ ͳ
ͳ ǡ ݔܣ ൅ ݔܤ ൌ െͳ

ͳ ൅ ͲǤͷ
ͲǤͷ ൌ െͲǤͷ

ͳǤͷ



Sum of Transforms
Ɣ ܣ ܤ

Ɣ ܥ ൌ ܣ ൅ ܤ

ܥ ൌ ݔܣ ൅ ݔܤ

Ɣ

ܣ ൌ Ͳ െͳ
ͳ Ͳ െ ܤ ൌ ͲǤͷ Ͳ

Ͳ ͲǤͷ െ

� ൌ ͳ
ͳ ǡ ݔܣ ൅ ݔܤ ൌ െͳ

ͳ ൅ ͲǤͷ
ͲǤͷ ൌ െͲǤͷ

ͳǤͷ



Sum of Transforms
Ɣ ܣ ܤ

Ɣ ܥ ൌ ܣ ൅ ܤ

ܥ ൌ ݔܣ ൅ ݔܤ

Ɣ

ܣ ൌ Ͳ െͳ
ͳ Ͳ െ ܤ ൌ ͲǤͷ Ͳ

Ͳ ͲǤͷ െ

� ൌ ͳ
ͳ ǡ ݔܣ ൅ ݔܤ ൌ െͳ

ͳ ൅ ͲǤͷ
ͲǤͷ ൌ െͲǤͷ

ͳǤͷ

࢞



Sum of Transforms
Ɣ ܣ ܤ

Ɣ ܥ ൌ ܣ ൅ ܤ

ܥ ൌ ݔܣ ൅ ݔܤ

Ɣ

ܣ ൌ Ͳ െͳ
ͳ Ͳ െ ܤ ൌ ͲǤͷ Ͳ

Ͳ ͲǤͷ െ

� ൌ ͳ
ͳ ǡ ݔܣ ൅ ݔܤ ൌ െͳ

ͳ ൅ ͲǤͷ
ͲǤͷ ൌ െͲǤͷ

ͳǤͷ

ࢊࢋ࢚ࢇ࢚࢕࢘࢞࢞



Sum of Transforms
Ɣ ܣ ܤ

Ɣ ܥ ൌ ܣ ൅ ܤ

ܥ ൌ ݔܣ ൅ ݔܤ

Ɣ

ܣ ൌ Ͳ െͳ
ͳ Ͳ െ ܤ ൌ ͲǤͷ Ͳ

Ͳ ͲǤͷ െ

� ൌ ͳ
ͳ ǡ ݔܣ ൅ ݔܤ ൌ െͳ

ͳ ൅ ͲǤͷ
ͲǤͷ ൌ െͲǤͷ

ͳǤͷ

ࢊࢋ࢚ࢇ࢚࢕࢘࢞࢞

ࢊࢋࢠࢋࢋ࢛࢙ࢗ࢞



Sum of Transforms
Ɣ ܣ ܤ

Ɣ ܥ ൌ ܣ ൅ ܤ

ܥ ൌ ݔܣ ൅ ݔܤ

Ɣ

ܣ ൌ Ͳ െͳ
ͳ Ͳ െ ܤ ൌ ͲǤͷ Ͳ

Ͳ ͲǤͷ െ

� ൌ ͳ
ͳ ǡ ݔܣ ൅ ݔܤ ൌ െͳ

ͳ ൅ ͲǤͷ
ͲǤͷ ൌ െͲǤͷ

ͳǤͷ

ࢊࢋ࢚ࢇ࢚࢕࢘࢞࢞

ࢊࢋࢠࢋࢋ࢛࢙ࢗ࢞

࡯࢞



Sum of Transforms
Ɣ ܣ ܤ

Ɣ ܥ ൌ ܣ ൅ ܤ

ܥ ൌ ݔܣ ൅ ݔܤ

Ɣ

ܣ ൌ Ͳ െͳ
ͳ Ͳ െ ܤ ൌ ͲǤͷ Ͳ

Ͳ ͲǤͷ െ

� ൌ ͳ
ͳ ǡ ݔܣ ൅ ݔܤ ൌ െͳ

ͳ ൅ ͲǤͷ
ͲǤͷ ൌ െͲǤͷ

ͳǤͷ

ࢊࢋ࢚ࢇ࢚࢕࢘࢞࢞

ࢊࢋࢠࢋࢋ࢛࢙ࢗ࢞

࡯࢞



Inverse 
Transform



Inverse transform
ܣ

ଵିܣ

ଵିܣ ݔܣ ൌ ݔ ฻ ܣଵିܣ ൌ ܧ െ



Inverse transform
Ɣ ܣ

ଵିܣ

ଵିܣ ݔܣ ൌ ݔ ฻ ܣଵିܣ ൌ ܧ െ



Inverse transform
Ɣ ܣ

Ɣ ଵିܣ

ଵିܣ ݔܣ ൌ ݔ ฻ ܣଵିܣ ൌ ܧ െ



Inverse transform
Ɣ ܣ

Ɣ ଵିܣ

ଵିܣ ݔܣ ൌ ݔ ฻ ܣଵିܣ ൌ ܧ െ



Inverse transform
Ɣ ܣ

Ɣ ଵିܣ

ଵିܣ ݔܣ ൌ ݔ ฻ ܣଵିܣ ൌ ܧ െ

Ɣ



Inverse transform
Ɣ ܣ

Ɣ ଵିܣ

ଵିܣ ݔܣ ൌ ݔ ฻ ܣଵିܣ ൌ ܧ െ

Ɣ

ż



Inverse transform
Ɣ ܣ

Ɣ ଵିܣ

ଵିܣ ݔܣ ൌ ݔ ฻ ܣଵିܣ ൌ ܧ െ

Ɣ

ż

ż



Inverse of a Matrix
Ɣ ݊ ݊ ܣ ଵିܣ

ଵି�ܣ ൌ ܣଵିܣ ൌ ܧ



Inverse of a Matrix
Ɣ ݊ ݊ ܣ ଵିܣ

ଵି�ܣ ൌ ܣଵିܣ ൌ ܧ

Ɣ



Inverse of a Matrix
Ɣ ݊ ݊ ܣ ଵିܣ

ଵି�ܣ ൌ ܣଵିܣ ൌ ܧ

Ɣ

Ɣ



Determinant



Determinant
Ɣ

ż

ż

Ɣ

https://youtu.be/Ip3X9LOh2dk


Determinant
Ɣ ܣ െ

ܣ
ܣ



Determinant
