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Linear Algebra: Core Objects

e a€R-ascalar Example: —2
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Linear Algebra: Core Objects

e a €R-ascalar

Example: —2

e x €R"-avector with n entries

Xy
X2

| Xn_

Example:

1
2
3

€ R3,

L:J1-[>w[\3+—:x

€ R
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Linear Algebra: Core Objects

e a €R-ascalar

Example: —2

e x €R"-avector with n entries

o -
X
x1 1 2
2 _ 3 c
: EFxample: |2] € R, 3leR
Xn | 3 ‘51
e A€ R™™-3matrixwith m rows and n columns
a12 A1n
a a
o o Example: (1) (1)] € R2%2, [ ] c R2X3
Am2 Amn

10
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< e x €R"-avector with n entries
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What are Vectors?

e Ordered sets of numbers: x = [1,2]

girafe
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What are Vectors?

e Ordered sets of numbers: x = [1,2]

e A point with Cartesian coordinates
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What are Vectors?

e Ordered sets of numbers: x = [1,2]

s

Z

e A point with Cartesian coordinates

N

e Direction + length | /
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Vector Space: Definition

e Avreal-valued vector space (V,+, -) is a set of vectors V with two operations

(D) +: VXV -V, (2)-: RXV -V
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Vector Space: Definition

e Avreal-valued vector space (V,+, -) is a set of vectors V with two operations

s

(D +: VXV -V, (2)-: RXV >V

Z

that satisty the following properties (axioms):

20 2

1. Associativity of addition x+(y+2)=(x+y)+z

2. Commutativity of addition X+y=y+x

3. ldentity element of addition d0€eV: VvxeV 0+x=x

4 Iden.tlt.y e!ement of scalar Vx €V 1.x=x

multiplication

5. Inverse element of addition VxeV I—x€eV: x+(—x)=0
JC 6. Compatibility of scalar multiplication a(fx) = (af)x

1. a+ f)x =ax + Px
D Distributivity (@+5) d
) ( 8 a(x+y)=ax+ ay

irafe
ai 17
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Let’s define vector operations!




Sum of two vectors:

l( Operations with Vectors

QPN

Va2\up

—~
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e R",

Vi

Y2

| Vn .

e R",

X+ty=

(X1 + Y1

Xy T Yo

| Xn + V2.

e R"
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Operations with Vectors

Sum of two vectors:

e R",

y:

e R",

Vi

Y2

| Vn .

e R",

a € R,

X+y

ax =

228

ax,

_axn_

(X1 + Y1

Xy T Yo

| Xn + V2.

€ R"

e R"

20
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Operations with Vectors: Example

A

x,y € R3:

2]
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Operations with Vectors: Example

A

10
10x=10

10

x,y € R3:

Multiplying by a scalar:

girafe
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i/{ Operations with Vectors: Example
J Q
P

x,y € R3:
1 0
. H '“”:H
1 1
Y < Multiplying by a scalar:
2N
10
= 10x=[0]
) (: 10
Q sum:
y 11 [01 [1
X+y= 0+‘1=[4
D, d

girafe

J

' ai



Vector Operations:
Geometrical Interpretation

a girafe
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Vectors: Geometrical Interpretation T
I

a=|[2,3]
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Vectors: Geometrical Interpretation T
I
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Vectors: Geometrical Interpretation f

2a = [4, 6]

—0.5d = [-1,—-1.5]
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Vectors: Geometrical Interpretation T
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Vectors: Geometrical Interpretation T
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Vectors: Geometrical Interpretation T
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Vectors: Geometrical Interpretation T
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Vectors: Geometrical Interpretation T
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Back to Vector Spaces




l{ Operations with Vectors
Sum of two vectors

X+y=

(X1 + V1]

X2 T Y2 c R

Xn + Y2

satisfy axioms (1) — (8)

(check it yourself)

(X1 (V1]
I B | V2
\/ =l YT
% Xn | Yn
= 2. Multiplying by a scalar:
& .
X1

—~

—
VY
=
|
£ S

J

a € R,

ax =

228

_axn_

ax
2l e R

34
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Vector Spaces

(R™, +,),n € N - a vector space with operations
1. vector addition:
x+y =%z %) + V1, Y2 0 Vn) = (X1 + Y1, 0, X0 + V)

. multiplication by a scalar:

ax = a(xqy,xy, ..., %,) = (axq, ax,, ..., ax,)

girafe
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Vector Spaces: Another Example

girafe
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Vector Spaces: Another Example

o P" -3 setof polynomials of degree < n with real coefficients

Example: P3? ={ax®+bx*+cx+d|ab,c,d € R}

girafe

&

37



.

Vector Spaces: Another Example

o P" -3 setof polynomials of degree < n with real coefficients

s

/\< - Example: P3 ={ax3+bx?*+cx+d|ab,c,d€ R}

\/ « We can add up polynomials:

% (apx™ + ap_x™ P+ +ag) + (bpx™ + bp_1x™ 4+ -+ by) =
=(a, + by)x" + (a1 + by D)x™ 1 + -+ (ag + by) € P"

/

3

va

N
—
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- a set of polynomials of degree < n with real coefficients

S( Vector Spaces: Another Example

- Example: P3 ={ax3+bx?*+cx+d|ab,c,d€ R}

« We can add up polynomials:

(apx™ + ap_x™ P+ +ag) + (bpx™ + bp_1x™ 4+ -+ by) =
= (an + bp)x™ + (ap—1 + by_)x™ 1 + -+ (ap + by) € P"

VO

\/
7\

o And we can multiply them by a real number:

Ma,x" +a,_x" 1+ +ay) = Aa,x" + da,_x* 1 + -+ g, € P"

@/*WJ

6 girafe
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Vector Spaces: Another Example

o P" -3 setof polynomials of degree < n with real coefficients

- Example: P3 ={ax3+bx?*+cx+d|ab,c,d€ R}

We can add up polynomials:

(apx™ + ap_x™ P+ +ag) + (bpx™ + bp_1x™ 4+ -+ by) =
= (an + bp)x™ + (ap—1 + by_)x™ 1 + -+ (ap + by) € P"

And we can multiply them by a real number:
Ma,x" +a,_x" 1+ +ay) = Aa,x" + da,_x* 1 + -+ g, € P"

o [hese operations satisty axioms (1) — (8)!

6 girafe - (P", +, ) is also a vector space!
' ai
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Inner Product

« Inner productisafunction (-, ): VxV - Rthat satisfies the
following properties:

o Symmetric: Vx,y €V (x,y) = (y, x)

o Positive definite: Yx € V \ {0} (x,x) > 0and (x,0) = 0.

42
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Dot Product

o A particular type of inner product.

girafe
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Dot Product

o A particular type of inner product.

Forx = x4, ..., x,], V= |y, o, Y] € R®

(x»y) = X1Y1 T XYy + 0+ XpVp

girafe
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Dot Product

o A particular type of inner product.
o FOrx=1|xq,...x,, v=1yy -,y € R"
(x»y) =X1Y1 T XY + o+ XV

« Example:

x=1[1,2,3,4, y=[-101,2]
(6, y)=1-(-1)+2-0+3-1+4-2=—-1+0+3+8=10

a girafe
P ai
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Euclidian Vector Space

. Avector space with inner product is called
an inner product space.

46
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Euclidian Vector Space

A vector space with inner product is called
an inner product space.

(R™, +,-) with dot product (+,-) is called
a Euclidian vector space.
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Euclidian Vector Space

. Avector space with inner product is called
an inner product space.

(R™, +,-) with dot product (+,-) is called
a Euclidian vector space.

Note: there're inner products different from dot product.

a girafe
P ai
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Norm

« A nNorm on avector spaceVisafunction |- |[: V- R which assigns
each vector x € V its length ||x|| € R.

girafe
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Norm

« A nNorm on avector spaceVisafunction |- |[: V- R which assigns
each vector x € V its length ||x|| € R.

A norm must satisfy the following properties:
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Norm

« A nNorm on avector spaceVisafunction |- |[: V- R which assigns
each vector x € V its length ||x|| € R.

A norm must satisfy the following properties:

- Absolutely homogeneous: Vx €V, VA€ R |[|Ax|| = |A]||x]]

52
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Norm

« A nNorm on avector spaceVisafunction |- |[: V- R which assigns
each vector x € V its length ||x|| € R.

o A norm must satisty the following properties:
- Absolutely homogeneous: Vx €V, VA€ R |[|Ax|| = |A]||x]]

- Positive definite: Vx €V x|l =0and|lx]l=0 x=0

girafe
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Norm

« A nNorm on avector spaceVisafunction |- |[: V- R which assigns
each vector x € V its length ||x|| € R.

o A norm must satisty the following properties:
- Absolutely homogeneous: Vx €V, VA€ R |[|Ax|| = |A]||x]]
- Positive definite: Vx €V x|l =0and|lx]l=0 x=0

- Triangle inequality: Vx,y €V |lx + y|l < llx|| + |yl

c<a+b

girafe
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Examples of Norms
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Manhattan Norm

e AnNnorm for x € R™

n
el = ) I
=1
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Manhattan Norm

e AnNnorm for x € R™
n
Ixlly = D il
=1

Examples:
111,2,3][i=1+2+3=6
I[1,0]ll;,=1+0=1

I[-1,0]ll, =1-1+0=1
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Manhattan Norm

e AnNnorm for x € R™
n
Ixlly = D il
=1

Examples:

111,2,3]l =1+2+3=5

I[LOo]ll,=1+0=1

I[-1,0]ll, =1-1+0=1
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Euclidian Norm

e AnNnorm for x € R™

n
Iell, = | ) x?
1=1

N

« Computes Euclidian distance
from the origin.

59
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Euclidian Norm

e AnNnorm for x € R™

n
Iell, = | ) x?
1=1

N

« Computes Euclidian distance
from the origin.

o0
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Euclidian Norm

e AnNnorm for x € R™

n
Il = ) xF
(=1

N

« Computes Euclidian distance
from the origin.

e Examples:

1[1,2,3]ll; = \/12 + 22 4+ 32 =4/14

I[L, 00l =v1*+0=1

II=1,0]ll, =/ (D2+0=1

ol
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Euclidian Norm

e AnNnorm for x € R™

n
Il = ) xF
(=1

\

« Computes Euclidian distance
from the origin.

e Examples:

1[1,2,3]ll; = \/12 + 22 4+ 32 =4/14

I[L, 00l =v1*+0=1

II=1,0]ll, =/ (D2+0=1
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Other norms

Ixllp =

2\ A2
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N
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N general, for x = [x4, ..., x,] € R™ an t,-norm is defined as follows:

\

14 n
2, |2; 1P
=1

&
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Other norms

o+

« Ingeneral forx = [xq,..,x,] € R® an £,-norm is defined as follows:

p n
Ixlly = 2 |x;]P .
=1

Z

N
54 V
/§

- ¢4 - Manhattan norm || - |I;
76\/< - ¥, - Euclidian norm || - || (default);
>D< .
— 1\ a g;rafe
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Other norms

&

N general, for x = [x4, ..., x,] € R™ an t,-norm is defined as follows:

14 n
Ixll, = | > lxlP.
1=1

\
o ¥, -Manhattan norm || - ||y,
- ¥, - Euclidian norm || - || (default);

: fw:Hwa==n?XMd

Example: |[[1,2,3]llle =3,  l[1,0]llo=1,

girafe

I[=1,0.5]][0= 1.
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Inner Product and Norms

o Anyinner product induces a norm:

lx|| = +/{x, x)

girafe




Inner Product and Norms

o Anyinner product induces a norm:

— o o\ Check yourself that this is
]} := vx, x) indeed a norm.
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Inner Product and Norms

o Anyinner product induces a norm:

— o o\ Check yourself that this is
]} := vx, x) indeed a norm.

« Example: dot product induces Euclidian norm:

V(x, x) = \/xlz +x+ -+ x2 = |lxll,

girafe
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Inner Product and Norms

o Anyinner product induces a norm:

— o o\ Check yourself that this is
]} := vx, x) indeed a norm.

« Example: dot product induces Euclidian norm:

V(x, x) = \/xlz +x+ -+ x2 = |lxll,

o () Notevery norm isinduced by an inner product.
Example: Manhattan norm.

a girafe
P ai
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Cauchy-Schwarz Inequality

For an inner product vector space, the induced norm satisfies the
iInequality:

[y < llxll - [yl

girafe
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Cauchy-Schwarz Inequality

o Foraninner product vector space, the induced norm satisfies the
iInequality:

[y < llxll - [yl

For dot product and Euclidian norm:

|, )| < Hlxllz - llyll2

71



Distance between Vectors

Distance between two vectors x and y is defined as

d(x,y):=|lx —yll = J{x—y,x —y).

