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%e have developed a new quantum theory for phonon-assisted tunnel emission of elec-

trons from deep semiconductor levels. Linear coupling of a deep level with lattice-

phonon modes is assumed and a perturbation approach is used to calculate the tunnel ion-

ization rate. For a single-phonon mode, the resulting phonon-assisted tunneling rate is

first derived with the use of the Condon approximation and is found to be a function of
the phonon linear coupling constant S and of the phonon energy fe. A non-Condon ap-
proach is then used and results in an expression almost identical to the "Condon" one, ex-

cept that the coupling constant S is replaced by a modified effective value. The limit of
validity of the Condon treatment is then clearly deduced. The new quantum model readi-

ly lends itself to generalization such as coupling to multiple phonon modes. Experimental
results are presented and confirm the validity of the model.

I. INTRODUCTION

The electron-emission rate from deep levels in
GaAs and GaP was frequently observed to be a ra-

pidly varying function of electric field and tem-
perature (e.g., by Lang, 'i Pons and Makram-
Ebeid, Makram-Ebeid, "' and Makram-Ebeid
et al. ). For sufficiently strong electric fields, the
emission rate of two deep levels, the chromium-
related and the so-called EI.2 levels, was observed
to reach values at large fields and low temperature
which were 10—20 orders of magnitudes higher
than the thermal emission value extrapolated from
an Arfhcnius plot. %1th th1s 1Q mind wc cannot
assoc1atc thc obscrvat1on with a Poolc-Frcnckcl
process, and tunneling seems to be a much more
plausible explanation. A particular argument in
favor of tunneling is the small electron effective
mass in GaAs and GaP where the observations
were made. For the same ranges of electric fields,
the emission of holes in GaAs was observed by
Lang' to be insensitive to the electric field and this
again suggests that the field emission is due to tun-

neling and is much smaller for holes due to their

large effective mass compared to that of elo:trons.
Another observation along the same lines is that
made for the chromium level in GaAs by

Makram-Ebeid et al. This is a mid-gap level and
it is observed to emit holes and electrons; its
electron emission rate is seen to increase very fast
with electric field whereas its hole emission rate
remains practically constant. The fact that the
emission rate is sensitive to temperature as well as
electric field suggests that we are dealing with a
phonon-assisted tunneling mechanism.

Pons and Makram-Ebeid have presented a semi-

classical theory for phonon-assisted tunneling

where a single-phonon mode was assumed to be
linearly coupled to a deep level. In spite of the ap-
proximate semiclassical treatment used, an agree-
ment was found between the theory and experi-
mental data of the capacitive transients related to
electron irradiation level E3 in GaAs under dif-
ferent conditions of temperature and electric field.
Makram-Ebeid~ had subsequently suggested an ex-
perimental procedure to reliably determine the elec-
tric field and temperature dependence of the deep-
level electron emission rate e„and to use a best-fit
procedure to evaluate the Franck-Condon shift
Sfao as well as the energy %ca of the phonon linear-

ly coupled to the level (coupling constant S). The
values of SRco and fico thus evaluated were found
to be in remarkable agreement with values deduced.

from available data for photoionization, photo-
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luminescence, and multiphonon electron-capture
data for levels EL2 (main electron trap in bulk
GaAs), E3 [irradiation level in vapor phase epitaxy
(VPE) GaAs], and the ZnO center in GaP.

The purpose of the present paper is to develop a
quantuin-mechanical version of the phonon-
assisted tunnel-emission model more rigorous than
the previous semiclassical one. Apart from the
gain in logical consistency, the new model will lend
itself readily to generalizations such as many pho-
non modes and nonlinear coupling to the lattice.
Also, more general barrier shapes will be con-
sidered. As with the older version, the model's

predictions are very sensitive to the quantities Sfico
and flu, the value of which can be determined by
best fitting the observed electric field and tempera-
ture dependence of e„with theoretical predictions.
The values of Siiico thus evaluated with the new

model were found to be systematically larger than
those derived with the older version (the discrepan-

cy being 10—20%%uo for E3, EL2 in GaAs and ZnO
center in GaP). In fact, the new evaluations are
closer to the experimental results. It may also be
mentioned that the new model does not lead to sig-
nificantly different values for fico (the uncertainty
in its determination being in both cases large). The
new model version has already been used for the
main electron trap in bulk GaAs (Ref. 5} and for
the chromium-related level in GaAs. It should be
noted that the use of the older semiclassical version

for the chromium level in GaAs would have led to
a 100%%uo discrepancy for the best-fit Franck-
Condon shift SAco as compared to the value ob-

tained with the new model and that the latter value

agrees well with the Sfuu value deduced by optical
methods (see Sec. IX).