Ɣ ܣ െ

Ɣ ฻ ܣ
ܣ



Determinant
Ɣ ܣ െ

Ɣ ฻ ܣ
ܣ

ż ��� ܣ ് Ͳ

ǣܣ

ࢂ ࢂ

࢞૛
࢞૜
࢞૝

૚࢈

૜࢈
૝࢈

૛࢈

ࢂ ࢂ

࢞૚

࢞૜
࢞૝



Determinant
Ɣ ܣ െ

Ɣ ฻ ܣ
ܣ

ż ��� ܣ ് Ͳ

ǣܣ

ż ��� ܣ ൌ Ͳ:
฻

ܣ

ࢂ ࢂ

࢞૛
࢞૜
࢞૝

૚࢈

૜࢈
૝࢈

૛࢈

ࢂ ࢂ

࢞૚

࢞૜
࢞૝

ࢂ ࢂ

࢞૚

࢞૜
࢞૝

࢞૛
૜࢈
૝࢈

૛࢈
૚࢈



Computing Determinant

ܽ ܾ
ܿ ݀ ൌ ܽ݀ െ ܾܿ

ܴଽ଴ ൌ
Ͳ െͳ
ͳ Ͳ ൌ Ͳ െ െͳ ൌ ͳ ฻

ͻͲι



Computing Determinant

ܽ ܾ
ܿ ݀ ൌ ܽ݀ െ ܾܿ

Ɣ

ܴଽ଴ ൌ
Ͳ െͳ
ͳ Ͳ ൌ Ͳ െ െͳ ൌ ͳ ฻

ͻͲι



Computing Determinant

ܽ ܾ ܿ
݀ ݁ ݂
݃ ݄ ݅

ൌ ܽ ݁ ݂
݄ ݅

െ ܾ ݀ ݂
݃ ݅ ൅ ܿ ݀ ݁

݃ ݄

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ Ͳ

ൌ ͳ ڄ ͳ Ͳ
Ͳ Ͳ െ Ͳ ൅ Ͳ ൌ Ͳ ฻

ܻܺ



Computing Determinant

ܽ ܾ ܿ
݀ ݁ ݂
݃ ݄ ݅

ൌ ܽ ݁ ݂
݄ ݅

െ ܾ ݀ ݂
݃ ݅ ൅ ܿ ݀ ݁

݃ ݄

Ɣ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ Ͳ

ൌ ͳ ڄ ͳ Ͳ
Ͳ Ͳ െ Ͳ ൅ Ͳ ൌ Ͳ ฻

ܻܺ



Computing Determinant

Ɣ ܣ ൌ ሼܽ௜௝ሽ െ ݊ ൈ ݊
௜௝ܯ െ ฻ܯ௜௝ ݊ െ ͳ ൈ ݊ െ ͳ

݅ ݆ ܣ

��� ܣ ൌ෍
௜ୀଵ

௡

െͳ ௜ା௝ ௜௝ܯ��� ൌ෍
௝ୀଵ

௡

െͳ ௜ା௝ ௜௝ܯ���



Computing Determinant

Ɣ ܣ ൌ ሼܽ௜௝ሽ െ ݊ ൈ ݊

Ɣ ௜௝ܯ െ ฻ܯ௜௝ ݊ െ ͳ ൈ ݊ െ ͳ
݅ ݆ ܣ

��� ܣ ൌ෍
௜ୀଵ

௡

െͳ ௜ା௝ ௜௝ܯ��� ൌ෍
௝ୀଵ

௡

െͳ ௜ା௝ ௜௝ܯ���



Computing Determinant

Ɣ ܣ ൌ ሼܽ௜௝ሽ െ ݊ ൈ ݊

Ɣ ௜௝ܯ െ ฻ܯ௜௝ ݊ െ ͳ ൈ ݊ െ ͳ
݅ ݆ ܣ

��� ܣ ൌ෍
௜ୀଵ

௡

െͳ ௜ା௝ܽ௜௝ ௜௝ܯ��� ൌ෍
௝ୀଵ

௡

െͳ ௜ା௝ܽ௜௝ ௜௝ܯ���



Computing Determinant

Ɣ ܣ ൌ ሼܽ௜௝ሽ െ ݊ ൈ ݊

Ɣ ௜௝ܯ െ ฻ܯ௜௝ ݊ െ ͳ ൈ ݊ െ ͳ
݅ ݆ ܣ

��� ܣ ൌ෍
௜ୀଵ

௡

െͳ ௜ା௝ܽ௜௝ ௜௝ܯ��� ൌ෍
௝ୀଵ

௡

െͳ ௜ା௝ܽ௜௝ ௜௝ܯ���

Ɣ



Some Properties of the Determinant

Ɣ ��� ்ܣ ൌ ��� ܣ

Ɣ ��� ܤܣ ൌ ��� ܣ ڄ ��� ܤ

Ɣ ��� ଵିܣ ൌ ଵ
ୢୣ୲ ஺



Finding 
Inverse of a 

Matrix

99



Gaussian Elimination

Ɣ ܣ ൌ
ͳ Ͳ ͳ
Ͳ ʹ ͳ
ͳ ͳ ͳ

Ɣ ��� ܣ ് Ͳ ฺ ଵିܣ

ͳ Ͳ ͳ
Ͳ ʹ ͳ
ͳ ͳ ͳ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ



Gaussian Elimination

Ɣ ܣ ൌ
ͳ Ͳ ͳ
Ͳ ʹ ͳ
ͳ ͳ ͳ

Ɣ ��� ܣ ് Ͳ ฺ ଵିܣ

Ɣ

ͳ Ͳ ͳ