2\ A2
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Distance between Vectors

Distance between two vectors x and y is defined as

d(x,y):=|lx —yll = J{x—y,x —y).

For dot product and Euclidian norm, we get Euclidian distance:

dix,y) =llx—=yll, =Jlx—y,x—y) =

= \/(x1 —y1)4+ (X —y2)% + -+ (X, — Yp)4

girafe
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Angles and
Orthogonality
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Angle between Two Vectors

Inner product also captures the geometry of vector space by

defining the angle between two vectors.

Remember Cauchy-Schwarz inequality:

girafe
ai

w. COSW =

|G, | < x| - ]l 14
1 < (x,y) <1
x| - llyll
0
(x,y)

Il i

- angle between x and y.

p—
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Angle between Two Vectors: Example

e Whatisthe angle w between x =[5,0] and y =[1,1]?

= arccos = dI'CCOS—— = arccos — =
x|yl V52 + 02 -1/12 + 12 5v2 4

e

W = arccos

girafe
ai
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Angle between Two Vectors: Example

e Whatisthe angle w between x =[5,0] and y =[1,1]?

(x,y) 5-14+0-1 5 V2 om
= darccos = drcCOS——=— = arccos— = —.
x|yl V52 + 02 -12 + 12 52 4 4

W = arccos

e Whatisthe angle w between x = [V3,0,1] and y = [1,0,0]?

W = arccos (x’ y) = drIrccos \/§ = arccos\/—§ = E
(]|l V3+1-vV1 2 6

girafe
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Angle between Two Vectors: Example

e Whatisthe angle w between x =[5,0] and y =[1,1]?

(x,y) 5-14+0-1 5 V2 om
= darccos = drcCOS——=— = arccos— = —.
x|yl V52 + 02 -12 + 12 52 4 4

W = arccos

e Whatisthe angle w between x = [V3,0,1] and y = [1,0,0]?

W = arccos (x’ y) = drIrccos \/§ = arccos\/—§ = E
(]|l V3+1-vV1 2 6

e Whatisthe angle w between x =11,0,0,0,1] andy =[0,1,1,0,0]?

(x,y) 0
w = arccos = arccos

a girafe lx[llyl V242
' ai

T
= arccos 0 = E

78



~2

N

2\ A2

Y

—~

—\

&

Orthogonality

« x and yare orthogonal if and only if (x,y) = 0.

girafe
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Orthogonality

« x and yare orthogonal if and only if (x,y) = 0.

« Examplesin R™ with dot product:

x=1[23], y=[10], (y)=2+0 -
x and y are not orthogonal.

80
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Orthogonality

x and y are orthogonal if and only if (x,y) = 0.

Examples in R™ with dot product:

x =12,3], y = [1,0], (x,y)=2+#0 -

x =11,2,3],

girafe

x and y are not orthogonal.

y=[-21,0], (xy)=-2+2+0=0 -
x and y are orthogonal.
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Orthogonality

« x and yare orthogonal if and only if (x,y) = 0.

« Examplesin R™ with dot product:

x=1[23], y=[10], (y)=2+0 -
x and y are not orthogonal.

x =11,2,3], y =[—2,1,0], (x,y)=—2+2+0=0 -
x and y are orthogonal.

x=[10], y=1[01, (¥)=0  lxll=lyll=1 -

x and y are orthonormal.
girafe
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Orthogonal Projection

« Suppose we have two vectors
uand v.
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Orthogonal Projection

« Suppose we have two vectors
uand v.

e Uy, - orthogonal projection of u on v.
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Orthogonal Projection

« Suppose we have two vectors
uand v.

e Uy, - orthogonal projection of u on v.

« Whatisthelength of u,?



.

Orthogonal Projection

« Suppose we have two vectors
uana

s

Z

e Uy, - orthogonal projection of u on v.

What is the length of u,,?

ITO0<w<90

gl
Tull

20 2

(w, ) = |[ul|/lv] cosw = ||u]|

(2

= [lupl
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Orthogonal Projection

« Suppose we have two vectors
uand v.

e Uy, - orthogonal projection of u on v.

« Whatisthelength of u,?

190 < w < 180
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Orthogonal Projection

« Suppose we have two vectors
uand v.

e Uy, - orthogonal projection of u on v.

« Whatisthelength of u,?

190 < w < 180
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Orthogonal Projection

« Suppose we have two vectors
uana

e Uy, - orthogonal projection of u on v.

« Whatisthelength of u,?

190 < w < 180
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Orthogonal Projection

« Suppose we have two vectors
uana

s

Z

e Uy, - orthogonal projection of u on v.

What is the length of u,,?

190 < w < 180

gl
Tull

20 2

—(u, v) = |lul|lllv] cosw = ||u||

=2

—~

= [Juyll

)
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Orthogonal Projection

Suppose we have two vectors

u and 0<w<90
u, - orthogonal projection of u on v.

What is the length of u,,?

|(u, V)|

|(u, V)| = [Juy | luy |l =

90 < w <180

oS
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Orthogonal Projection

Suppose we have two vectors

uand . 0<w<90
u, - orthogonal projection of u on v.

What is the length of u,,?

|(u, V)|

|(u, V)| = [Juy | luy |l =

90 < w <180

,  (uv)
u, = . v) . p

oS
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Orthogonal Projection: Example

e What's projection of u =

[0,0,1]?

girafe
P ai

11,3,2] onz =

N
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Orthogonal Projection: Example

e What's projectionofu =[1,3,2]onz =
[0,0,1]?

,  (w,2)

“ (z2)

(Projection on the axis = drop other coordinates)

s

Z

u z=3z=10,0,3]

20 2

=2

—~

N

N

girafe
ai

J

94



=

Z

20 2

=2

N
—

J

Orthogonal Projection: Example

e What's projectionofu =[1,3,2]onz =
[0,0,1]?

,  (w,2)

“ (z2)

(Projection on the axis = drop other coordinates)

u z=3z=10,0,3]

e What's projection ofu = [1, 3,2] on
?

girafe
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Orthogonal Projection: Example

e What's projectionofu =[1,3,2]onz =
[0,0,1]?

,  (w,2)

“ (z2)

(Projection on the axis = drop other coordinates)

u z=3z=10,0,3]

e What's projection ofu = [1, 3,2] on
?

o (wv) 44+3+6 1
Uy, =

— — ——p =1205 15].
W) 16+1+9° 27 [ ]

6 girafe
P ai
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i/( Hyperplanes
3

. A hyperplane is described by equation
WiX1 + WoXy + -+ wpx, +b =0

where at least one w; # 0.

. A more compact notation:
(w,x) +b =0, w = (Wq, .., Wy,)
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Hyperplanes

. A hyperplane in R" is described by equation
WiX1 + WoXy + -+ wpx, +b =0

where at least one w; # 0.
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Hyperplanes

A hyperplanein R3

A hyperplanein R?isaline
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Image source: https://deepai.org/machine-learning-glossary-and-terms/hyperplane
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https://deepai.org/machine-learning-glossary-and-terms/hyperplane

i/( Hyperplanes
3

N . A hyperplane in R" is described by equation

(2

WiX1 + WoXy + -+ wpx, +b =0

Y,
/§

where at least one w; # 0.
/ .
76( . A more compact notation:

y< (w,x) +b =0, w = (Wq, .., Wy,)

girafe 101
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Normal to a Hyperplane

o Consider a hyperplane
(w,x)+b =0.

o Vectorw = (wq,.,w,)
defines the hyperplane.
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Normal to a Hyperplane

Consider a hyperplane
(w,x)+b =0.

Vector w = (Wyq, ..., Wy,)

defines the hyperplane.

w is a normal vector to
this hyperplane: it's
orthogonal to every
vector on It.
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o Objects =2D vectors

i/( ML Example: Linear Classifier
J Q
P

Binary classification: classes +1 and -1.

@
O OQ
O
. ©
@ O
o © 0%e
o 0 %
0o
@ 99
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ML Example: Linear Classifier

s

Objects = 2D vectors

7\
°

Binary classification: classes +1 and -1.

o Linear classifier: separating
hyperplane (w,x) +b =0
M 11 1" O
o Objects "above” are class +1

o Objects "below” are class -1. ©@g ©

20 2

(2

va

N
—
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ML Example: Linear Classifier

Objects = 2D vectors

s

7\
°

Binary classification: classes +1 and -1.

o Linear classifier: separating

hyperplane (w,x) +b =0
M 1 " O
o Objects "above” are class +1

o Objects "below” are class -1. ©@g ©
O

20 2

e How can we formalize this?

(2

va

N
—
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ML Example: Linear Classifier

Objects = 2D vectors

s

7\
°

Binary classification: classes +1 and -1.

o Linear classifier: separating
hyperplane (w,x) +b =0
o Objects "above” are class +1

o Objects "below” are class -1. ©@g ©

e How can we formalize this?

20 2

=2

—~

o Objects “above” (w,x)+b >0
o Objects "below”. (w,x) + b <0

6 girafe 107
‘P ai

v

N

J




o

SR QP

va

—~

N
7\

)

TO sum up

e \Vectors

O

O

O

O

O

Vector spaces
Inner products
Lengths
Distances

Angles

« Analytic Geometry

@)

@)

@)

a girafe
P ai

Projections
Hyperplanes

Normal vector
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Last Time

Vector spaces

o FEuclidian spaces (= vector spaces + dot product)
. Length of a vector

o Distances and angles between the vectors

o Orthogonality

« Orthogonal projections

girafe
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Today

« Backtovector spaces
- Linear independence
- Basis

o Basic operations with
matrices.

kL

VECTORS E\IE_.YWHEBE’_.

VEGTORS

w

i







.

Vector Space: Definition

e Avreal-valued vector space (V,+, -) is a set of vectors V with two operations

s

(D +: VXV -V, (2)-: RXV >V

Z

that satisty the following properties (axioms):

20 2

1. Associativity of addition x+(y+2)=(x+y)+z

2. Commutativity of addition X+y=y+x

3. ldentity element of addition d0€eV: VvxeV 0+x=x

4 Iden.tlt.y e!ement of scalar Vx €V 1.x=x

multiplication

5. Inverse element of addition VxeV I—x€eV: x+(—x)=0
JC 6. Compatibility of scalar multiplication a(fx) = (af)x

1. a+ f)x =ax + Px
D Distributivity (@+5) d
) ( 8. a(x+y)=ax+ ay

girafe
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. R"-asetof vectors with n real entries.
(R™, +,-) Is a vector space.

i/( Examples of Vector Spaces
j<
N\




. R"-asetof vectors with n real entries.
(R™, +,-) Is a vector space.

i/( Examples of Vector Spaces
j<
N\

N

% . P" -3 setof polynomials of degree < n with real
coefficients
- (P, +, -) Is also a vector space!

7@( “Vectors” here are polynomials.
D
—\
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Vector Subspace

e V=(V, 4+, :)-avector space.

girafe
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D
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Z\

Vector Subspace

= (V, 4, ) - a vector space.

o ConsiderU # @ —asubsetof V(U CV).
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Vector Subspace

e V=(V, 4+, :)-avector space.
o ConsiderU # @ —asubsetof V(U CV).

e U= (U, +, :)-avector subspace (U € V) if Uis avector space
Wwith operations

o +:UXU->U
o) 'RXU_)U

girafe

&
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Vector Subspace

« HowdowecheckifU = (U, +, -) isavector space?

girafe
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Vector Subspace

« HowdowecheckifU = (U, +, -) isavector space?

e SinceUcVandV =(V, +, -) isavector space, many properties of +
and - hold automatically.

girafe 13
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Vector Subspace

« HowdowecheckifU = (U, +, -) isavector space?

e SinceUcVandV =(V, +, -) isavector space, many properties of +
and - hold automatically.

. Infact, we only need to check:

1 that0eU

girafe 14
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Vector Subspace

. HowdowecheckifU = (U, +, -)isa vector space?

e SinceUcVandV =(V, +, -) isavector space, many properties of +
and - hold automatically.

. Infact, we only need to check:

1 that0eU
> closure of +and - :
» Vx,yeUx+yelU
VxeU A€eR AxeU

girafe 15
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Vector Subspace: Examples
. Consider R?.

o Is A avectorsubspace?
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Vector Subspace: Examples

. Consider R4 A

x
>
0

o Is A avectorsubspace?
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Vector Subspace: Examples

. Consider R4 A

x
>
0

o Is A avectorsubspace?
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Vector Subspace: Examples
« Consider R?.
s A a vector subspace?

No!

x € A but —
- operation isn't closed.
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Vector Subspace: Examples
. Consider R?.