~

b ) of a deep potential well and z is the Cartesian
coordinate in the direction of the electric field F
with the well's centroid taken as origin.

The above result is readily applicable to the case
of an electron trapped in a deep stationary level

(no coupling to phonons) in a semiconductor and
which is made to tunnel to the conduction band
under the influence of an electric field. It is un-

derstood, in this case, that the single-electron wave
functions have to be replaced by Wannier functions
to take into account the effect of the semiconduc-
tor lattice.

To simplify the calculation and yet obtain re-
sults of general validity, we assume that the defect
potential is composed of a Dirac-tridimensional
potential well and of a long-range Coulomb-
potential tail (attractive or repulsive). These as-

sumptions will allow us to write analytical expres-
sions for gb and gy and explicitly obtain the tun-

neling rate from Eq. (1).
For an electron in a ground state and if the wave

function gb(r ) is assumed to be spherically sym-
metrical (s state) and thus to depend solely on the
distance r=

~

r
~

from the defect centroid,
Schrodinger's equation takes the form

2

rgb(r)

(2)

The definition of the barrier height hb is ap-
parent from Fig. 1. In Eq. (2), E(h} is the wave-

function attenuation constant assumed to be a
function of the barrier height. In general, the 6-E
dispersion law cannot be assumed to be parabolic

II. CALCULATION OF THE TUNNELING
IONIZATION RATE BY

PERTURBATION METHODS

) i ELECTRONICl ENERGY AND WAVE FLNCTIONS
. E, (O)

hb 0)-Fz

Oppenheimer has used a perturbation approach
to calculate the tunneling rate from an initial
bound state

~

b ) =gb, energy Eb, to a continuum
of free states

~ f) =t)'iy, energy E~, under the influ-
ence of an electric field E. This formulation takes
a form very similar to that encountered in familiar
time independent perturbation theory, namely,

P= g I (f iEz ib) I 5(Ey E), —
f

where P is the tunneling ionization rate for the
electron initially in the stationary localized state

z=O

FIG. l. Energy of the bound state (hb) and of the
free state (h~) relative to the bottom of the conduction
band at z=0 (trap centroid). The coordinate z=z,
represents the classical turning point for the final state.
The figure also shows sketches of the wave function Pb
and 1b~ of the bound and free states, respectively.
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and a two-band K(h) formula due to Franz and
Kailc will bc used thl'oughollt this paper [Eq. (6)
below]. The Coulomb-potential well tail a/r ap-
pearing in Eq. (2) will be assumed to be small; Eq.
(2) can then be solved within the WKB approxima-
tion by making the Taylor's expansion:

a a dK(h)K b,b
——=K(hb)

dh

fb(r) =Cbr e

pb =a[dK(b, )/dh]a a

Kb K(b b
——),

and the constant C~ as obtained by normalization

(2K,)'"
[4n I'(2pb+ 1)]'~

with I standing for Euler's gamma function.
The evaluation of the final free-electron-state

wave function gy will be done in a similar manner.
We only have to deal with final states having
negligible momentum components normal to the z
axis, otherwise their probability of tunneling will
be severely reduced (see, e.g., Gundlach' ). The
Coulomb tail assumed small will be treated in a
one-dimensional manner whenever g& is to be
evaluated on the z axis. The free-electron wave
function in the neutral bulk region of the semi-
conductor (with zero field} is assumed to be

gy(F) =V 2 c(oks,/z +y, ),
where z ppz, and where k,f is the wave vector in
the z direction in the bulk neutral region and y, a
constant phase angle. After Landau and
Lifshitz, " this wave function corresponds, in the
classically forbidden region (z &z, ), to the expres-
Sion:

and the resulting expression is

ksf ~c
[4/(r)], ,—=

f
g

Xexp f K (h~ Fz)dz—

where pI a[——dK(b )/dh]&
and K/ =K (hg ).