Ͳ ʹ ͳ
ͳ ͳ ͳ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ



Gaussian Elimination

Ɣ ܣ ൌ
ͳ Ͳ ͳ
Ͳ ʹ ͳ
ͳ ͳ ͳ

Ɣ ��� ܣ ് Ͳ ฺ ଵିܣ

Ɣ

ͳ Ͳ ͳ
Ͳ ʹ ͳ
ͳ ͳ ͳ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

Ɣ



Gaussian Elimination
Ɣ

ż

ż

ż

ͳ Ͳ ͳ
Ͳ ʹ ͳ
ͳ ͳ ͳ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ



Gaussian Elimination

ͳ Ͳ ͳ
Ͳ ʹ ͳ
ͳ ͳ ͳ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

՜ ͵ െ ͳ ՜
ͳ Ͳ ͳ
Ͳ ʹ ͳ
Ͳ ͳ Ͳ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
െͳ Ͳ ͳ

՜

՜ ʹ െ ʹ ڄ ͵ ՜
ͳ Ͳ ͳ
Ͳ Ͳ ͳ
Ͳ ͳ Ͳ

ͳ Ͳ Ͳ
ʹ ͳ െʹ
െͳ Ͳ ͳ

՜ ͳ െ ʹ ՜
ͳ Ͳ Ͳ
Ͳ Ͳ ͳ
Ͳ ͳ Ͳ

െͳ െͳ ʹ
ʹ ͳ െʹ
െͳ Ͳ ͳ

՜

՜ ݌ܽݓݏ ʹ ܽ݊݀ ͵ ՜
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

െͳ െͳ ʹ
െͳ Ͳ ͳ
ʹ ͳ െʹ



Gaussian Elimination

ͳ Ͳ ͳ
Ͳ ʹ ͳ
ͳ ͳ ͳ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

՜ ͵ െ ͳ ՜
ͳ Ͳ ͳ
Ͳ ʹ ͳ
Ͳ ͳ Ͳ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
െͳ Ͳ ͳ

՜

՜ ʹ െ ʹ ڄ ͵ ՜
ͳ Ͳ ͳ
Ͳ Ͳ ͳ
Ͳ ͳ Ͳ

ͳ Ͳ Ͳ
ʹ ͳ െʹ
െͳ Ͳ ͳ

՜ ͳ െ ʹ ՜
ͳ Ͳ Ͳ
Ͳ Ͳ ͳ
Ͳ ͳ Ͳ

െͳ െͳ ʹ
ʹ ͳ െʹ
െͳ Ͳ ͳ

՜

՜ ݌ܽݓݏ ʹ ܽ݊݀ ͵ ՜
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

െͳ െͳ ʹ
െͳ Ͳ ͳ
ʹ ͳ െʹ



Gaussian Elimination

ͳ Ͳ ͳ
Ͳ ʹ ͳ
ͳ ͳ ͳ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

՜ ͵ െ ͳ ՜
ͳ Ͳ ͳ
Ͳ ʹ ͳ
Ͳ ͳ Ͳ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
െͳ Ͳ ͳ

՜

՜ ʹ െ ʹ ڄ ͵ ՜
ͳ Ͳ ͳ
Ͳ Ͳ ͳ
Ͳ ͳ Ͳ

ͳ Ͳ Ͳ
ʹ ͳ െʹ
െͳ Ͳ ͳ

՜ ͳ െ ʹ ՜
ͳ Ͳ Ͳ
Ͳ Ͳ ͳ
Ͳ ͳ Ͳ

െͳ െͳ ʹ
ʹ ͳ െʹ
െͳ Ͳ ͳ

՜

՜ ݌ܽݓݏ ʹ ܽ݊݀ ͵ ՜
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

െͳ െͳ ʹ
െͳ Ͳ ͳ
ʹ ͳ െʹ



Gaussian Elimination

ͳ Ͳ ͳ
Ͳ ʹ ͳ
ͳ ͳ ͳ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

՜ ͵ െ ͳ ՜
ͳ Ͳ ͳ
Ͳ ʹ ͳ
Ͳ ͳ Ͳ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
െͳ Ͳ ͳ