« |s B avector subspace?
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Vector Subspace: Examples
« Consider R?.
« |s B avector subspace?

e NO!

0¢B
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Vector Subspace: Examples
. Consider R?.

o |Is D avector subspace?
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Vector Subspace: Examples
« Consider R?.
o |Is D avector subspace?

e Yes!
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Vector Subspace: Examples
« Consider R?.
s D a vector subspace?

e Yes!

{0,+,-} is a trivial vector
subspace of any vector space
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Vector Subspace: Examples

. Consider P™* = (P, +, -) - a vector space.
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Vector Subspace: Examples

. Consider P™* = (P, +, -) - a vector space.

e Vm<n P"™=(P™"+4, ) € P"-3avector subspace:
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Vector Subspace: Examples

. Consider P™* = (P, +, -) - a vector space.

e Vm<n P"™=(P™"+4, ) € P"-3avector subspace:

> 0 e Pm
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Vector Subspace: Examples

. Consider P™* = (P, +, -) - a vector space.

e Vm<n P"™=(P™"+4, ) € P"-3avector subspace:
> 0 ePpPm

> Closure: when we add up polynomials of degree
m < n or multiply them by a scalar, we always get
a polynomial of of degree m < n.

a girafe
P ai

28



Linear
Combinations

o




L
!

Linear Combinations

. We can add vectors together and multiply them by scalars.
Let's combine these two operations!

30



L
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Linear Combinations

. We can add vectors together and multiply them by scalars.
Let's combine these two operations!

V —a vector space.
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Linear Combinations

. We can add vectors together and multiply them by scalars.
Let's combine these two operations!

. I/ —avector space.
e X1,X9,..,X €V —some vectors.

girafe
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Linear Combinations

. We can add vectors together and multiply them by scalars.
Let's combine these two operations!

. V —avector space.
e X1,X9,..,X €V —some vectors.
e Ay, Ay, .0, A € R -some scalars.
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Linear Combinations

. We can add vectors together and multiply them by scalars.
Let's combine these two operations!

. V —avector space.
e X1,X9,..,X €V —some vectors.
e Ay, Ay, .0, A € R -some scalars.

vV =Ax1 +Axy + -+ Apxp = ﬁ‘zlxlixi eV -
a linear combination of x4, x5, ..., X.

girafe
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Linear Combinations: Examples

« In (R?+, ), consider vectors e; = [(1)] and e, = m

girafe
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Linear Combinations: Examples

« In (R?+, ), consider vectors e; = [(1)] and e, = m

21. . L
u=2e —e, = [ 1] s a linear combination of e; and e,.

girafe

&

36



2\ A2

=2

N
—

J

Linear Combinations: Examples

In (R?,+, ), consider vectors e; = [(1)] and e, = m

21. . L
u=2e —e, = [ 1] s a linear combination of e; and e,.

In (P?%,+, ), consider vectorsey, = 1,e; = t, e, = t*.

girafe

&
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Linear Combinations: Examples

« In (R?+, ), consider vectors e; = [(1)] and e, = m

21. . L
u=2e —e, = [ 1] s a linear combination of e; and e,.

« In(P?%+, ), consider vectorsey = 1,e; =t, e, = t*.

u=2t’—t+1=2e,—e; +eyisalinear combination of ey, e; and e,.
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Linear Combinations: Examples

« In (R?+, ), consider vectors e; = [(1)] and e, = m

21. . L
u=2e —e, = [ 1] s a linear combination of e; and e,.

« In(P?%+, ), consider vectorsey = 1,e; =t, e, = t*.
u=2t’—t+1=2e,—e; +eyisalinear combination of ey, e; and e,.

v =3t + 3 =3e; + 3¢y is alinear combination of g, and ey.
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Span

« V -avectorspace, A ={xq,x,,..,x} €V —a set of vectors.

girafe
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Span

V - avector space, A = {x{, x5, ...,x;} €V —a set of vectors.

A set of all linear combinations of vectors in A is called a span of A:

girafe
ai
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Span

V - avector space, A = {x{, x5, ...,x;} €V —a set of vectors.

A set of all linear combinations of vectors in A is called a span of A:

span|xq, ..., x| = {A1x1 + -+ 1, x| A4, ... 4, ER}

girafe
ai
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l{ Span
j % « V -avectorspace, A ={xq,x,,..,x} €V —a set of vectors.
« Asetofalllinear combinations of vectors in A is called a span of A:

span|xq, ..., x| = {A1x1 + -+ 1, x| A4, ... 4, ER}

o IfA spansvector spaceV, we write

2AED

=2

—~

V =span[A] or V = span|xy, ..., x,].
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S Span: Example 1
)

« Consider R?.
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i/( Span: Example 1
j<
A\

« Consider R?.

o[}

v OX

vaZ

}
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P+

Y
N\

VaZ\ip

}

Span: Example 1

Consider RZ.

1

spanle,] = {[g] | A € IR} -only
vectors parallel to the first axis.
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P+

Y
N\

VaZ\ip

}

Span: Example 1

Consider RZ.

er =]
o
-1 (]2
spanle,] = {[0] | A € IR} -only
vectors parallel to the first axis.

a=[lheel
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P+
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VaZ\ip
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Span: Example 1

Consider RZ.

er =]
o
-1 (]2
spanle,] = {[0] | A € IR} -only
vectors parallel to the first axis.

-+ e=fofe =[]

span|eq] { ] | A1, € ]R} R?.
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Span: Example 2

« Consider P3 = (P53, +, ).
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Span: Example 2
« Consider P3 = (P53, +, ).
e eg=1 e, =t, e, =t?

spanley, ..., e;] =

girafe
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Span: Example 2
« Consider P3 = (P53, +, ).
e eg=1 e, =t, e, =t?

spanley, ...,e;] = {at* + bt +c | a,b,c € R} = P?

girafe
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Span: Example 2
« Consider P3 = (P53, +, ).
e eg=1 e, =t, e, =t?

spanley, ...,e;] = {at> + bt +c | a,b,c € R} = P? € P3
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l{ Span: Example 2
j « Consider P3 = (P53, +, ).
X

e eg=1 e, =t, e, =t?

spanley, ...,e;] = {at> + bt +c | a,b,c € R} = P? € P3

e eg=1 e, =t, e, =t? ey =1¢t3

2AED

=2

—~

spanley, ..., e3] =

J
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Span: Example 2
« Consider P3 = (P53, +, ).
e eg=1 e, =t, e, =t?
spanley, ...,e,] = {at? + bt + ¢ | a,b,c € R} = P? c P3
e eg=1 e, =t, e, =t? ey =1¢t3

spanley, ...,e3] = {at®> + bt?* +ct+d |a,b,c,d € R} = P3

6 girafe
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Generating Set

. V —avector space.

= {x1,%,,..., X} €V —a set of vectors.
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Generating Set

. V —avector space.
e A={xx,,..,x,} €V —2asetof vectors.

. Ifeveryvectorv eV can be expressed as a linear
combination of x4, x4, ..., X, A IS called a generating set
for V.
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Linear Combinations

o A zerovector can always be represented as a trivial linear
combination of xq, x5, ..., X!

k
O=ZO‘XL'
=1

girafe
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Linear Combinations

o A zerovector can always be represented as a trivial linear
combination of xq, x5, ..., X!

k
O=ZO‘XL'
=1

« We are mostly interested in non-trivial linear combinations of
X1, X5, .., X Where not all 4; are 0.
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Linear (In)Jdependence

« Consider a vector space V.
¢ Xi,Xp,..,X; €V —some vectors.
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Linear (In)Jdependence

« Consider avector space V.
o Xq,Xy,..,X; €V —some vectors.

o Ifthereisa non-trivial linear combination of x4, x4, ..., X SUch that
K Aix; = 0 with at least one A; # 0, vectors xy, x,, ..., X, are linearly
dependent.
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Linear (In)Jdependence

« Consider avector space V.
o Xq,Xy,..,X; €V —some vectors.

o Ifthereisa non-trivial linear combination of x4, x4, ..., X SUch that
K Aix; = 0 with at least one A; # 0, vectors xy, x,, ..., X, are linearly
dependent.

o Ifonly trivial solution exists, vectors x4, x,, ..., X, are linearly
iIndependent.
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Linear (In)dependence

o Ifthereisa non-trivial linear combination of x4, x4, ..., X Such that
K Aix; = 0 with at least one A; # 0, vectors xy, x,, ..., X, are linearly
dependent.
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Linear (In)dependence

s

o Ifthereisa non-trivial linear combination of x4, x4, ..., X Such that

Z

K Aix; = 0 with at least one A; # 0, vectors xy, x,, ..., X, are linearly
dependent.

o A setofvectors xq,x,, ..., X, IS linearly dependent if and only if (at
least) one of the vectors is a linear combination of the others
X; = 1X1 + o+ apXg

20 2

=2

N
—
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Linear (In)dependence

Y

o Ifthereisa non-trivial linear combination of x4, x4, ..., X Such that

Z

K Aix; = 0 with at least one A; # 0, vectors xy, x,, ..., X, are linearly
dependent.

o A setofvectors xq,x,, ..., X, IS linearly dependent if and only if (at
least) one of the vectors is a linear combination of the others
X; = 1X1 + o+ apXg

20 2

=2

—~

Why is this so? Try to prove this yourself.

N
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Linear (In)Jdependence: Example 1

« Consider R?.
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Linear (In)Jdependence: Example 1

« Consider R?.

« Vectorsu = LZJ and v = [:%‘ are not linearly independent: u = —2v.

girafe
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Linear (In)Jdependence: Example 1

« Consider R?.

« Vectorsu = LZJ and v = [:%‘ are not linearly independent: u = —2v.

« Vectorse, = [(1)] and e, = [(1)] are linearly independent:

there are no 44,1, € Rwith at least one 4; # 0 such that

A 0
}{131 +/12€2 — /1;] — [O]
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Linear (In)Jdependence: Example 1

« Consider R?.

« Vectorsu = LZJ and v = [:%‘ are not linearly independent: u = —2v.

« Vectorse, = [(1)] and e, = [(1)] are linearly independent:

there are no 14,4, € Rwith at least one 4; # 0 such that
A 0
}{131 +/12€2 — /1;] — [O]

(Or: you cannot represent e; as Ae, or vice versa).

6 girafe
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Linear (In)dependence: Example 2

« Consider P = (P3,+, -).

1, t, t2 € P —vectors. Are they linearly independent?
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Linear (In)dependence: Example 2

« Consider P = (P3,+, -).

e 1,t t?e€P—vectors. Are they linearly independent?
o Yes!

There is no way we can represent one of those vectors as a linear
combination of the others.
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Linear (In)dependence: Example 3

e Arethe following vectorsin R* linearly independent?

- 1 1]
%, = 2 , X, = 1’ Xy = —2
-3 0 1
| 4 ] |2 | 1

2\ A2

=2

N
—

girafe

J

&



.

Linear (In)dependence: Example 3

e Arethe following vectorsin R* linearly independent?

Y

Z
p—

- r
x=2’ x2=1’ x3=—2
17 1-3 0 1

2. 1.

e Arethere 14,4,,13 € Rwith at least one 4; # 0 such that

/11x1 + /12362 + /1336'3 =0

20 2

=2

N
—

girafe

J




=

Z
p—

:[\JOr—\r—\:

e Arethe following vectorsin R* linearly independent?

1]
—2
1
| 1.

e Arethere 14,4,,13 € Rwith at least one 4; # 0 such that

20 2

=2

—~

+ A,

N

:No»—w—\:

+ A3

1]
—2
1

L 1.