The expressions (3}and (5}for bound- (initial}
and free- (final) state wave functions have both
been obtained by making use of a Taylor series ex-

pansion in the exponentials to deal with the
Coulomb tail of the potential well. It must be re-
called that the calculation of the matrix element

(f ~

Fz
~
b ) is aimed to be used in Eq. (1) and in-

volved the product l(|/gb and the errors will tend
to cancel.

In the Appendix, the matrix element (f ~
Fz

~
b )

is explicitly evaluated. %e may now substitute in

Eq. (1) and note that the occurence of the delta
function 5(Ey Eb ) there—in implies that we have
only to deal with elastic tunneling (E/=Eb or
5/ ——hb). The summation over the final states is
transformed into a triple integral in k space and
thus into the expression:

1 m*P= f —5(E —Eb}E=0

X f i(f iFzib))z dE
sf

where mb is the electron effective mass in the con-
duction band and Ej ——1rPki/2m~, fikl being the
component of momentum perpendicular to the z
direction. The integral over E is readily evaluated
on account of the delta function 5(E Eb ) whereas—
that over Ej is evaluated by noting that the expres-
sion of ( (f ~

Fz
~
5 )

~
as deduced in the Appen-

dix is proportional to tunnehng probability—A(E~)
e ', ~here

~(E,)=—f K(n, E,)da,2

111 wlllch llsc ls Inadc of tllc Flallz-Kanc rclatlon '

for K(a,E,):

g

Xexp K(h~ Fz —a/z}dz—
C

K(b„E1)= 1
— b+Ei

g

%'e may again make a Taylor's expansion to take
out the Coulomb potential (a/z) and simplify all
the factors, except the rapidly varying exponential,

and in particular, we define

K(b) K(A,E1}E, o, —



25 QUANTUM MODEL FOR PHONON-ASSISTED TUNNEL. . .

where m~ is the effective electron mass at the
conduction-band minimum and the energy Eg is
the band-gap width. It is seen that the factor

—A (E~)
e ' decreases very quickly when E& increases

from zero to E and consequently e ' has a
—A(E )

very sharp maximum. Near this maximum, we
can write after elementary calculations:

' I/2

A —= [A (Ej )]s, p
—— — Es

'
sin '

' 1/2
2h1—
Eg

1/2
'

e =e exp( E~IE—E~),
—a(E, )

where
' 1/2

BA 2 2m

BEl El pF- sin E

1/2

and thus

m~ AEg
, ( I &I IFz

I
& & I ')a, =bb

m%5 zf
E~ ——0

Considerable simplification results from using a
parabolic b;E (one-band) approximation (amount-
ing to setting Es = ao in the above relations). This
approximation results in insignificant errors if it is
only made for the evaluation of preexponential
terms. In particular, we obtain

2kb

3A

p
f

which together with Eqs. (A6) and (8) yields

2kb (3A/2) ~ e "
1

3' 1(2p+1) A 2A 3A

1/2

(9)

2kb q
—"

3A A
(10)

which is a result identical to that obtained by
Korol'2 who used a Green's-function approach.
Another interesting case is that of a pure
Coulomb-attractive potential well for which it can
then be shown that p=1, and which yields for
A)p1

3 ~bI' =— Ae
4

A particularly interesting special case to examine is
that of the absence of the Coulomb-potential tail
(p=0) and an opaque barrier (A » 1); Eq. (9)
gives

I

a result which should be compared with that of
Landau and Lifshitz" for the electric field ioniza-
tion of the hydrogen atom and which can be ex-
pressed in a form similar to the above, but with

3 16
the numerical factor —, replaced by —, . This
difference in the numerical factors obtained is due
to the very different treatments and approxima-
tions used.