՜

՜ ʹ െ ʹ ڄ ͵ ՜
ͳ Ͳ ͳ
Ͳ Ͳ ͳ
Ͳ ͳ Ͳ

ͳ Ͳ Ͳ
ʹ ͳ െʹ
െͳ Ͳ ͳ

՜ ͳ െ ʹ ՜
ͳ Ͳ Ͳ
Ͳ Ͳ ͳ
Ͳ ͳ Ͳ

െͳ െͳ ʹ
ʹ ͳ െʹ
െͳ Ͳ ͳ

՜

՜ ݌ܽݓݏ ʹ ܽ݊݀ ͵ ՜
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

െͳ െͳ ʹ
െͳ Ͳ ͳ
ʹ ͳ െʹ



Gaussian Elimination

ͳ Ͳ ͳ
Ͳ ʹ ͳ
ͳ ͳ ͳ

ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

՜ ڮ ՜
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

െͳ െͳ ʹ
െͳ Ͳ ͳ
ʹ ͳ െʹ

ܣ ൌ
ͳ Ͳ ͳ
Ͳ ʹ ͳ
ͳ ͳ ͳ

ǡ ଵିܣ ൌ
െͳ െͳ ʹ
െͳ Ͳ ͳ
ʹ ͳ െʹ

ǡ ଵିܣܣ ൌ ܣଵିܣ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ



Rank



Column Space
Ɣ ܣ

Ɣ ଵǡǥܣ ǡ ௡ܣ

ܷ ൌ ݊ܽ݌ݏ ଵǡǥܣ ǡ ௡ܣ െ ܣ

ܣ



Column Space
Ɣ ܣ

Ɣ ଵǡǥܣ ǡ ௡ܣ

Ɣ ܷ ൌ ݊ܽ݌ݏ ଵǡǥܣ ǡ ௡ܣ െ ܣ

ż ܣ

ż ฻ ܣ
ܣ



Rank
Ɣ ܷ ൌ ݊ܽ݌ݏ ଵǡǥܣ ǡ ௡ܣ

ܣ

Ɣ



Rank
Ɣ ܷ ൌ ݊ܽ݌ݏ ଵǡǥܣ ǡ ௡ܣ

ܣ

Ɣ

ż ݊

ż



Rank: Examples

Ɣ ܣ ൌ
ͳ ʹ ͵
Ͳ Ͳ Ͳ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͳ

Ɣ ܤ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ ʹ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ʹ

Ɣ ܥ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͵



Rank: Examples

Ɣ ܣ ൌ
ͳ ʹ ͵
Ͳ Ͳ Ͳ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͳ

Ɣ ܤ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ ʹ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ʹ

Ɣ ܥ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͵



Rank: Examples

Ɣ ܣ ൌ
ͳ ʹ ͵
Ͳ Ͳ Ͳ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͳ

Ɣ ܤ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ ʹ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ʹ

Ɣ ܥ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͵



Rank: Examples

Ɣ ܣ ൌ
ͳ ʹ ͵
Ͳ Ͳ Ͳ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͳ

Ɣ ܤ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ ʹ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ʹ

Ɣ ܥ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͵



Column vs Row Rank
Ɣ ܣ ܣ

ܣ ܣ



Column vs Row Rank
Ɣ ܣ ܣ

Ɣ ܣ ܣ



Column vs Row Rank
Ɣ ܣ ܣ

Ɣ ܣ ܣ

Ɣ



Column vs Row Rank
Ɣ ܣ ܣ

Ɣ ܣ ܣ

Ɣ

Ɣ

https://en.wikipedia.org/wiki/Rank_(linear_algebra)#Proofs_that_column_rank_=_row_rank


Rank
Ɣ ݊

Թ௡

ଵǡݔ ଶǡݔ ǥ ǡ ௠ݔ א Թ௡

ܺ ൌ ଵݔ ଶݔ ǥ ȁ ௡ݔ ൌ

ଵଵݔ ଵଶݔ ǥ ଵ௠ݔ
ଶଵݔ ଶଶݔ ǥ ଶ௠ݔ
ǥ ǥ ǥ ǥ
௡ଵݔ ௡ଶݔ ǥ ௡௠ݔ

݇݊ܽݎ ܺ ൑ ��� ݊ǡ݉



Rank
Ɣ ݊

Թ௡

Ɣ ଵǡݔ ଶǡݔ ǥ ǡ ௠ݔ א Թ௡

ܺ ൌ ଵݔ ଶݔ ǥ ȁ ௡ݔ ൌ

ଵଵݔ ଵଶݔ ǥ ଵ௠ݔ
ଶଵݔ ଶଶݔ ǥ ଶ௠ݔ
ǥ ǥ ǥ ǥ
௡ଵݔ ௡ଶݔ ǥ ௡௠ݔ

݇݊ܽݎ ܺ ൑ ��� ݊ǡ݉



Rank
Ɣ ݊

Թ௡

Ɣ ଵǡݔ ଶǡݔ ǥ ǡ ௠ݔ א Թ௡

ܺ ൌ ଵݔ ଶݔ ǥ ȁ ௡ݔ ൌ

ଵଵݔ ଵଶݔ ǥ ଵ௠ݔ
ଶଵݔ ଶଶݔ ǥ ଶ௠ݔ
ǥ ǥ ǥ ǥ
௡ଵݔ ௡ଶݔ ǥ ௡௠ݔ

݇݊ܽݎ ܺ ൑ ��� ݊ǡ݉



Rank
Ɣ ݊

Թ௡

Ɣ ଵǡݔ ଶǡݔ ǥ ǡ ௠ݔ א Թ௡

ܺ ൌ ଵݔ ଶݔ ǥ ȁ ௡ݔ ൌ

ଵଵݔ ଵଶݔ ǥ ଵ௠ݔ
ଶଵݔ ଶଶݔ ǥ ଶ௠ݔ
ǥ ǥ ǥ ǥ
௡ଵݔ ௡ଶݔ ǥ ௡௠ݔ

݇݊ܽݎ ܺ ൑ ��� ݊ǡ݉



Rank: Examples

Ɣ ܣ ൌ
ͳ ʹ ͵
Ͳ Ͳ Ͳ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͳ ฻ Թଷ

Ɣ ܤ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ ʹ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ʹ ฻ Թଷ