/11x1 + /12362 + /1336'3 =0

A A, — A
201 + A, — 225
—32; + A

44, + 24, + A3

Linear (In)dependence: Example 3

:oooo:
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Linear (In)dependence: Example 3

o Arethere 1,4,,13 € Rwith at least one A; # 0 such that

(A +A,— ;=0
2/11 +/’12_2/‘Lg:0
—3/11 +)[3:O
k4‘/11+2).2 +A3 =(
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Linear (In)dependence: Example 3

o Arethere 1,4,,13 € Rwith at least one A; # 0 such that

(A +A,— ;=0
2/11 +/’12_2/‘Lg:0
—3/11 +)[3:O
k4‘/11+2).2 +A3 =(

girafe
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Linear (In)dependence: Example 3

Are there A4,4,,43 € R with at least one A; # 0 such that

(A +A,— ;=0
2/11 +/’12_2/‘Lg:0
—3/11 +)[3:O

k4‘/’{1 + 2).2 + Ag — 0

girafe

=

<

(22, +2,=0
—42, + 2y =0
As = 344
(TA1+ 20, =0
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(A +A,— ;=0
O\/< 2)11"‘/12_2/13:0
/\ —3/’11+/‘ng0
k4‘/11+2).2 +A3 =0
-
8

va

N
—

=

<

(22, +2,=0
—42, + 2y =0
As = 344
(TA1+ 20, =0

=

<

Linear (In)dependence: Example 3

o Arethere 1,4,,13 € Rwith at least one A; # 0 such that

rlz — 211

2,3 — 3/11

\
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O\/< 2)11"‘/12_2/13:0
/\ —3/’11+/‘ng0
k4‘/11+2).2 +A3 =0
-
8

va
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=

<

(22, +2,=0
—42, + 2y =0
As = 344
(TA1+ 20, =0

=

<

Linear (In)dependence: Example 3

o Arethere 1,4,,13 € Rwith at least one A; # 0 such that

rﬂ,z —_ 2/11
_2),1 — O
2,3 — 3/11

112, =0
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Linear (In)dependence: Example 3

o Arethere 1,4,,13 € Rwith at least one A; # 0 such that

(A +A,— ;=0
2/11 +)lz_2)[3:0
—3)11+/‘Lg:0
k4‘/11+2).2 +A3 =(

=

<

(22, +2,=0
—42, + 2y =0
As = 344
(TA1+ 20, =0

=

<

rﬂ,z —_ 2/11
_2),1 — O
2,3 — 3/11

112, =0

& A3 =0

girafe
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Linear (In)dependence: Example 3

Y

o Arethere 1,4,,13 € Rwith at least one A; # 0 such that

-/ (A +A,— ;=0 (22, +2,=0 (1, =21,

2/11 +/’12_2/‘Lg:0 _4‘/11+AZ=0 _22,1=0 .
% 3 A=0 O ) A=314 © i =34 Chas=0
/

7@( o Onlyatrivial linear combination of x4, x, and x5 gives a zero vector.

va

N
—
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Linear (In)dependence: Example 3

o Arethere 1,4,,13 € Rwith at least one A; # 0 such that

(A +A,— ;=0
2/11 +/’12_2/‘Lg:0
—3/11 +)[3:O
k4‘/11+2).2 +A3 =(

=

<

(22, +2,=0
—42, + 2y =0
As = 344
(TA1+ 20, =0

=

<

rﬂ,z —_ 2/11
_2),1 — O

2y =31 © 23 =0

112, =0

o Onlyatrivial linear combination of x4, x, and x3 gives a zero vector.

Therefore, x{,x, and x5 are linearly independent.

6 girafe
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Linear (In)dependence: Example 3

o Arethere 1,4,,13 € Rwith at least one A; # 0 such that

(A +A,— ;=0
2/11 +)lz_2)[3:0
—3/11 +)[3:O
k4‘/11+2).2 +A3 =(

=

<

(22, +2,=0
—42, + 2y =0
As = 344
(TA1+ 20, =0

=

(1, =21,
—21, =0
\ 1, = 34,
(112, =0

& A3 =0

o Onlyatrivial linear combination of x4, x, and x5 gives a zero vector.

Therefore, x{,x, and x5 are linearly independent.

Next lecture: a better way to solve
such systems of equations
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Dimension of a Linear Space

. Thelinear spaceV is called n-dimensional it the maximal
number of linearly independent vectors in it is equal to n.
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Dimension of a Linear Space

. Thelinear spaceV is called n-dimensional it the maximal
number of linearly independent vectors in it is equal to n.

We denote this as dim(V) = n.
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Dimension: Example

e R"™isan-dimensional vector space. Why?

e &q,..,e,arelinearly independent - dim(R") > n.

6 girafe
P ai

Consider n vectors ey, ..., ey

1

0

10

0

1

10

S

Can there be more than n linearly independent vectors in R*?
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Dimension: Example

« R"™isan-dimensional vector space. Why?
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o Consider nvectorsey, ..., ey

Dimension: Example

« R"™isan-dimensional vector space. Why?
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Dimension: Example

« R"™isan-dimensional vector space. Why?

o Consider nvectorsey, ..., ey

1 0
€1 = O ) €2 = 1 ) ) €n =
0 0

e €4,..,e,arelinearly independent -» dim(R") > n.

=)
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Dimension: Example

e Canthere be more than n linearly independent vectors in R™*?
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Dimension: Example

e Canthere be more than n linearly independent vectors in R™*?

No!
Explanation: next lecture.
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Dimension: Another Example

« What isthe dimensionality of P3 = (P3,+, -)?
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Dimension: Another Example
« What isthe dimensionality of P3 = (P3,+, -)?
« We can find 4 linearly independent vectors in P3:

1, t t2, t3
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Dimension: Another Example
« What isthe dimensionality of P3 = (P3,+, -)?
« We can find 4 linearly independent vectors in P3:
1, t,  t% Ot

« All the other vectors (polynomials) from P3 are linear combinations
of those.

girafe 95
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Dimension: Another Example
« What isthe dimensionality of P3 = (P3,+, -)?
« We can find 4 linearly independent vectors in P3:
1, t,  t% Ot

« All the other vectors (polynomials) from P3 are linear combinations
of those.

— dim(P3) = 4.

6 girafe 96
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Basis

. A set of nlinearly independent vectors eq, e, ...,e, IN an n-
dimensional space V is called a basis for V.
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. A set of nlinearly independent vectors eq, e, ...,e, IN an n-
dimensional space V is called a basis for V.

. Basis is A set of vectors with which we can represent
every vector in the vector space by adding them together
and scaling them.
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Basis: Example

e e = [(1)] e, = [(1)] is a basis for R?,

girafe
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Basis: Example

e e = [(1)] e, = [(1)] is a basis for R?,

2\ A2

1 (0] 0
e e, = ?,e2= };---»€n= 0 IS a basis for R™.
0 10 1
)
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Basis: Example

e e = [(1)] e, = [(1)] is a basis for R?,

1 (0] 0
e e, = O , €y = 1 ) e, € = O IS a basis for R™.
0 10 1

e ¢,=0 e =t, ..,e, =t"isa basisfor P"
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Basis: Example

Find the basis of a vector space spanned by vectors

SURET
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Basis: Example

« Find the basis of a vector space spanned by vectors

SURET

« Vectorsx andy are linearly independent.
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Basis: Example

« Find the basis of a vector space spanned by vectors

SURET

« Vectorsx andy are linearly independent.
o Vectorzisalinear combinationofxandy.z=x—y.
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Basis: Example

Find the basis of a vector space spanned by vectors

SURET

« Vectorsx andy are linearly independent.
o Vectorzisalinear combinationofxandy.z=x—y.

o Therefore, V =span|x,y,z]| = span|x,y].
B = {x,y} - basisof V.
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Coordinates

| et's fixe the order of the vectors in the basis:

2\ A2

€1,€2,...,€n
0
— a g%rafe 108
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Coordinates

e Let'sfixe the order of the vectors in the basis:
€1,€2,...,€n

o FEveryvectorvin avector space can be represented as a linear
combination of e, ey, ..., e,

V=ae taye, +- -+ a,e,

girafe
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Coordinates

e Let'sfixe the order of the vectors in the basis:
€1,€2,...,€n

o FEveryvectorvin avector space can be represented as a linear
combination of e, ey, ..., e,

V=ae taye, +- -+ a,e,

e aq,a,,..,a, - coordinates of the vector v in the basis ey, ey, ..., e,.

girafe
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Coordinates: Example

e Consider RZ2.
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Coordinates: Example

e Consider RZ2.

el
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Coordinates: Example

e Consider RZ2.

el

e Canonical basis:

aef} ael
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Coordinates: Example

e Consider RZ2.

el

e Canonical basis:

aef} ael

x = 4e, + 6¢e,

1,0] 4

114



Orthogonal Basis

« Abasisey,..,ep WwhereVi,j e; L e isan orthogonal basis.
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Orthogonal Basis

« Abasisey,..,ep WwhereVi,j e; L e isan orthogonal basis.

. If, additionally, Vi |le;|| = 1, then ey, ..., e, iISan orthonormal basis.

girafe
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Orthogonal Basis

s

« Abasisey,..,ep WwhereVi,j e; L e isan orthogonal basis.

Z

/\ . If, additionally, Vi |le;|| = 1, then ey, ..., e, iISan orthonormal basis.
§/ Example:
2 . -
1 0 0

|0 |1 _{0]. : n
- e;=|.|, e2=|.|, -, en=].|Isan orthonormal basis of R™.
7@( 0 0. 1
)
— girafe 17
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Orthogonal Basis

« Abasisey,..,ep WwhereVi,j e; L e isan orthogonal basis.

. If, additionally, Vi |le;|| = 1, then ey, ..., e, iISan orthonormal basis.

Example:
-
0

el — | ez —
0]

01

1

0.

o
_ 10

1.

Is an orthonormal basis of R".

« Gram-Schmidt process. a way to convert any basis to an
orthogonal one. More details: practical session.

a girafe
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Basis

o Avector space has more than one basis.
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o Avector space has more than one basis.

« Example: R?

. _ |1 _on - : -
o e = {el = [0],(32 = [1” canonical basis;

girafe
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o Avector space has more than one basis.

i/( Basis
J Q
N Example: R?

. _ |1 _on - : -
e = {el = [0],(32 = [1” canonical basis;

a= {al = [ﬂ,az = [_11]} - another basis;

girafe 122
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o Avector space has more than one basis.

« Example: R?

. _ |1 _on - : -
o e = {el = [0],(32 = [1” canonical basis;

. 17 1N -
o a= {al = 1] @2 = __1_} another basis;
(e 021 . -1
o b= {bl =1 b, = __1_} yet another one.
girafe
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o Avector space has more than one basis.

« Example: R?

. _ |1 _on - : -
o e = {el = [0],(32 = [1” canonical basis;

o a={a1= , dy

)bZ

-
1
cb={p=[?

1

—1.

_ 1 -
—1.

} - another basis;

o Different basis = different coordinates.
How exactly do they change?

} - yet another one.

a girafe
P ai
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Coordinate Change: Example

« Consider R% with canonical basis

S
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Coordinate Change: Example

« Consider R% with canonical basis

afl el

=[] =[]

« New basis:

girafe
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Coordinate Change: Example

« Consider R% with canonical basis

afl el

=[] =[]

« New basis:

R
S
I
I
NS
e—

girafe

&
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Coordinate Change: Example

« Consider R% with canonical basis

n 10
el_[o]’ 82_[1

=[] e=[0

« New basis:

* Xold = [_21]

« What are the coordinates in the new basis?

Xnew =7

6 girafe
P ai
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Coordinate Change: General Case

. Consider a vector space V with basis eq, e, ... e,.

girafe
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. Consider a vector space V with basis eq, e, ... e,.

i/{ Coordinate Change: General Case
J Q
-\

</ Imagine vector x = [xq, Xy, ..., X,| EV
% X1, X5, ., Xy - COOrdinates in basis ey, e, ... e,.

&
J
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. Consider a vector space V with basis eq, e, ... e,.

i/{ Coordinate Change: General Case
J Q
N

</ Imagine vector x = [xq, Xy, ..., X,| EV
% X1, X5, ., Xy - COOrdinates in basis ey, e, ... e,.

!

. New basis: e'q,e'y, ...e .

N\
J
L& girafe 137
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Coordinate Change: General Case

Consider a vector space V with basis eq, ey, ... e,

Imagine vector x = [xq, Xy, ..., X,| EV
X1, X9, ..., X, - COOrdinates in basis eq, e,, ... €,,.

!

New basis: e’y e’,, ...e',,.

What are the coordinates of x in this new basis?
x'1,x'5, ., x' =7

girafe
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o Old basis.eq,e,,...e,

!

New basis: e'q,e's, ...e',

i/( Coordinate Change
J Q
P\

\/ e Xold = [lexZJ ...,.X'n], Xnew = [X{,Xé, ""x7,1] =7?

% o Coordinates of the new basis in the old one:
\/
8!
(D
— girafe 133

&



.

Coordinate Change

o Old basis.eq,e,,...e,

!