III. INTRODUCING IN THE TUNNELING
MODEL A LINEAR COUPLING

TO A PHONON MODE

We now examine the effect of a linear coupling
between the bound-state and lattice-vibration
modes. To deal with this problem, we make use of
a Born-Oppenheimer approximation according to
which the electronic energy can be treated as a
function of the coordinate of the lattice atoms
whenever these atoms are much heavier than the
electrons. This condition of validity is largely met
in all semiconductors. We further assume that the
Hamiltonian H, ~ of the bound electron has an
"adiabatic" eigenvalue related linearly to a general-
ized lattice coordinate Q, for a single-phonon
mode, by an equation of the form

H, ~
—(2S)'~ Qfico+c——onst, (12)

in which fm is the energy of the associated pho-
non, S the so-called Huang-Rhys coupling constant
and the coordinate Q is normalized in the sense
described by Messiah. '3 On account of the linear
nature of Eq. (12), it can be shown that the system
composed of the bound electron and the lattice vi-
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bration behaves as a harmonic oscillator and that
when the bound level is empty, it behaves like a
harmonic oscillator with the same frequency but
with an equilibrium point in Q space shifted by
—(2$)'~ . Figure 2 shows the potential energy of
the system with a filled or empty bound state; this
is the so-called configuration diagram.

The wave function describing the electron and
the lattice when the bound state is filled is

X
LLI
Z
tL}

.DO II J
Z N

X

Ec

Ey

UNOCCUPIED TRAP

q'b{r Q)=lamb(bb r)]a, =a, (giX.,(Q}

where

bb(Q) =bT+SAco+(2$)'~ ficog,

(13) IED TRAP

and X„(g) is the normalized wave function of a
harmonic oscillator with an "equilibrium point" at
Q=O and where the Q dependence of bb is de-

duced from Fig. 2. The energy of the stationary
composite ~tat~ i' is bT+~—(nb+ i ).

Similarly the composite wave function Vf (r,g)
corresponding to an electron in the free conduc-
tion-band state can be written as:

Vf(r, g)=gf(bf, r)X„(g+(2$)' ),

the eigenenergy of this stationary state being
1—bf + fm(nf + —,). .

A generalization of Oppenheimer's perturbation
formula can be made by including the lattice coor-
dinate Q as a further degree of freedom and thus,
the new tunneling ionization rate 8 is given by

-V2S p

NORMALIZED LATTICE DISPLACEMENT (Q)

FIG. 2. Configuration diagram shouting the electron-
ic energy (above) and the sum of elastic and electronic
energy as a function of the generalized lattice coordinate

Q (below).

R= Av„y I &q'f{r Q} IFz
I
q'b(r Q}) I'

X5(br bf +(nf nb—)fico), (15)

and Av„ indicates that one should take a statisti-Ilb

cal average over nb values.

IV. CALCULATION OP THE TUNNELING IONIZATION RATE
WITHIN A CONDON-TYPE APPROXIMATION

The evaluation of the tunneling ionization from Eq. (15) above requires the evaluation of the transition
matrix element {%'f

~

Fz
~

%b ) which involves integration over both electronic and lattice coordinates. This
matrix element can be written from Eqs. (13)—(15) as

{Vf~Fz
~

%b)= J X„(g+(2S}' }X„(g) f gf(bf, r)Fzpb{bb(g, r)d r ) dQ . (16)

The approximation we shall use here consists in treating the triple r integral as independent of the coordi-
nate Q. This can be justified if the triple integral value changes slightly over the range of Q values for
which the product X„(g+(2S)'~ )X„,(Q) has an appreciable magnitude. Therefore we evaluate the r triple

integral for a fixed value of Q which is such that

bb(Q) =b, T+Siric+o(2$)'~ iricgg =bf .

This can be.justified inasmuch as the value of Q thus defined corresponds to the maximum magnitude of
the product X„{g)X„(g+(2$)'~). We leave for the next paragraph the evaluation of the error involved in
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this approximation. With the above procedure, the matrix element to be calculated takes the form

where

The tunneling rate R of Eq. (15) now becomes

(A ., I (&., I&., & I')
~ g(I (Pf IF lfb& I')a, =a 5(~ —~f+

We recognize in the inner sum the elastic tunneling ionization rate from a bound state. of energy —hs with

bs ——b,r + mfic0. This elastic tunneling rate can be denoted by P(bs) =P(b r + mfuo). The statistical aver-
age Av„ l (g„+ l g„,& l is a familiar expression appearing in many multiphonon calculations and has for

example been expressed by Keil' in the form:

C m fico fico 8
2kT

'""
2kT h(f y2kr)

I

T being the absolute temperature and k the
Boltzmann constant. The phonon-assisted tunnel-

ing rate R within the Condon approximation can
now bc cxprcsscd as

[Eq. (A5}];setting pf =ps ——0, we obtain

(f l
Fz

l
Ii&= (4nk,f)'~ e '"~ F(ri), (19)