Ɣ ܥ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͵ ฻ Թଷ



Rank: Examples

Ɣ ܣ ൌ
ͳ ʹ ͵
Ͳ Ͳ Ͳ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͳ ฻ Թଷ

Ɣ ܤ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ ʹ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ʹ ฻ Թଷ

Ɣ ܥ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͵ ฻ Թଷ



Rank: Examples

Ɣ ܣ ൌ
ͳ ʹ ͵
Ͳ Ͳ Ͳ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͳ ฻ Թଷ

Ɣ ܤ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ ʹ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ʹ ฻ Թଷ

Ɣ ܥ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͵ ฻ Թଷ



Rank: Examples

Ɣ ܣ ൌ
ͳ ʹ ͵
Ͳ Ͳ Ͳ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͳ ฻ Թଷ

Ɣ ܤ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ ʹ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ʹ ฻ Թଷ

Ɣ ܥ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͵ ฻ Թଷ



Rank: Examples

Ɣ ܣ ൌ
ͳ ʹ ͵
Ͳ Ͳ Ͳ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͳ ฻ Թଷ

Ɣ ܤ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ ʹ
Ͳ Ͳ Ͳ

ǡ ݇݊ܽݎ ܣ ൌ ʹ ฻ Թଷ

Ɣ ܥ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ ͳ

ǡ ݇݊ܽݎ ܣ ൌ ͵ ฻ Թଷ

Infinitely many vectors are mapped into a zero vector.

Infinitely many vectors are mapped into a zero vector.

Only a zero vector is mapped into a zero vector.



Null space
Ɣ Ͳ ܣ

ܻܺ

ܣ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ Ͳ

ǡ ܣ
Ͳ
Ͳ
ݖ

ൌ
Ͳ
Ͳ
Ͳ

ฺ

ݒ א Թଷ ȁ ݒ ൌ
Ͳ
Ͳ
ݖ
ǡ ݖ א Թ



Null space
Ɣ Ͳ ܣ

Ɣ ܻܺ

ܣ ൌ
ͳ Ͳ Ͳ
Ͳ ͳ Ͳ
Ͳ Ͳ Ͳ

ǡ ܣ
Ͳ
Ͳ
ݖ

ൌ
Ͳ
Ͳ
Ͳ

ฺ

ݒ א Թଷ ȁ ݒ ൌ
Ͳ
Ͳ
ݖ
ǡ ݖ א Թ



Systems of 
Linear 

Equations



What is a SLE?