New basis: e'q,e's, ...e',

s

Z

e Xold = [lexZJ ...,.X'n], Xnew = [X{,Xé, ""x7,1] =7?

o« Coordinates of the new basis in the old one:

e{ 1161 + a>1€- i An1€én
eé — (1261 -+ o265 + -+ An2€n

20 2

=2

—~

, —
e; = x1i€1 —+ ayi€- i Xnhin

N

girafe
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Coordinate Change

X =x161 +x36; + -+ xpe, =x1€1+xe 5+ x" €, =

girafe
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Coordinate Change

X =x161 +x36; + -+ xpe, =x1€1+xe 5+ x" €, =

. !/
Remember: e; = aq;e; + azie; + -+ ayie,
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Coordinate Change

X =x161 +x36; + -+ xpe, =x1€1+xe 5+ x" €, =
Remember: e; = aqje; + azje; + -+ + ayien

=x'y - (ag1e1 + azrep + -+ apgey) + -+ x; - (@g;€1 + azie; + -+ ayey,) + -
+xp(agpeq + azpe; + -+ appey) =

girafe
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Coordinate Change

X =x.61 +x36; + -+ xpe, =x1€1+xe 5+ x" €, =

s

Z

Remember: e; = aqje; + azje; + -+ + ayien

=x"1 - (ag1e1 + azrep + -+ apgey) + -+ x; - (ag;€1 + aziex + -+ ayey,) + -
+xp(a1pe1 + azpey + -+ appe,) =

eq, ..., ey linearly independent -> coefficients in front of them
should be the same on the both sides of the equality:

20 2

=2

N
—
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Coordinate Change

X = x16, + x5 + -+ x,6, =x11+x,e5,+--x" e, =
Remember: e; = aqje; + azje; + -+ + ayien

=x"1 - (ag1e1 + azrep + -+ apgey) + -+ x; - (ag;€1 + aziex + -+ ayey,) + -
+xp(a1pe1 + azpey + -+ appe,) =

eq, ..., ey linearly independent -> coefficients in front of them
should be the same on the both sides of the equality:

X1 = X101+ xjaq + o+ X,
Xy = X101 + -+ X[y + -+ + XjAop

Xp = X{Qnp + -+ XjApi + -+ X 0nn

girafe
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Coordinate Change

X =x161 +xXge + -+ xpe, =x1€1+xe 5+ x" e, =
Remember: e; = aqje; + azje; + -+ + ayien

=x"1 - (ag1e1 + azrep + -+ apgey) + -+ x; - (ag;€1 + aziex + -+ ayey,) + -
+xp(agneq + azpes + -+ appey) =

X1|=x10q1 + o F xjaq; + o+ X,
— ! ! !
Xold |X2|= x1Qp1 + -+ Xx;a0; + -+ XpQap

Xnl= x1@ng + -+ xjan; + -+ Xp0nn
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Coordinate Change

X =x.61 +x36; + -+ xpe, =x1€1+xe 5+ x" €, =

Remember: e; = aqje; + azje; + -+ + ayien

=x"1 - (ag1e1 + azrep + -+ apgey) + -+ x; - (ag;€1 + aziex + -+ ayey,) + -

/ —_—
+xn(a1nel + a2n€2 T+t annen) —

X1|=1X1|%11 + -+
xold X2 |=1X1121 + -+

Xn|= X100 + - F

. xnew
girafe

Qp; + o+
'“21’ + .- 4
Qi + o+

!/
xn'aln
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Coordinate Change

&

=x"1 - (ag1e1 + azrep + -+ apgey) + -+ x; - (ag;€1 + aziex + -+ ayey,) + -

girafe

X = x16, + x5 + -+ x,6, =x11+x,e5,+--x" e, =

. !/
Remember: e; = aq;e; + azie; + -+ ayie,

Xold

/ —_—
+xn(a1nel + a2n€2 T+t annen) —

|a11 + .-
Ia21 _|_ coe

’anl _|_

xnew
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i/{ Coordinate Change: Example

/\< « Consider R? with basis e; = [ ] [O]
9/& . New basis: €', = [1] ey = [_ﬂ
BB e

N\
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Coordinate Change: Example

« Consider R? with basis e; = [(1)] e, = [(1)]

. New basis: ey = [ﬂ e; = [:ﬂ

x1|= x{lan f ot + e,
Xota |2z |=lton [+ - x|+ -+ +betlon
, .
— xl . 2 . xl = + -+. i
e Xjold = X9 N —1 y Xnew — X’ Do ) xlanl _x :
2

20 2
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Coordinate Change: Example

« Consider R? with basis e; = [(1)] e, = [(1)]

. New basis: ey = [ﬂ e; = [:ﬂ

AP
* Xold = xo| T l=11" Xnew = xé

2 =2x; — 1x,

—1 =1x; — 1x,

girafe
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cee x zn
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Coordinate Change: Example

« Consider R? with basis e; = [(1)] e, = [(1)]

. New basis: ey = [ﬂ e; = [:ﬂ

Xold
(X T 2 I ES
* Xold = [x2] — [_1] » Xnew = lxé]
2 = Zx{,— 1x§, - xé =3
—1 =1x; — 1x, X, = 4

girafe

_ ’la
X1|=1xXj@q1 [+
X |=|x1ka01 |
Xn |= 1 1+

xnew

!

cee xn 1n
!

cee x zn
!

e x ann

&

146



1

Z

20 2

=

N
—

J

Coordinate Change: Example

. Consider R? with basis e; = [(1)] €2 = [(1)]

. New basis: ey = [ﬂ e; = [:ﬂ

xlzxih1+

Xold |x2|=Ix1laaq |+

X x,

° X — 1 — 2 X — 1 Xnl— Xi R )
Old xz _ 1 | new X / _

2=2x1—1xé —

3
S 1x1 - 1xé A < Xnew = [4]

x!
X1
x!
X2

girafe
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Coordinate Change

« Going from one basis to the other:

s

Za\
m‘

Xold |x2|=[xijeas [+ - Hxifrai|+ -

20 2

=2

N
—

girafe
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Coordinate Change

« Going from one basis to the other:

Xold

'all +
a21 +

’anl + ces

xnew

« Thereisa more compact way of writing this down using matrices.

girafe
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A Matrix

e A€ R™™M_gmatrixwith mrows and n columns:

a1 A4q2 A1n

A1 Ay Aon
A=

aml amz amn

girafe

&
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A Matrix

e A€ R™™M_gmatrixwith mrows and n columns:

a1 A4q2 A1n

A1 Az Aon
A= N

aml amz amn

Examples:

1 0 2%2 [1 2 3 2%3
[0 1]ER s 5 6] ER

152



1 0 0
o Diagonal matrix: [0 2 O] (a; #0, a;; =0Vi #j)
0 0 3

i/( Special Matrices
J Q
P

2AED

va%

girafe 153
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1 0 0
Diagonal matrix: [0 2 O] (ay #0, a;; =0Vi *j)
0 0 3

i/( Special Matrices
J Q
P

1 0 O
|dentity matrix: IO 1 O] (a; =1, a;; =0Vi#j)
0 0 1
girafe 154




i/( Special Matrices
J Q
P

1 0 O
Diagonal matrix: [0 2 O] (ay #0, a;; =0Vi *j)
0 0 3
\/ 1 0 0
S < |dentity matrix: 01 0 (a; =1, a;; =0Vi#j)
/\ 0 0 1
1 0 O
___— e+ Symmetric matrix: 0 2 0 (aj=a;)
7@( 0 0 3
O
S 6 girafe 155
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i/( Special Matrices
J Q
P

1 0 O
o Diagonal matrix: [0 2 O] (a; #0, a;; =0Vi#j)
0O 0 3
\/ 1 0 O
> < e Identity matrix: 0 1 0 (a; =1, a;; =0Vi#j)
/\ 0 0 1
1 0 O
— e Symmetric matrix: 0 2 O (aij = aji)
) ( 0O 0 3
Q 1 2 3 1 0 O
Triangular matrix: 0 4 5|, |2 3 0| (aj=0Vi>jor Vi<j)
0 0 6 4 5 6

va

—~

J

6 girafe 156
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Vectors vs Matrices

e Ann-dimensional vector can be considered an X 1 matrix:

2\ A2

_xl_
_xn

(D

— a g%rafe 157




Operations
with
Matrices

o




Transpose of a Matrix

e Consider a matrix

2\ A2

(A11 Q12 0 Qun
Az1 Q22 =+ Q2n
A=\ 0 ...
Am1 Am2 = Amnd
)
SR . girae 159
'3
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Transpose of a Matrix

s

e Consider a matrix

Z

VO
28

0N

I

S

S

S

S

o [ranspose = writing columns as rows:

<>\/
7 \
Q

=

=

Q

N

=

Q

3

=

2

=

~

Am1 Am2 = Amnd

— [Xl,

160



l( Transpose of a Matrix: Example

R

girafe 161
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Transpose of a Matrix: Example

g

o lransposing a symmetrical matrix = no changes:

1 2 31" 11 2 3
2 1 2| =2 1 2

3 2 1 3 2 1

girafe

&
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Multiplying by a Scalar

o We can multiply matrix by a scalar:

(11 Q12 0 Qqpn Aaqr Aaqs Aagy”
Apq1 Ay - Qyp Aa,, Aa,, Ad,,
M= L=
Adm1 Am2 ° Amn] -Aaml Aamz Aamn_
girafe
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AA =

« Example:

Multiplying by a Scalar

o We can multiply matrix by a scalar:

aln ) i Aall Aalz
Aon . )la21 /16122

5.[1 O]=[5 0
o 1/ lo 5

Aaln )

Adn, ]

&
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Sum of Two Matrices

e We cansum up matrices of the same size:

s

Z

/\ (A11 Q12 0 Qqp] b11 b1z 0 D]
A e B F I L
% Gm1 Am2  ° Omnl _bml bmz bmn—
(ay1 + by a;pt+ by 0 At by ]
= A+ B =]| %1 + by Ayt by 0 azp t byy
76( A1 +bm1 Az + b 0 Gy F Dy
(O |
-~ girafe 165
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e Example:

| Am1

A+B=

amz

[ aq1 + byq
azq + by,

1 Am1 + bml

o 1+ 1o

Sum of Two Matrices

e We cansum up matrices of the same size:

Ay, + by,
ayy + by

Am2 + bmz

(D14

b1

-bml

0 2
4

b12
b22

bmz

A1n + bln |

Aon + bZn

amn + bmn-

bln |
b2n

bmn-




. (R™*n 4 .)-avector space.
“Vectors” = matrices.

i/{ Matrices Also Form a Vector Space!
j<
X

167
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Matrices Also Form a Vector Space!

(R™" 4+ .) - a vector space.
“Vectors” = matrices.

. You can check yourself that the necessary axioms hold.

girafe
ai

&
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Matrix Multiplication

« Consider two matrices A = {ai]’}mxn and b = {by}

« C = AB - product of two matrices.

girafe

nxp

&
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Matrix Multiplication

. Consider two matrices A = {a;;} __and b = {bij}nXp'

« C = AB - product of two matrices.

« Eachelementc;; of C is adot product of i-th row of 4
and j-th column of B: € = {cij}mxp ={(4:87)},,...,

girafe

&
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Matrix Multiplication

. Consider two matrices A = {a;;} __and b = {bij}nXp'

« C = AB - product of two matrices.

« Eachelementc;; of C is adot product of i-th row of 4
and j-th column of B: € = {cij}mxp ={(4:87)},,...,

. Example R2X2: [all alZ] _ [b11 b12] _ [a11b11 + a12b2,

Az1 Q2] [byy by ay1b11 + azyby4

a11b12 + ay2by;
(p1b15 + az,b;;

6 girafe
P ai

171



i/( Matrix Multiplication: Example

7 3 6 4

2\ (2) } g 2 5 8|=

V 7 1 9.

2

X

'S

LQ\( aggrafe 172
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Matrix Multiplication: Example

0 1 2 3 6 4
5 1 ¢ 2 5 8=
7 1 9.

_|10+2+14 0+5+2 0+8+18] _
6+2+35 124+5+5 8+ 8+45

girafe
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Matrix Multiplication: Example

0 1 2 3 6 4
5 1 ¢ 2 5 8=
7 1 9.

_|10+2+14 0+5+2 0+8+18
6+2+35 124+5+5 8+ 8+45

_[16 7 26
43 22 61

girafe 174
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Coordinate Change: Matrix Notation f

e Result obtained before:

ey, ..., ey - Old basis
e'q,...,e', - new basis

Xold = [xlr ---»xn]: Xnew — [xi: ---»x1’1]

X1 =x{|all+"'+x{a1i+'“+x,'l 1n
— sl ! /
Xold |X2|=|x1jxz1 [t = H|Xip2i|t - +pnfaon

Xn = Peiltna o Hxi ol + o FHxdann

xnew

175
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Coordinate Change: Matrix Notation f

e Result obtained before:

ey, ..., ey - Old basis
e'q,...,e', - new basis

Xold = [xlr ---»xn]: Xnew — [xi: ---rx1’1]

X1|= X:{lClll + o0 4 xl{ali + 0 4 x,'l 1n
xold X2 1= X1 X 21 +"'+xl{a2i + - +x n

Xn = Peiltna o Hxi ol + o FHxdann

xnew

Transition matrix: columns =
coordinates of the new basis
N the old one.