W~P(hr+mfico),

where it can be shown that

BE(5)
Ba

F(rl) = 1+ +~ir ri—,ci e" [I+erf(i}}]
1 1

( 3g )1/2

V. LIMITS OF VALIDITY OF
THE CONDON APPROXIMATION

The result expressed in Eq. (18) above rehes on
the assumption that the triple r integral appearing
in Eq. (16) is very slightly Q dependent. We now
examine the error involved in this assumption.
First, we attempt to evaluate this Q dependence.
We limit ourselves for simplicity to the case where
there is no Coulomb tail to the defect potential
well. The results we shall obtain below can be gen-
eralized to the case where a Coulomb tail is present
but no essential modification in these conclusions
will be obtained in so doing. The triple r integral
in question has been evaluated in the Appendix

hs ——dLr+SAco+(2S)'c ficoQ .

The dependence on Q of the matrix element
(f l

Ez
l

Ii & appears through the quantity ri and we
therefore try to put i} in a simple explicit form.
For simplicity, we, once more, take a parabolic 6-
EC relation and obtain

'1/2 ' '1/4
3a
16

The order of magnitude of the term (3A f16)'
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(21)

appearing above can be estimated by remembering
that Eq. (18) is a first-order approximation to the
tunne11ng rate and that the term I (kz + Nf Ar0) ap-
pearing therein is proportional to e ". The contri-
bution due to this term would be totally negligible
(less than 10 s ') if A were larger than 45 [see
Eq. (10)]. Expression (20) can now be written as

(2S)'"A
rI= -(Q -Qm)

m —S
Is

(2S) f/2

'1/4' '1/2
16

b,f 3A
J L

a,'"&0.35~, .
(2m )'"

The energy 60 appearing in the above expression
depends only slightly on Q through the factor b,J,

and it will be treated in the following as a con-
stant.

Figure 3 shows semilogarithmic plots of the
function F(g) appearing in Eq. (19) for different
values of A. Also shown for comparison are the
functions es and e ",which are straight lines in
the semilogarithmic plot. We are only interested
in investigating the behavior of F(rl) for the value
of Q corresponding to large magnitudes of the vi-
bronic wave-function product X„(Q+(2S)'~ )

XI„(Q). This range has a width of the order of
(2S)'~~ and this corresponds to an interval b,r) of
the variable r) of the order of 2SAr0/4s. Except
for very strong coupling, this interval width will be
of the order or smaller than unity. Referring back

FIG. 3. The function I" (g) of the text comp8, red to
the expoI1cnt181s e~ snd 8 ~.

to Fig. 3, we see that for such an interval b,q con-

taining rj =0, the function F(rl) can be approxi-
mated to an exponential function in the form

F(rl ) =F(0)e&v=—F(0)e

p g
(2S) Arg

h,o

%e are now i,n a position to obtain a closer ap-

proximation to the matrix element

(qlf ( r, Q)
~

Fx
~ mls( r, Q) & than was done in the

preceding section. %e have

&q'f(r, g) ~F )qs(r, g)&= JX„,(gy(2S)'")((y~~S~ ~q, &), , '1 q„(gag

&;)~( Pr I
«

I fs &)s,
F(rl)

"g "' '""o th' preceding sectio» we get » equatio n simi»r to Eq. (18) but with the sta-

tistical "Condon" weights 8'~ replaced by "non-Condon" weights

PPNc Av
i

Um i2
Sy Ny

5
()

The evaluation of the matrix elements involved in the above expression can be performed by means of
operator algebra. The configuration coordinate Q can be written in operator notation:



QUANTUM MODEL FOR PHONON-ASSISTED TUNNEL. . . 6413

where a is the annihilation operator over the set of bound vibronic states X„. The operator e can
PQ-Q ]

now be transformed into a product with the use of Glauber theorem (see Messiah' ), thus

—gV/dg ~2P

In the above product, the factor e / ~ is equivalent to a Taylor's expansion which, when acting on func-
tions of Q is equivalent to replacing Q by Q —p. The factor e + can be expanded in a Mac-Laurin series
in v 2pa; we then obtain after obvious manipulations

1/2

(X„, (Q+(2S)'") ~X„, j(Q —P)),
nb&

(nb —j)!
p~p/2-g ~ + (v2pVUNl

b J

which involves the same type of overlap integrals seen in the previous section. Writing these overlap in-
tegrals explicitly after Keil, ' we obtain

P(P/ —Q ) —& /2UNl
NI

8

'j

X=S)

as deduced from Copson, we see that the sum in j above is a Taylor series, so that
' 1/2

L,„„(s,—P(2s, )'") .
nb!