ቐ
ଵݔʹ ൅ ͷݔଶ ൅ ଷݔ͵ ൌ െ͵
Ͷݔଵ ൅ Ͳݔଶ ൅ ͺݔଷ ൌ Ͳ
ͳݔଵ ൅ ଶݔ͵ ൅ Ͳݔଷ ൌ ʹ



Solutions to SLE

1. ቊݔ ൅ ݕ ൌ ͳ
ݔ ൅ ݕ ൌ ʹ

2. ቊ ݔ ൅ ݕ ൌ ͳ
ݔʹ ൅ ݕ ൌ ʹ

3. ቊ ݔ ൅ ݕ ൌ ͳ
ݔʹ ൅ ݕʹ ൌ ʹ



Solutions to SLE

1. ቊݔ ൅ ݕ ൌ ͳ
ݔ ൅ ݕ ൌ ʹ

2. ቊ ݔ ൅ ݕ ൌ ͳ
ݔʹ ൅ ݕ ൌ ʹ

3. ቊ ݔ ൅ ݕ ൌ ͳ
ݔʹ ൅ ݕʹ ൌ ʹ

ݔ ൌ ͳǡ ݕ ൌ Ͳ



SLE: Matrix Notation

ቐ
ଵݔʹ ൅ ͷݔଶ ൅ ଷݔ͵ ൌ െ͵
Ͷݔଵ ൅ Ͳݔଶ ൅ ͺݔଷ ൌ Ͳ
ͳݔଵ ൅ ଶݔ͵ ൅ Ͳݔଷ ൌ ʹ

ܣ ൌ
ʹ ͷ ͵
Ͷ Ͳ ͺ
ͳ ͵ Ͳ

ǡ ܾ ൌ
െ͵
Ͳ
ʹ

ǡ ݔ ൌ
ଵݔ
ଶݔ
ଷݔ

ݔܣ ൌ ܾ

ݔ ܾ ܣ



SLE: Matrix Notation

ቐ
ଵݔʹ ൅ ͷݔଶ ൅ ଷݔ͵ ൌ െ͵
Ͷݔଵ ൅ Ͳݔଶ ൅ ͺݔଷ ൌ Ͳ
ͳݔଵ ൅ ଶݔ͵ ൅ Ͳݔଷ ൌ ʹ

ܣ ൌ
ʹ ͷ ͵
Ͷ Ͳ ͺ
ͳ ͵ Ͳ

ǡ ܾ ൌ
െ͵
Ͳ
ʹ

ǡ ݔ ൌ
ଵݔ
ଶݔ
ଷݔ

ݔܣ ൌ ܾ

ݔ ܾ ܣ



SLE: Matrix Notation

ቐ
ଵݔʹ ൅ ͷݔଶ ൅ ଷݔ͵ ൌ െ͵
Ͷݔଵ ൅ Ͳݔଶ ൅ ͺݔଷ ൌ Ͳ
ͳݔଵ ൅ ଶݔ͵ ൅ Ͳݔଷ ൌ ʹ

ܣ ൌ
ʹ ͷ ͵
Ͷ Ͳ ͺ
ͳ ͵ Ͳ

ǡ ܾ ൌ
െ͵
Ͳ
ʹ

ǡ ݔ ൌ
ଵݔ
ଶݔ
ଷݔ

ݔܣ ൌ ܾ

ݔ ܾ ܣ



Number of Solutions
Ɣ ݔܣ ൌ ܾ ݔ ܾ ܣ

࡭ܜ܍܌ ് ૙ ଵǣିܣ ݔ ൌ ଵܾିܣ

࡭ܜ܍܌ ൌ ૙

ܣ

ܾ



Number of Solutions
Ɣ ݔܣ ൌ ܾ ݔ ܾ ܣ

Ɣ ࡭ܜ܍܌ ് ૙ ଵǣିܣ ݔ ൌ ଵܾିܣ

࡭ܜ܍܌ ൌ ૙

ܣ

ܾ



Number of Solutions
Ɣ ݔܣ ൌ ܾ ݔ ܾ ܣ

Ɣ ࡭ܜ܍܌ ് ૙ ଵǣିܣ ݔ ൌ ଵܾିܣ

Ɣ ࡭ܜ܍܌ ൌ ૙

ܣ

ܾ



Number of Solutions
Ɣ ݔܣ ൌ ܾ ݔ ܾ ܣ

Ɣ ࡭ܜ܍܌ ് ૙ ଵǣିܣ ݔ ൌ ଵܾିܣ

Ɣ ࡭ܜ܍܌ ൌ ૙

ܣ

ܾ



Number of Solutions
Ɣ ݔܣ ൌ ܾ ݔ ܾ ܣ

Ɣ ࡭ܜ܍܌ ് ૙ ଵǣିܣ ݔ ൌ ଵܾିܣ

Ɣ ࡭ܜ܍܌ ൌ ૙

ܣ

ܾ



Solutions to SLE

1. ቊݔ ൅ ݕ ൌ ͳ
ݔ ൅ ݕ ൌ ʹ

2. ቊ ݔ ൅ ݕ ൌ ͳ
ݔʹ ൅ ݕ ൌ ʹ

3. ቊ ݔ ൅ ݕ ൌ ͳ
ݔʹ ൅ ݕʹ ൌ ʹ

ܣ ൌ ͳ ͳ
ͳ ͳ ǡ ��� ܣ ൌ Ͳ ܣ Թଶ

ܾ ൌ ͳǡ ʹ ்

ݔ ൌ ͳǡ ݕ ൌ Ͳ

ܣ ൌ ͳ ͳ
ʹ ͳ ǡ ��� ܣ ് ͲǤ

ܣ ൌ ͳ ͳ
ʹ ʹ ǡ ��� ܣ ൌ Ͳ ܣ Թଶ