(11
21

An1

d12
a2

An2

176
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Coordinate Change: Matrix Notation f

e Result obtained before:

ey, ..., ey - Old basis
e'q,...,e', - new basis

Xold = [xlr ---»xn]: Xnew — [xi: ---rx1’1]

X1|= X:{lClll + o0 4 xl{ali + 0 4 x,'l 1n
xold X2 1= X1 X 21 +"'+xl{a2i + - +x n

Xn = Peiltna o Hxi ol + o FHxdann

xnew

Transition matrix: columns =
coordinates of the new basis
N the old one.

_all 1o aln_

a->1 04%) a1
A= : : : :

_anl An2 aTLTl_

— AT
Xold = A Xnew

177



Coordinate Change: Example (again)

. 5, . 1 _ [0
e Consider R* with basis e; = [0] e, = [1]

e New basis: e'; = E] e; = [:i

1) 12 . X{_ _ 9
e Xoid = [le — [_1] y Xnew = [xé —

2\ A2

va>

178




Coordinate Change: Example (again)

. - N 0
« Consider R? with basis e; = [0] e, = [1]

e New basis: e’y = [2] e} = [_1'

_|*f T2 NEAA
® Xoid = [le B [—1] » Xnew = lxé = !

2\ A2

a=[1 7
%
O
— ag%rae -
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Coordinate Change: Example (again)

: 2 1 10
o Consider R* with basise; = [0] e, = [1]

—17
—14

_[*1] 12 NEA _,
* Yo = [le B [—1]  Knew = Lé o

e New basis: e'; = m e, = [

AR

1 -1

girafe
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Coordinate Change: Example (again)

. 5, . 1 _ [0
e Consider R* with basis e; = [0] e, = [1]

e New basis: e'; = E] e; = [:i

1) 12 . X{_ _ 9
e Xoid = [le — [_1] y Xnew = [xé —

P A A RPOEV s LA [ o1 B

2\ A2

va>

girafe 181
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Coordinate Change: Example (again)

1] . {0
o Consider R* with basis e; = [0] e = [1]

e New basis: e'; = E] e; = [:i

1) 12 _Xi-_?
o Xouz-‘[le'_ l_]l ’ x"e“’__[xé_-_'

T e Y PR A [ e

irafe
gi 182
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Coordinate Change: Example (again)

1] . {0
o Consider R* with basis e; = [0] e = [1]

e New basis: e'; = E] e; = [:i

1) 12 — Xi- = ?
*  Xoig = [le - [_1] » Xnew = [xé o

T e Y PR A [ e

Xnew = El-]

irafe
gi 183
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To Sum Up

s

e Vector spaces

Z

o Linear (in)Jdependence
o Span

o Basis

o« Matrices

o Matrix operations

20 2

o Change of coordinates

=2

N
—

girafe

}
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e More on matrices
« Systems of linear equations

i/( Next Time
o

XS

2

=2

—~

girafe 185
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Last Time

o Vector Spaces

s

Z

o Linear combinations
o Spans
o Bases

o Change of coordinates

20 2

=2

—~

e Matrices

N

girafe
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Today

More on matrices

o Matrix operations;
o rank;

o determinant.

Linear transformations

Systems of linear equations

girafe
ai

&



Matrices:
a small
review
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A Matrix

e A€ R™™M_gmatrixwith mrows and n columns:

a1 A4q2 A1n

A1 Az Aon
A= N

aml amz amn

Examples:

1 0 2%2 [1 2 3 2%3
[0 1]ER s 5 6] ER




i/( Special Matrices
J Q
P

1 0 0
o Diagonal matrix: [0 2 O] (a; #0, a;; =0Vi #j)
0 0 3
\/ 1 0 0
> < e Identity matrix: 0 1 0 (a; =1, a;; =0Vi#j)
2N\ 0 0 1
1 4 5
— e Symmetric matrix: 4 2 6 (aij = aji)
> ( 5 6 3
Q 1 2 3 1 0 O
Triangular matrix: 0 4 5|, [2 3 o (aj=0Vi>jor Vvi<j)
0 0 6 4 5 6

va

—~

J

6 girafe
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Basic Operations with Matrices

o Addition:

A= {aij}i=1,...,m,j=1,...,n' b= {bij}i=1,...,m,j=1,...,n' A+ B = {aif + bij}i=

girafe

1,.m,j=1,...n
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Basic Operations with

o Addition:

A= {aij}i=1,___,m'j=1,___,n’ b= {bij}i=1,...,m,j=1,...,n'

Multiplication by a scalar:

A= {aij}i=1,...,m,j=1,...,n' AER,

girafe

Matrices

A+ B = {aij-l_bij}

i=1,..m,j=1,.n

14 = {Aau}

i=1,..mj=1,..n

&
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Matrix Multiplication

Matrix multiplication:

A= e B Wik njer

A-B = {(Ai;Bj)}izl,___,m,j=1,...,k - {zlzl nail | blj}

girafe

&



o

Z

20 2

=2

N
—

J

Matrix Multiplication

o Matrix multiplication:

A= e B Wik njer

A-B = {(Ai;Bj)}izl,___,m,j=1,...,k - {Zl_l nail | blj}

« Example R?*?;

[an a12] _ [bn b1z] _ [a11b11 + a12b21
Az1  Qz2| |by; by az1b11 + az2b54

a11b12 + ay3by5
Ap1b1p + a3 by

|

6 girafe
P ai
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Matrix Multiplication

e FOrnumbers:2x3=3X%Xx2=6.

girafe
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Matrix Multiplication

For numbers:2xXx3=3X2=6.
Matrix multiplication is (in general) not commutative:

AB + BA

girafe
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Matrix Multiplication

e FOrnumbers:2x3=3x%x2=06.
o Matrix multiplication is (in general) not commmutative:
AB + BA

« Example:

13 4 _[6 2 3014 _[20 28
—[ ‘ 13 2’ AB[ ’ BA_1116

girafe
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Matrix Multiplication

. Multiplication by identity matrix E:

AE =EA=A

girafe
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Matrix Multiplication

Multiplication by identity matrix E:
AE =EA=A
Multiplication by zero matrix 0:

AO =0A=0

girafe

&
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Transposing a Matrix

« Thetranspose of a matrix results from “flipping” the rows and
columns:

1 2 - [1 3
A_[EB 4|’ A‘lz 41

16
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Transposing a Matrix

. The following properties of transposes are easily verified:
- A —symmetric matrix = AT = 4
AN =4
(A+B)"=A"+B"

(AB)T = BTAT

girafe
ai
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A more interesting way of looking
at matrices.
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Linear Transformation

LINnear Transformation
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Linear Transformation

LINnear Transformation
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Linear Transformation

LINnear Transformation

xinput - A - xoutput

A — transformation

X input xoutput

— VeCtors

2]
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Transformation

Input vector

Output ve
Do

Source: Linear Transformations and Matrices

22


https://youtu.be/kYB8IZa5AuE
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Transformation

Source: Linear Transformations and Matrices

23


https://youtu.be/kYB8IZa5AuE

\ Transformation: Examples

24
Source:; Linear Transformations and Matrices



https://youtu.be/kYB8IZa5AuE
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Linear Transformation

| Inear Transformation

xinput - A - xoutput

A — transformation

X input xoutput

— VeCtors

25
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Linear Transformation

| Inear Transformation

A transformation that satisfies two
properties:

. Alx+y)=Ak) + AW)

2 A(lx) = 1Ax

xinput - A - xoutput

A — transformation

Xinput: Xoutput — VECLOrs

26
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Linear Transformation

e How to describe a linear transformation numerically?

girafe

&
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Linear Transformation

e How to describe a linear transformation numerically?

e With matrices! How?

girafe

&
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Linear Transformation

e How to describe a linear transformation numerically?

s

Z

e With matrices! How?

Xinput = X181 t Xz, + -+ xp€y, €;,...ey — Dasis, x4, ..., x, — cOOrdnates

20 2

=2

N
—

girafe

J
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Linear Transformation

s

e How to describe a linear transformation numerically?

Z

e With matrices! How?
Xinput = X181 t Xz, + -+ xp€y, €;,...ey — Dasis, x4, ..., x, — cOOrdnates

Xoutput = A(xinput) = A(x1€1 + Xp€p + 0 xnen) =

20 2

=2

N
—

girafe
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Linear Transformation

e How to describe a linear transformation numerically?
e With matrices! How?
Xinput = X181 t Xz, + -+ xp€y, €;,...ey — Dasis, x4, ..., x, — cOOrdnates

Xoutput = A(xinput) = A(x1e; + xpep + - + xpep) = x1A(e1) + xA(ey) + -+ + x,A(ey)

girafe
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Linear Transformation

e How to describe a linear transformation numerically?
e With matrices! How?
Xinput = X181 t Xz, + -+ xp€y, €;,...ey — Dasis, x4, ..., x, — cOOrdnates
Xoutput = A(Xinpur) = A(x1e1 + X365 + - + Xpen) = x1A(e1) + x,4(e2) + -+ + x,A(ey,)

A=[A(ey) | A(e) | .| Alen)]

girafe
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Linear Transformation

e How to describe a linear transformation numerically?
e With matrices! How?
Xinput = X181 t Xz, + -+ xp€y, €;,...ey — Dasis, x4, ..., x, — cOOrdnates
Xoutput = A(Xinpur) = A(x1e1 + X365 + - + Xpen) = x1A(e1) + x,4(e2) + -+ + x,A(ey,)
A= [A(ey) | A(ey) | ... | A(ep)]

= Xoutput = A(xinput) =A- Xinput

girafe
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Example: Rotation

e ImMagine that we want to rotate
vectorsin R% 90" anti-clockwise.

34
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Example: Rotation

e ImMagine that we want to rotate
vectorsin R% 90" anti-clockwise.

e What happens to the basis vectors?

I e

35
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Example: Rotation

e ImMagine that we want to rotate
vectorsin R% 90" anti-clockwise.

e What happens to the basis vectors?

I e

36
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Example: Rotation

e ImMagine that we want to rotate
vectorsin R% 90" anti-clockwise.

e What happens to the basis vectors?

=[]~ e=[1-[3]

37
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Example: Rotation

e ImMagine that we want to rotate
vectorsin R% 90" anti-clockwise.

e What happens to the basis vectors?
1 0 10 —1
el_[o]%h]’ ez_m_)[o]

e Therefore,

R=[y )

38
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Example: Rotation

e ImMagine that we want to rotate
vectorsin R% 90" anti-clockwise.

e What happens to the basis vectors?
sl rd S HE v
e Therefore,
R=[7 5]

e Considerx =1[1,1]".

39
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Example: Rotation

e ImMagine that we want to rotate
vectorsin R% 90" anti-clockwise.

e What happens to the basis vectors?
sl rd S HE v
e Therefore,
k=7 5
e Consider x =[1,1]T. After rotation:

Xrotated =

40
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Example: Rotation

e ImMagine that we want to rotate
vectorsin R% 90" anti-clockwise.

e What happens to the basis vectors?
sl rd S HE v
e Therefore,
k=7 5
e Consider x =[1,1]T. After rotation:

Xrotated =

41



=

Z

20 2

=2

N
—

}

Example: Rotation

e ImMagine that we want to rotate
vectorsin R% 90" anti-clockwise.

e What happens to the basis vectors?
sl rd S HE v
e Therefore,
k=7 5
e Consider x =[1,1]T. After rotation:

Xrotatea = RX = ’(1) _01] [ﬂ = [_11]

42
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Linear Transformation

o Everylinear transformation can be defined by its matrix.

Columns = how this transformation changes the vectors in the
selected basis.

girafe
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Linear Transformation

o Everylinear transformation can be defined by its matrix.

Columns = how this transformation changes the vectors in the
selected basis.

o Vice versa: every square matrix defines some linear transformation.

girafe L
ai
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Identity Transformation

« Doesn't change anything.

e Jransformation matrix E:

{1 0Of|*1
Ex = 0 1] [le

girafe

&
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Identity Transformation

« Doesn't change anything.
e Iransformation matrix E:

{1 0Of|*1
Ex = 0 1] [le

o Example:

2\ A2

va%

o 1llI=[:]

girafe
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Stretching / Squeezing

« Enlarge (compress) all distances in a particular direction by a
constant factor.

e Iransformation matrix:

. kl O xl
Kox = 0 kz] [le

girafe

&
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Stretching / Squeezing

« Enlarge (compress) all distances in a particular direction by a
constant factor.

e Iransformation matrix:

_kl O xl
=10 k2” |

« Example: stretch x-axis (x3) and squeeze y-axis (x 0.5):

[g o(.)sl E] - ﬁ]

girafe
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Projection on an Axis

« Consider R3. Project on the XY —plane.

e Iransformation matrix:
1 0 O
Px=10 1 0
0O 0 O

girafe

I

X1
X2
X3
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Projection on an Axis

« Consider R3. Project on the XY —plane.
o Transformation matrix:

1 0 O0][*1
Px=10 1 0][*2

0 0 O01L*3

2 ol -l

Example:

girafe
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Rotation

Rotating points anticlockwise by 6.