(ns+m)!
P(P/2 —Q )—S, /2

b

After some manipulations, this expansion reduces to

SNl/2 g [ i p] I tlt+j(s
nb (2S )1/2 j

(ns+m )! 0 j!
where Si ———,[(2S)'/2 + p] and I.„+J(s, ) are the Laguerre polynomials as defined by Copson. '5 Making use

of the relation

' 'm/2 ' '
1

'1/2
-zp/(2s)'n 1+P/[2S] nb s, /2 ~/2—

1 —p/[2S]'" (n&+m)!

We recognize in the term in the second set of square brackets above the expression for the overlap integral
(X„+~ ~ X„,) with S replaced by an equivalent value S, where

2

S,=Si —(2Si)' P=S—, P =S 1——

Substituting Eq. (24) into Eq. (23), we obtain

~NC 'e —2p/(2$)~/2 1+p/[2S] II/O S1+P/[2s]'"
where 8' (S, ) is the same as 8 given by Eq. (17) except for the value of S being replaced by S,. The fac-
tor in square brackets can be expanded in powers of p/(2S)'/, so we finally get

3/2
2

W =exp —m
3 2S

5/2
p2

5 2S
8'm S I—

1/2 '

2S (25)

Thus we can see that the use of the Condon-type approximation made in the preceding section requires that
the quantity

~
p/(2S)'/

~

be small compared to unity, where from Eqs. (21) and (22):
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(26)

and thus we should have

In other words, the validity of the Condon-type approximation implies that the phonon energy fico be
small compared to the free energy of ionization hr. If the quantity

~

P/(2S)'/
~

is not extremely small

[ ~

P/(2S)'/
~

——,, say], the exponential factor in Eq. (20) will still be close to unity and vary slowly with m

so that the main departure from the Condon approximation is accounted for by replacing the Huang-Rhys
constant S by an equivalent value

S 1 —[P/(2S)'/ ] —=S 1—

VI. ASYMPTOTIC EXPRESSIONS FOR THE STATISTICAL WEIQHTS $f'~

Equation (17), giving the values of the statistical weights W, involves the modified Bessel function

I~(X) with X=S/sinh(fuu/2kT). Two special cases are interesting:
(i) X is small compared to

~

m
~

(low temperatures or large values of m). The Bessel function can be ex-

panded by the first term of its MacLaurin series expansion and we obtain
r

e ' "+" for m)0
m!

e s(2)7+1) [ —n 1 for 0
m!

(27)

and for X=S/sinh(fico/2k@ « m, where n =1/[exp(%co/kT) —1].
(ii) In the high-temperature limit (X large compared to m), we may use the following asymptotic expres-

sion given by Abramowitz and Stegun':

and thus

r

X exp[(m'+X )'/'] e

m +(m2+X2)1/2 (2 )1/2(m2+X2)1/4 (2 X)1/2

W =exp —S tanhC 1 (fi/ckoT) 1

8 sinh(irico/2kT) (2irX)1/2
(2&)

where

irico (%co/2kT)

2kT sinh(1)lcol2kT)

A series expansion in fm/kT results in

8'~ =expC S %co

192 kT

3

with
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1 fico

24 kT

'2

'2
1 fico' 24kT+" 2kT

Pl i s

Thus we see that for kT & fico, we can stop the above expansions to the zeroth-older term to obtain

c e
8'm =

—(m —m&) /2X —(m —S)2lru/4kTS

(2irX)' (4IrSkT/fico)'i

(30)

which reduces to (29) for kT & fico.

which is a Gaussian-type distribution with a variance 2kTS/fico. This is not the only case where W~ fol-

lows a Gaussian law. In fact, it can be shown that, in general (see Lax' ), W is a Gaussian distribution for
S» 1 and