ܾ ൌ ͳǡ ʹ ்



Solutions to SLE

1. ቊݔ ൅ ݕ ൌ ͳ
ݔ ൅ ݕ ൌ ʹ

2. ቊ ݔ ൅ ݕ ൌ ͳ
ݔʹ ൅ ݕ ൌ ʹ

3. ቊ ݔ ൅ ݕ ൌ ͳ
ݔʹ ൅ ݕʹ ൌ ʹ

ܣ ൌ ͳ ͳ
ͳ ͳ ǡ ��� ܣ ൌ Ͳ ܣ Թଶ

ܾ ൌ ͳǡ ʹ ்

ݔ ൌ ͳǡ ݕ ൌ Ͳ

ܣ ൌ ͳ ͳ
ʹ ͳ ǡ ��� ܣ ് ͲǤ

ܣ ൌ ͳ ͳ
ʹ ʹ ǡ ��� ܣ ൌ Ͳ ܣ Թଶ

ܾ ൌ ͳǡ ʹ ்



Solutions to SLE

1. ቊݔ ൅ ݕ ൌ ͳ
ݔ ൅ ݕ ൌ ʹ

2. ቊ ݔ ൅ ݕ ൌ ͳ
ݔʹ ൅ ݕ ൌ ʹ

3. ቊ ݔ ൅ ݕ ൌ ͳ
ݔʹ ൅ ݕʹ ൌ ʹ

ܣ ൌ ͳ ͳ
ͳ ͳ ǡ ��� ܣ ൌ Ͳ ܣ Թଶ

ܾ ൌ ͳǡ ʹ ்

ݔ ൌ ͳǡ ݕ ൌ Ͳ

ܣ ൌ ͳ ͳ
ʹ ͳ ǡ ��� ܣ ് ͲǤ

ܣ ൌ ͳ ͳ
ʹ ʹ ǡ ��� ܣ ൌ Ͳ ܣ Թଶ

ܾ ൌ ͳǡ ʹ ்



Number of Solutions
Ɣ ݔܣ ൌ ܾ ݔ ܾ ܣ

Ɣ ࡭ܜ܍܌ ് ૙ ଵǣିܣ ݔ ൌ ଵܾିܣ

Ɣ ࡭ܜ܍܌ ൌ ૙

ܣ

ܾ



Number of Solutions
Ɣ ݔܣ ൌ ܾ െ

Ɣ ܣ ܾ ൌ
ܽଵଵ ǥ ܽଵ௡ ܾଵ
Ǥ Ǥ Ǥ Ǥ Ǥ Ǥ ǥ
ܽ௠ଵ ǥ ܽ௠௡ ܾ௡



Number of Solutions
Ɣ ݔܣ ൌ ܾ െ

Ɣ ܣ ܾ ൌ
ܽଵଵ ǥ ܽଵ௡ ܾଵ
Ǥ Ǥ Ǥ Ǥ Ǥ Ǥ ǥ
ܽ௠ଵ ǥ ܽ௠௡ ܾ௡

ż ݔܣ ൌ ܾ ฻ ݇݊ܽݎ ܣ ܾ ൌ ݇݊ܽݎ ܣ ൌ ݊



Number of Solutions
Ɣ ݔܣ ൌ ܾ െ

Ɣ ܣ ܾ ൌ
ܽଵଵ ǥ ܽଵ௡ ܾଵ
Ǥ Ǥ Ǥ Ǥ Ǥ Ǥ ǥ
ܽ௠ଵ ǥ ܽ௠௡ ܾ௡

ż ݔܣ ൌ ܾ ฻ ݇݊ܽݎ ܣ ܾ ൌ ݇݊ܽݎ ܣ ൌ ݊

ż ݔܣ ൌ ܾ ฻ ݇݊ܽݎ ܣ ܾ ൌ ݇݊ܽݎ ܣ ൏ ݊



Number of Solutions
Ɣ ݔܣ ൌ ܾ െ

Ɣ ܣ ܾ ൌ
ܽଵଵ ǥ ܽଵ௡ ܾଵ
Ǥ Ǥ Ǥ Ǥ Ǥ Ǥ ǥ
ܽ௠ଵ ǥ ܽ௠௡ ܾ௡

ż ݔܣ ൌ ܾ ฻ ݇݊ܽݎ ܣ ܾ ൌ ݇݊ܽݎ ܣ ൌ ݊

ż ݔܣ ൌ ܾ ฻ ݇݊ܽݎ ܣ ܾ ൌ ݇݊ܽݎ ܣ ൏ ݊

ż ݔܣ ൌ ܾ ฻ ݇݊ܽݎ ܣ ܾ ൐ ݇݊ܽݎ ܣ



Solutions to SLE

1. ቊݔ ൅ ݕ ൌ ͳ
ݔ ൅ ݕ ൌ ʹ

2. ቊ ݔ ൅ ݕ ൌ ͳ
ݔʹ ൅ ݕ ൌ ʹ

3. ቊ ݔ ൅ ݕ ൌ ͳ
ݔʹ ൅ ݕʹ ൌ ʹ

ͳ ൌ ݇݊ܽݎ ܣ ൏ ݇݊ܽݎ ȁܾܣ ൌ ʹ

ݔ ൌ ͳǡ ݕ ൌ Ͳ
݇݊ܽݎ ܣ ൌ ݇݊ܽݎ ȁܾܣ ൌ ʹ

݇݊ܽݎ ܣ ൌ ݇݊ܽݎ ȁܾܣ ൌ ͳ ൏ ʹ



Gaussian 
Elimination
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Gaussian elimination
Ɣ ݔܣ ൌ ܾ