Rotation matrix Rg:

Ry x [cos@

sin@

girafe
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Rotation

Rotating points anticlockwise by 6.

Rotation matrix Rg:

R [cos@ —SmH” ]
6 % sinf cos6

Example: rotate by 45 anticlockwise:

V2/2 —\/5/2] H_[O]
V2/2  ~2)2 - V2

girafe
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Composition

e |LetAand B betwo linear transforms.
What if we first apply 4 and then B?
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Composition

e |LetAand B betwo linear transforms.
What if we first apply 4 and then B?

s

Z

e Example:first rotate by 907, then squeeze.

20 2

=2

N
—
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_ 10 =1} _ :
A= [1 0 ] rotation,
(O .
—— girafe

Composition

o5 0
B_[o 0.5

e |LetAand B betwo linear transforms.
What if we first apply 4 and then B?

e Example:first rotate by 907, then squeeze.

] — squeezing
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Composition

e |LetAand B betwo linear transforms.
What if we first apply 4 and then B?

s

Z

e Example:first rotate by 907, then squeeze.

—1
1 0

A

e
)

. _fo5 07 .
] rotation, B—lo 0.5] squeezing

B(Ax) =

20 2

=2

N
—
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Composition

A

et A and B be two linear transforms.
What if we first apply 4 and then B?

Example: first rotate by 90", then squeeze.

—1
1 0

e
)

. _fo5 07 .
] rotation, B—[O 0.5] squeezing

B(Ax) =

girafe
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Composition

A

et A and B be two linear transforms.
What if we first apply 4 and then B?

Example: first rotate by 90", then squeeze.

—1
1 0

e
)

. _fo5 07 .
] rotation, B—[O 0.5] squeezing

B =

girafe
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Composition

e |LetAand B betwo linear transforms.
What if we first apply 4 and then B?

e Example:first rotate by 907, then squeeze.

—1
1 0

A

e
)

. _fo5 07 .
] rotation, B—[O 0.5] squeezing

B(Ax) =

girafe
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Composition

e |LetAand B betwo linear transforms.
What if we first apply 4 and then B?

e Example:first rotate by 907, then squeeze.

—1
1 0

A

e
)

. _fo5 07 .
] rotation, B—[O 0.5] squeezing

B(Ax) = (BA)x = Cx

girafe

Xrof
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Composition

e LetAand B be two linear transforms.

What if we first apply 4 and then B?

e Example:first rotate by 907, then squeeze.

Xrof

-1

A

e
)

. _fo5 07 .
. 0] rotation, B—[O 0.5] squeezing

B(Ax) = (BA)x = Cx
c=ea=[7 oslli ol=los 0’

girafe
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Composition

e |LetAand B betwo linear transforms.
What if we first apply 4 and then B?

e Example:first rotate by 907, then squeeze.

. _fo5 07 .
] rotation, B—[O 0.5] squeezing

Xrof

B(Ax) = (BA)x = Cx

. o5 ol[0 —-11 [0 -0.5
C_mhwo QJL ol_bs 0]

= “rotate by 90" and squeeze”

o4
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Sum of Transforms

e LetAand B be two linear transformes.
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Sum of Transforms

e LetAand B be two linear transformes.
e C=A+B-alsoalineartransform:

C = Ax + Bx

girafe
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Sum of Transforms

e LetAand B be two linear transformes.
e C=A+B-alsoalineartransform:
C = Ax + Bx

e Example:

_ 10 =1} _ : _10.5
A—L O] rotation, B—[O

girafe
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Sum of Transforms

e LetAand B be two linear transformes.
e C=A+B-alsoalineartransform:
C = Ax + Bx

e Example:
_ 10 —-1] _ : _10.5
A= [1 0 ] rotation, B = [ 0

<[}

girafe
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Sum of Transforms

e LetAand B be two linear transformes.
e C=A+B-alsoalineartransform:
C = Ax + Bx

e Example:
_ 10 —-1] _ : _10.5
A= [1 0 ] rotation, B = [ 0

<[}

girafe
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Sum of Transforms

e LetAand B be two linear transformes.

s

Z

e C=A+B-alsoalineartransform:
C = Ax + Bx

e Example:

20 2

_ 10 =1} _ : _10.5
A—L O] rotation, B—[O

(2

1

va

N
—
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Sum of Transforms

e LetAand B be two linear transformes.

s

Z

e C=A+B-alsoalineartransform:
C = Ax + Bx

e Example:

20 2

_ 10 =1} _ : _10.5
A_ll O] rotation, B—[O

(2

1

va

N
—
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Sum of Transforms

e LetAand B be two linear transformes.

s

Z

e C=A+B-alsoalineartransform:

C = Ax + Bx

e Example:

20 2

= N 05 0 .
A_ll O] rotation B—[O 0.5‘ squeezing

e aem [ [
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Inverse transform
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Inverse transform

e Consider atransform A.

girafe
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Inverse transform

Consider a transform A.

Inverse transform 47! “maps everything back to where it was”:
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Inverse transform

s

e Consider atransform A.

Z

« Inverse transform A~1 “maps everything back to where it was”

A71(Ax) = x © A71A = E — identity transformation.

20 2
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Inverse transform

« Consider atransform A.
« Inverse transform A~1 “maps everything back to where it was”
A71(Ax) = x © A71A = E — identity transformation.

o Notevery transform has an inverse!

girafe

&

78



=

Z

20 2

=2

N
—

J

Inverse transform

« Consider atransform A.
« Inverse transform A~1 “maps everything back to where it was”
A71(Ax) = x © A71A = E — identity transformation.

o Notevery transform has an inverse!

o Rotation: yes (rotate it back)

girafe
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Inverse transform

« Consider atransform A.
« Inverse transform A~1 “maps everything back to where it was”
A71(Ax) = x © A71A = E — identity transformation.

o Notevery transform has an inverse!

o Rotation: yes (rotate it back)

o Projection: no

6 girafe
P ai
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Inverse of a Matrix

« ANnxnmatrix 4 has an inverse if there exists A~1 such that

AA"1 =A"1A=E
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Inverse of a Matrix

« ANnxnmatrix 4 has an inverse if there exists A~1 such that
AA 1 =A"1A=F

« A matrix that doesn't have an inverse is called singular or
degenerate.

girafe
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Inverse of a Matrix
« ANnnxnmatrix 4 has an inverse if there exists A~1 such that
AA 1 = A"1A=FE

« A matrix that doesn't have an inverse is called singular or
degenerate.

e Which matrices have an inverse?

girafe
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Determinant

« A numerical way to characterize a linear transformation (and its
mMatrix):

- absolute value = how much area changes;

- Sign = change of orientation.

« More info on the interpretation: see video.

girafe
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https://youtu.be/Ip3X9LOh2dk
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Determinant

e A —linear transform.
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Determinant

e A —linear transform.

« Thedeterminantisnonzero < Aisinvertible and the linear map
represented by matrix A is an isomorphism:

girafe
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Determinant

e A —linear transform.

« Thedeterminantisnonzero < Aisinvertible and the linear map
represented by matrix A is an isomorphism:

o detd # 0 4 v
X1 b1
. A X2 bz
x:; b3
X4, b4—
girafe
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Determinant

e A —linear transform.

« Thedeterminantisnonzero < Aisinvertible and the linear map
represented by matrix A is an isomorphism:

o detd # 0 v v
X1 b V V
= A ZZ l;zg X1 b4
Xy by *2 b,
o detd=0: X3 ‘ :3
Xy 4

= Several vectors are mapped onto the same vector &
A maps original vector space onto a lower-dimensional space.
girafe
' ai
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Computing Determinant

a b

- 4 = ad — bc

girafe
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Computing Determinant

a b

- 4 = ad — bc

Example:
o =11_, \_
Ry =1 |=0-CD=1e

“there is a transform inverse to rotation by 90" anticlockwise”.
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Computing Determinant

_b‘d /

& Q. Q&
S o

C
fl=al® 1
i h i

g 1

|+ cC

d e
g h
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Computing Determinant

a b c
d e f=az f—b‘d ﬂ+cd Z
g h i [ g g
« Example:
1 0 O 1 0
0 1 O=1-O O—O+O=O<:>
0 0 O

‘there is No transpose inverse to projection onto XY-plane”

6 girafe
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Computing Determinant

e A={a;j} —nXxXnmatrix

girafe
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Computing Determinant
e A={a;j} —nXxXnmatrix

e M;;—itsminor e M;jisan (n—1) X (n— 1) matrix resulting from
removing i-th row and j-th column from A.
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Computing Determinant
A = {a;j} —n Xn matrix.
e M;;—itsminor e M;jisan (n—1) X (n— 1) matrix resulting from

removing i-th row and j-th column from A.

det A = Z(—l)i-l_jaij detMU — Z(_l)i-l-jaij detMl]
— j=1

girafe
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Computing Determinant
e A={a;j} —nXxXnmatrix

e M;;—itsminor e M;jisan (n—1) X (n— 1) matrix resulting from
removing i-th row and j-th column from A.

n

n
det A = Z(—l)i-l_jaij detMU — Z(_l)i-l-jaij detMl]
i=1 '

j=1

o Laplace extension.

6 girafe
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Some Properties of the Determinant

. detAl =detA

. detAB = detA - detB

1
o detA_l —
det A

girafe
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Finding
Inverse of a
Matrix

o




1 0 1
) A= 0 2 1)
1 1 1

o detd # 0 = there exists A7 1. Let's find it!

i/( Gaussian Elimination
j<
P\
N
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Gaussian Elimination

1 0 1
) A= 0 2 1)
1 1 1

o detd # 0 = there exists A7 1. Let's find it!

e Augment the initial matrix:

girafe
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Gaussian Elimination

1 0 1
A=<O 2 1)
1 1 1

detA # 0 = there exists A7 1. Let's find it!

s

7\
°

e Augment the initial matrix:

1 0 1
0 2 1

1 1 1

20 2

1 0 0
0 1 0

0 0 1

=2

—~

Perform elementary row operations and obtain identity matrix on the left.
The inverse will be on the right!

N

J

6 girafe
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Gaussian Elimination

e Elementary row operations:
o SWap rows;
o multiply rows by some number;

o add/subtract one row to/from another.

1 0 111 0 O
0O 2 110 1 O

1 1 110 0 1

girafe
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Gaussian Elimination
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Gaussian Elimination

1 0 11 0 0
(0 2 1o 1 0>—>{(3)—(1)}—><
1 1 1lo o0 1
1 0 11 0 0
_>{(2)—2-(3)}—><0 0 1|2 1 —2)
0 1 ol-1 0 1

girafe
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Gaussian Elimination

1 0 111 0 O 1 0 111 O O
(0 2 110 1 O>—>{(3)—(1)}—><0 2 110 1 O>—>
1 1 110 0 1 O 1 0l-1 0 1
1 0 111 O O 1 0 0O]—-1 -1
—>{(2)—2-(3)}—><0 0 112 1 —2>—>{(1)—(2)}—><0 0 1|2 1
O 1 0l-1 0 1 O 1 0l—-1 O

girafe
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Gaussian Elimination

—>{(2)—2'(3)}—><

0
0

0 1 0 111 O O
o0]-{3)—-@M}-(0 2 110 1 0]~-
1 O 1 0l1—-1 0 1
1 0 O 1 0 0O]—-1 -1
2 1 2|-{(D)-@2)}-(0 0 1|2 1
-1 0 1 O 1 0l—-1 O
1 0 0]-1 -1 2
— {swap (2)and (3)} -0 1 0|-1 ©0 1
0O 0 112 1 =2

girafe
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Gaussian Elimination

1 0 0
0 1 0>
0 0 1

1 0 O
0 1 0
0 0 1

-1 -1
-1 0
2 1

2
1
—2

)

108






2\ A2

=2

N
—

}

Column Space

o Consider a square matrix A.

'ts columns A1, ..., A™ can be seen as vectors.
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Column Space

o Consider asquare matrix A.
o ltscolumnsAl,...,A™ can be seen as vectors.

o U =span{A?,.., A"} — column space of A.

- All vectors that can be obtain by linearly combining columns of A.

o & Image of linear transformation A4 (= all the vectors we can get by

applying A).

a girafe
P ai
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« Column space U = span{A?,...,A"} isthe image of linear
transformation A.