~

m —S
~

&&S, of the form

e
—(m —S) /2F

IV~ = /, Y=Scoth(fico/2kT),
(2ir Y)'/

VII. AN APPROXIMATE ANALYTIC EXPRESSION FOR TBE TUNNEL IONIZATION RATE

The tunnel ionization rate 8 has been set in the form of a sum of product terms W~P (4r + m fico)

These terms usually have a sharp maximum around a value of m. To evaluate this sum we can, therefore,
approximate it to an integral. Even if each of one of the terms 8' and P(hr + mfico) varies too fast, it is
the value of the product at the maximum that matters and at this maximum, these terms are, of course, not
expected to vary quickly with m, and thus

R= f W~(a)P(b)

when m (6)=(b,—b, r)/fico.
An especially interesting case to treat is that in which 8' is approximated by a Gaussian dependence,

1.e.,

Wm 1 (5-hl)2/2(h2)2

[2~(~,Pti"

with bi ——b, r+Sfico and (61)1=2S(fico)zcoth(%co/2kT). As far as P(h) is concerned, its dependence on b,
comes mainly from the WKB tunneling probability e "of Eq. (11). We again simplify by taking the case
of a parabolic b;E relation. The product 8' P(b, ) will be maximum when the exponential argument

4 2m* b,'"
8(&)=— +—

2(61)

ls R 111Rxlllllllll (1111111Illllnl Rbsolute VRlue) wlllch Rlnou11ts to
' 1/2

(b,g)

for the corresponding peak value h~ of h. Near the maximum value of 8, we have:

(32)
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and

f g s(a) s(a ) + —[ )
8"(4 ) ) /2)(a —4 ) 8(a )

0 —OD

' 1/2

We note that Eq. (32) is of the second degree in hm; straightforward algebra yields

hm —6(———2b(/I 1+[1+(F/8, ) ]'

with

2m'F—
iI), (

1/2

1/2
2m * 2S (fico)

h
(5co

(b, T+S()lco)(/2 2kr

and

R =-exp
(6 —6()

2(&2)
P(h

F F
F F

F
+1

1/2 ' 1/2

(33)

The above results depend on the use of the Gaussian approximation for the statistical weights Wm. As
discussed above, this approximation holds true at high temperatures and also at low temperatures, provided
that

~

m —S
~

&&S; this inequality amounts to

261
l l

—
I I+[(+/+ )2+1~(/2 I2

and will be justified for sufficiently strong electric fields.

VIII. POSSIBLE GENERALIZATIONS OF THE MODEL

The legitimacy of the Condon-type approximation used in the preceding paragraph allows us to generalize
our treatment as was done for the calculation of optical-absorption or emission spectra (for example, see
Keil' ). We can generalize the treatment to quadratic coupling by going exactly along the lines proposed by
Keil. ' A more interesting extension of the theory, however, is to include more than one phonon mode. As
was shown by Keil' for optical sp(x:tra calculations, all we have to do is to replace the statistical weights by
convolutions. In particular, for two phonon modes of phonon energy, %co( and fico2, and coupling constants

S1 and S2, respectively, we shall have

+F0 +CO

Wm (Sl~ficol) Wm (S2~fico2) (~T+mlficol+m2fio2)c
Nl~ —oo m2= —ao

As discussed in the preceding section, the discrete nature af the above sums is not essential and we can re-

place them by integrals; thus we get after same transformations
g

R = f W'g(h)P(h)dh, ,

with

where

Pll1 =
fico)

In other words, we can deal with integral-type convolutions. When the heights 8'~ and 8'~ can be ap-
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proximated by Gaussian weights [Eq. (31)], their convolution is also Gaussian with first and second mo-
ments given by

6i b, r——+SiRci)i+S2Aco2

(hs) =Si(iraoi) coth(iricoi/2kT)+Si(iriroq) coth(fbi/2kT) .