ܣ ൌ
ͳ ͵ െʹ
͵ ͷ ͸
ʹ Ͷ ͵

ǡ ܾ ൌ
ͷ
͹
ͺ



Gaussian elimination
Ɣ ݔܣ ൌ ܾ

ܣ ൌ
ͳ ͵ െʹ
͵ ͷ ͸
ʹ Ͷ ͵

ǡ ܾ ൌ
ͷ
͹
ͺ

Ɣ



Gaussian elimination
Ɣ ݔܣ ൌ ܾ

ܣ ൌ
ͳ ͵ െʹ
͵ ͷ ͸
ʹ Ͷ ͵

ǡ ܾ ൌ
ͷ
͹
ͺ

Ɣ



Gaussian Elimination 
Ɣ ݔܣ ൌ ܾ െ

ܣ ൌ
ͳ ͳ ͳ
Ͳ ͳ െ͵
ʹ ͳ ͷ

ǡ ܾ ൌ
ʹ
ͳ
Ͳ

ͳ ͳ ͳ
Ͳ ͳ െ͵
ʹ ͳ ͷ

ʹ
ͳ
Ͳ

՜ ڮ ՜
ͳ Ͳ Ͷ
Ͳ ͳ െ͵
Ͳ Ͳ Ͳ

ͳ
ͳ
െ͵



Gaussian Elimination 
Ɣ ݔܣ ൌ ܾ െ

ܣ ൌ
ͳ ͳ ͳ
Ͳ ͳ െ͵
ʹ ͳ ͷ

ǡ ܾ ൌ
ʹ
ͳ
Ͳ

Ɣ

ͳ ͳ ͳ
Ͳ ͳ െ͵
ʹ ͳ ͷ

ʹ
ͳ
Ͳ

՜ ڮ ՜
ͳ Ͳ Ͷ
Ͳ ͳ െ͵
Ͳ Ͳ Ͳ

ͳ
ͳ
െ͵



Gaussian Elimination 
Ɣ ݔܣ ൌ ܾ െ

ܣ ൌ
ͳ ͳ ͳ
Ͳ ͳ െ͵
ʹ ͳ ͷ

ǡ ܾ ൌ
ʹ
ͳ
Ͳ

Ɣ

ͳ ͳ ͳ
Ͳ ͳ െ͵
ʹ ͳ ͷ

ʹ
ͳ
Ͳ

՜ ڮ ՜
ͳ Ͳ Ͷ
Ͳ ͳ െ͵
Ͳ Ͳ Ͳ

ͳ
ͳ
െ͵



Gaussian Elimination 
Ɣ ݔܣ ൌ ܾ െ

ܣ ൌ
െ͵ െͷ ͵͸
െͳ Ͳ ͹
ͳ ͳ െͳͲ

ǡ ܾ ൌ
ͳͲ
ͷ
െͶ

Ɣ

െ͵ െͷ ͵͸
െͳ Ͳ ͹
ͳ ͳ െͳͲ

ͳͲ
ͷ
െͶ

՜ ڮ ՜
ͳ Ͳ െ͹
Ͳ ʹ െ͵
Ͳ Ͳ Ͳ

െͷ
െͳ
Ͳ



Gaussian Elimination 
Ɣ ݔܣ ൌ ܾ െ

ܣ ൌ
െ͵ െͷ ͵͸
െͳ Ͳ ͹
ͳ ͳ െͳͲ

ǡ ܾ ൌ
ͳͲ
ͷ
െͶ

Ɣ

െ͵ െͷ ͵͸
െͳ Ͳ ͹
ͳ ͳ െͳͲ

ͳͲ
ͷ
െͶ

՜ ڮ ՜
ͳ Ͳ െ͹
Ͳ ʹ െ͵
Ͳ Ͳ Ͳ

െͷ
െͳ
Ͳ



Gaussian Elimination 
Ɣ ݔܣ ൌ ܾ െ

ܣ ൌ
െ͵ െͷ ͵͸
െͳ Ͳ ͹
ͳ ͳ െͳͲ

ǡ ܾ ൌ
ͳͲ
ͷ
െͶ

Ɣ

െ͵ െͷ ͵͸
െͳ Ͳ ͹
ͳ ͳ െͳͲ

ͳͲ
ͷ
െͶ

՜ ڮ ՜
ͳ Ͳ െ͹
Ͳ ʹ െ͵
Ͳ Ͳ Ͳ

െͷ
െͳ
Ͳ



Homogeneous
SLE 

164



Homogeneous SLE

ቐ
ଵݔʹ ൅ ͷݔଶ ൅ ଷݔ͵ ൌ Ͳ
Ͷݔଵ ൅ Ͳݔଶ ൅ ͺݔଷ ൌ Ͳ
ͳݔଵ ൅ ଶݔ͵ ൅ Ͳݔଷ ൌ Ͳ



Homogeneous SLE

ݔܣ ൌ Ͳ

ܣ

ܣ���� ൌ ݏ݈ܾ݁ܽ݅ݎܽݒ͓ ՜
ܣ���� ൏ ݏ݈ܾ݁ܽ݅ݎܽݒ͓ ՜



Homogeneous SLE

ݔܣ ൌ Ͳ

ܣ

ܣ���� ൌ ݏ݈ܾ݁ܽ݅ݎܽݒ͓ ՜
ܣ���� ൏ ݏ݈ܾ݁ܽ݅ݎܽݒ͓ ՜



Homogeneous SLE

ݔܣ ൌ Ͳ

ܣ

ܣ���� ൌ ݏ݈ܾ݁ܽ݅ݎܽݒ͓ ՜
ܣ���� ൏ ݏ݈ܾ݁ܽ݅ݎܽݒ͓ ՜



Homogeneous SLE
Ɣ ݔܣ ൌ Ͳ
Ɣ ܸ

ݒ׊ א ܸ ݒܣ ൌ Ͳ

܄



Homogeneous SLE
Ɣ ݔܣ ൌ Ͳ
Ɣ ܸ

ݒ׊ א ܸ ݒܣ ൌ Ͳ

Ɣ

ż Ͳ א ܸ ܣ ڄ Ͳ ൌ Ͳ

܄



Homogeneous SLE
Ɣ ݔܣ ൌ Ͳ
Ɣ ܸ

ݒ׊ א ܸ ݒܣ ൌ Ͳ

Ɣ

ż Ͳ א ܸ ܣ ڄ Ͳ ൌ Ͳ

ż ݒ׊ א ܸ ՜ ݒߣ א ܸ
ܣ ݒߣ ൌ ݒܣߣ ൌ Ͳ

܄



Homogeneous SLE
Ɣ ݔܣ ൌ Ͳ
Ɣ ܸ

ݒ׊ א ܸ ݒܣ ൌ Ͳ

Ɣ

ż Ͳ א ܸ ܣ ڄ Ͳ ൌ Ͳ

ż ݒ׊ א ܸ ՜ ݒߣ א ܸ
ܣ ݒߣ ൌ ݒܣߣ ൌ Ͳ

ż ଵǡݒ׊ ଶݒ א ܸ ՜ ଵݒ ൅ ଶݒ א ܸ
ܣ ଵݒ ൅ ଶݒ ൌ ଵݒܣ ൅ ଶݒܣ ൌ Ͳ

܄



Homogeneous SLE
Ɣ ݔܣ ൌ Ͳ
Ɣ ܸ

ݒ׊ א ܸ ݒܣ ൌ Ͳ

Ɣ

ż Ͳ א ܸ ܣ ڄ Ͳ ൌ Ͳ

ż ݒ׊ א ܸ ՜ ݒߣ א ܸ
ܣ ݒߣ ൌ ݒܣߣ ൌ Ͳ

ż ଵǡݒ׊ ଶݒ א ܸ ՜ ଵݒ ൅ ଶݒ א ܸ
ܣ ଵݒ ൅ ଶݒ ൌ ଵݒܣ ൅ ଶݒܣ ൌ Ͳ

܄



To sum up
Ɣ

Ɣ

Ɣ

Ɣ

Ɣ

Ɣ