L Rank
!

Rank of a matrix is the number of dimensions in its column space.
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Rank

&

Column space U = span{A?, ..., A"} is the image of linear
transformation A.

Rank of a matrix is the number of dimensions in its column space.

o Full rank matrix: n columns, all linearly independent.

o Lower-rank matrices: linearly dependent columns present.
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Rank: Examples

1 2 3
0 0 O0f, rank(4) =1
0 0 O

1 0 O
0 1 2|, rank(4) =2
0O 0 O

0 O
1 0
0 1

2\ 0 A

va

N
—

J
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Rank: Examples

1 2 3
0 0 O0f, rank(4) =1
0 0 O

1 0 O
0 1 2|, rank(4) =2
0O 0 O

2\ 0 A

va

—~

0 O
1 0|, rank(4) = 3
0 1

)
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Column vs Row Rank

o Column space of 4 =span of A's columns.
'ts dimensionality = (column) rank.
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Column vs Row Rank

o Column space of 4 =span of A's columns.
'ts dimensionality = (column) rank.

« We can also define the row space of 4 as a span of A's rows.
'ts dimensionality = row rank.

girafe
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Column vs Row Rank

o Column space of 4 =span of A's columns.
'ts dimensionality = (column) rank.

« We can also define the row space of 4 as a span of A's rows.
'ts dimensionality = row rank.

e Columnrankvs. row rank?

girafe
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Column vs Row Rank

« Column space of A =span of A's columns.
'ts dimensionality = (column) rank.

« We can also define the row space of 4 as a span of A's rows.
'ts dimensionality = row rank.

e Columnrankvs. row rank?

« Fundamental result: the column rank and the row rank are
always equal.
See proofs.
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Rank

Thisis why there cannot be more than n linearly independent
vectors in R™!

girafe
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o Thisiswhythere cannot be more than n linearly independent
vectors in R™!

L Rank
!

Imagine xq, Xy, ..., X, € R™:
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Rank

o Thisiswhythere cannot be more than n linearly independent
vectors in R™!

e IMmagine xq,x5,...,%x, € R™
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(X11 X122 - Xim |

X21 X22 . Xom
X=x1 12| xp] =

Xn1  Xn2 Xnm|

girafe
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Rank

Thisis why there cannot be more than n linearly independent

vectors in R™!

Imagine xq, Xy, ..., X, € R™:

(X11 X12

X21 X222
X=x1 12| xp] =

Xn1  Xn2

rank(X) < min{n, m}
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Rank: Examples

1 2 3
0 0 O0f, rank(4) =1
0 0 O

1 0 O
0 1 2|, rank(4) =2
0O 0 O

2\ 0 A

va
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0 O
1 0|, rank(4) = 3
0 1

)
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Rank: Examples

j( 1 2 3
/\< e A=10 O 0],rank(A):1 < R3 is mapped onto a line
\/ 0O 0 O
% 1 0 0
B=10 1 2],rank(A)=2
- 0 0 0
N\
$ 0 0
0 1 O],rank(A)zB
0 1
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Rank: Examples

], rank(4) =1 < R3 is mapped onto a line

], rank(4) = 2 © R3is mapped onto a plane

], rank(4) =3
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Rank: Examples

], rank(4) =1 < R3 is mapped onto a line
], rank(4) = 2 © R3is mapped onto a plane

], rank(4) = 3 © R3is mapped on itself (isomorphism)
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Rank: Examples

oS O W

], rank(4) =1 < R3 is mapped onto a line

Infinitely many vectors are mapped into a zero vector.

-

2], rank(4) = 2 © R3is mapped onto a plane
0

Infinitely many vectors are mapped into a zero vector.

0
0], rank(4) = 3 © R3is mapped on itself (isomorphism)
1

Only a zero vector is mapped into a zero vector.
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Null space

o Asetof vectorsthat are mapped to 0 by a linear transformation A.
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l{ Null space
j « A setof vectorsthat are mapped to 0 by a linear transformation A.
/\<
\/ « Example: projection onto XY-plane:
oA
7N 1 0 0 0 0
A=10 1 O], A0=[0]=>

- 0 0 O Z 0
8!

0
y< Null spaceiveR3 |v=|0], z€ R

Z
)
= girafe 132
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Solutions to SLE

x+y=1
llx+y =2

x+y=1
‘o 2x+y =2

x+y=1
T 2x +2y =2
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Solutions to SLE f

x+y=1
1 { Y No solutions.

XxX+y=2

x+y=1 A single solution: x =1, y=20
‘o 2x+y =2

x+y=1 Infinitely many solutions.
2x + 2y = 2
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SLE: Matrix Notation

(2x; + 5x, + 3x3 = —3
$4x1 +0x, +8x3 = 0
(1x1 +3x; +0x3 = 2

girafe 137




l( SLE: Matrix Notation
j (2x; + 5x, + 3x, = —3
/\< <4xi+0xi+8xz= 0
V (1x1 +3x; +0x3 = 2
% 2 5 3 —3 X1
a=lt o 8], b=[o], =H
;/( 1 3 0 2 X3
% Ax = Db
LQ\( 6 g%rafe 129
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SLE: Matrix Notation

(2x; + 5x, + 3x3 = —3
$4x1 +0x, +8x3 = 0
(1x1 +3x; +0x3 = 2

2 5 3 —3 X1
4 0 8, b=1]0], X = |X2
1 3 0 2 X3

Ax = b

A =

“Find vector(s) x that are mapped into b by transftorm A"

6 girafe
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Number of Solutions

e Ax = b:"Find vector(s) x that are mapped into b by transform A".
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Number of Solutions

e Ax = b:"Find vector(s) x that are mapped into b by transform A".

s

Z

e Ifdetd #0,thereexistsdA™: x=A4"1p.
So, there is a single solution.
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Number of Solutions

e Ax = b:"Find vector(s) x that are mapped into b by transform A".

e Ifdetd #0,thereexistsdA™: x=A4"1p.
So, there is a single solution.

e Ifdetd =0, it's not that simple:
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Number of Solutions

e Ax = b:"Find vector(s) x that are mapped into b by transform A".

e Ifdetd #0,thereexistsdA™: x=A4"1p.
So, there is a single solution.

e Ifdetd =0, it's not that simple:

A maps the original space into a lower dimensional subspace.
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Number of Solutions

e Ax = b:"Find vector(s) x that are mapped into b by transform A".

e Ifdetd #0,thereexistsdA™: x=A4"1p.
So, there is a single solution.

e Ifdetd =0, it's not that simple:

A maps the original space into a lower dimensional subspace.
If we are lucky, b is there, and we have infinitely many solutions.

If not, there're no solutions.
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Solutions to SLE

x+y=1
llx+y =2

x+y=1
‘o 2x+y =2

x+y=1
2x + 2y = 2

No solutions.

A single solution: x =1, y=20

A= E ﬂ,detA £ 0.

INnfinitely many solutions.
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Solutions to SLE

x+y=1
llx+y =2
x+y=1
‘o 2x+y =2
x+y=1
2x + 2y = 2

{

A= H ﬂ,detA = 0. A maps R?

ontoaline, b =[1,2]" isn't there.

No solutions.

A single solution: x =1, y=20

A = E ﬂ,detA £ 0.

INnfinitely many solutions.
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Solutions to SLE

x+y=1
llx+y =2
x+y=1
‘o 2x+y =2
x+y=1
2x + 2y = 2

{

A= H ﬂ,detA = 0. A maps R?

ontoaline, b = [1,2]" isn't there.

No solutions.

A single solution: x =1, y=20

A = E ﬂ,detA £ 0.

INnfinitely many solutions.

A= B %],det/l = 0. A maps R?

ontoaline, b =11,2]" is there.
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Number of Solutions

e Ax = b:"Find vector(s) x that are mapped into b by transform A".

e Ifdetd #0,thereexistsdA™: x=A4"1p.
So, there is a single solution.

e Ifdetd =0, it's not that simple:

A maps the original space into a lower dimensional subspace.
If we are lucky, b is there, and we have infinitely many solutions.
If not, there're no solutions.

How do we check that?
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e Ax=Db-—SLE.

i/( Number of Solutions
j Q
P\

o Consider matrix (4|b) =

girafe o=
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Number of Solutions

e Ax=Db-—SLE.

o Consider matrix (4|b) =

_aml T amn bn_

- Ax = b hasa unigue solution & rank(A4|b) = rank(4) = n.
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Number of Solutions

&

Ax =b — SLE.

Consider matrix (A|b) =

- Ax = b hasa unigue solution & rank(A4|b) = rank(4) = n.

- Ax = b has infinitely many solutions < rank(4|b) = rank(4) < n.

girafe

151



=

Z

20 2

=2

N
—

J

Number of Solutions

e Ax=Db-—SLE.

o Consider matrix (4|b) =

- Ax = b hasa unigue solution & rank(A4|b) = rank(4) = n.

- Ax = b has infinitely many solutions < rank(4|b) = rank(4) < n.

- Ax = b has no solutions & rank(A|b) > rank(4).
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Solutions to SLE f

1 {x ty=1 No solutions.

x+y=2
1 =rank(A) < rank(A|b) = 2
x+y=1 . .

2 Yo v =2 A single solution: x =1, y=20
Ty = rank(A) = rank(A|b) = 2
x+y=1 Infinitely many solutions.

2x + 2y = 2
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Gaussian elimination

° Ax=0>b
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Gaussian Elimination

e Ax=Db —SLE.
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Gaussian Elimination

e Ax=Db —SLE.

A=

1 1 1
0 1 —3], b=[

2 1 5

Elementary row operations:

1 1 1
0 1 -3

2 1 5

girafe
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2 1 0
1|->-->[0 1 -3
0 0 0

0
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1
-3
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Gaussian Elimination

e Ax=Db —SLE.

1 1 1
A=|0 1 -3 =
2 1 5
e Elementary row operations:
1 1 1]2 1 0
0 1 -3[1)->-—>10 1
2 1 510 0 0

No solutions.

|

2

0

|

girafe
ai

160



Ax =b —SLE.

Gaussian Elimination

=0 XK
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Gaussian Elimination

e Ax=Db —SLE.

-3
-1
1

A=

e Elementary row operations:

-3 =5 36
-1 O 7

1 1 -10

girafe
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10
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—4

36
7
—10
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1 0 -7
> (0 2 -3
0 0 0
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-1
0
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Gaussian Elimination

e Ax=b —SLE.

Y

Z

-3 =5 36 10
A=]-1 0 7 |, b=1]5

1 1 -10 —4

e Elementary row operations:

-3 =5 36
-1 O 7

1 1 -10

20 2

10 1 0 -7
5 |>>(0 2 -3

—4 0 0 O

—5
_1>
0
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Infinitely many solutions.
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Homogeneous SLE

2x1 + 5x, +3x3=| 0
4‘X1 T OXZ T 8X3 = 0
1x; + 3x, +0x3 =| 0
6 g%rafe e
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Homogeneous SLE

Ax =0
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Homogeneous SLE

Ax =0

Solutions = null space of A.
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Homogeneous SLE

Ax =0
Solutions = null space of A.

rank A = #variables - unigue solution (O)
rank A < #variables — infinitely many solutions.
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° Ax = O
o etV beasetofsolutions:

i/( Homogeneous SLE
J Q
A\

VveV Av =20
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° Ax = O
o etV beasetofsolutions:

i/( Homogeneous SLE
J Q
A\

VveV Av =20

XS

2

e Note that

o 0€VbecauseAd-0=0.

=2

—~
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Homogeneous SLE

° Ax = O
o etV beasetofsolutions:

VveV Av =20

e Note that
o 0€VbecauseAd-0=0.

o VvEV - AvEV
Indeed, A(Av) = A4Av =0

girafe
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Homogeneous SLE

° Ax = O
o etV beasetofsolutions:

VveV Av =20

e Note that
o 0€VbecauseAd-0=0.

o VvEV - AvEV
Indeed, A(Av) = A4Av =0

o Vv,v, €V ->(v;+v,) EV.
|ﬂdeed, A(vl + 172) — AU1 + sz =0
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Homogeneous SLE

° Ax = O
o etV beasetofsolutions:

VveV Av =20

e Note that
o 0€VbecauseAd-0=0.

o VvEV - AvEV
Indeed, A(Av) = A4Av =0

o Vv,v, €V ->(v;+v,) EV.
|ﬂdeed, A(vl + 172) — AU1 + sz =0

] Vis a linear subspace!
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TO sum up

e Matrices as linear transforms

e Examplesof common transforms
e INnverse

e Determinant

e Rank

e Solutionsto SLE
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