(34a)

~1 ~T+~pC i

hpc ——g S;%);, (34b)

This is easily generalizable to an arbitrary num-
ber of phonon modes which are independent and
linearly coupled to the level. In general, one can
therefore write:

I

ponent 2p has a sign and a value depending on the
strength and sign of the long-range Coulomb po-
tential of the level. In general, the Coulomb tail of
a deep level will not represent a very strong poten-
tial compared to the defect localized potential, so
that p will be small or, at most, near to unity and
the factor A & will have a 5 dependence negligible
compared to that of e "/A. Thus we take a gen-
eral expression for P(b, ) similar in form to the
case of a pure Dirae potential well [Eq. (10)], i.e.,

(h2} = Q S;{iiiai;) coth(Are;/2kT),

and at high temperatures,

(h,2) =2kT QS;duo; =2kTb, pc,

(34c) where y is an adjustable preexponential factor.
The electron emission rate e„can be measured

by a differential transient capacitive technique as
explained by Makram-Ebeid. ' We then set

en =enO+~

with hpc denoting the Franck-Condon shift. For
the validity of Eqs. (34a) —(34d) we have assumed
Gaussian approximations for each of the phonon
modes. This means that we are either at high
enough temperatures or that the electric field is
strong enough to guarantee that

~
m; —S;

~
&&S;

for each of the terms of the expression of tunnel-
ing rate R which contributes significantly to the
value R.

IX. AN EXPERIMENTAL METHOD FOR
DETERMINING h, pe AND Am

The tunnel ionization rate as given by Eq. (18)
or Eq. (34) is very sensitive to the Franck-Condon
shift and to the phonon energy of the vibration
modes which are assumed to be linearly coupled to
the level. As mentioned in the Introduction, this
feature has been used to evaluate these quantities
from the temperature and electric field dependence
of the electron emission rate. The elastic tunneling
rate P(h) appearing in Eqs. (18) and (34) has been
obtained in a form containing the factor A p 'e
[Eq. (9)],A being the WKB attenuation across a
triangular barrier of height 5 in a field F. The ex-

where e„o is the zero-field emission rate and R the
tunneling rate as expressed by Eqs. (18) or (34).
We then use the following procedure:

{i) We choose an arbitrary estimated value for
fm, we calculate 8 after Eq. (18), and when
kT & fico, we see that the model predicts a value of
R depending solely on y and Ape as can be seen
explicitly from the expressions (34a}—{34d) and
(35). Figure 4 illustrates the method used for
selecting the most suitable value of Shee for E1.2.
The error in evaluating SAe can be reduced by do-
ing this fit at a selected set of high temperatures.

(ii) We now can change fm until a best fit can be
found at low temperatures. Figure 5 shows the ef-
fect of varying ftco on the temperature dependence
of e, (=R) at relatively low temperatures (for EL2).
It is seen that fm affects the way in which e„sa-
turates to its zero absolute-temperature value.

Figure 5 also illustrates the fact that, at high
temperature, the model only depends on the
Franck-Condon shift ape —Sftco and that only th—e
low-temperature behavior is capable of yielding fico.
In the presence of many phonon modes, it is seen
that the above procedure will give the correct value
of b pc Q,S;fico; since E——q. (34) shows that the
high-temperature behavior of R only depends on
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FIG. 4. Illustrating the choice of SAco for closest fit-
ting of the experimental data in the case of EL2 the
main electron trap in bulk and VPE GaAs.
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FIG. 6. Comparison of theoretical calculations after
our quantum model with the measured electric field
dependence of the electron emission rate at different
temperatures for level EL2 in GaAs after Makram-
Ebeid (Ref. 5).
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FIG. 5. Illustrating the best-fit method for determin-

ing %co for the EL2 donor level in GaAs.

h„z together with y appearing in Eq. (35). The
values fico determined from the above procedure
must then be regarded as an average or effective
value.

Figure 6 shows the result of the above fit for
EL2 at different temperatures and electric field.
We must note the good fit and we should
remember that this fit was done at T=213 and 243
K to determine y and bFc and that the model
predicted by itself in an accurate manner the
behavior at T & 243 K. Similar remarks were done
also for E& (Ref. 4) and Cr in GaAs.

Table I gives the value of Sfuu, iriei and the preex-
ponential factor y when using the different ver-
sions of the model, which are as follows:

(i) our new quantum version as expressed in Eq.
(lg),

(ii) the Gaussian-type approximation as ex-
pressed by Eqs. (34a}—(34c), and

(iii) the semiclassical version of Pons and
Makram-Ebeid.

We see from this table that the new quantum ver-
sion and the Gaussian approach yield neighboring
estimation for Sfico and fico. The semiclassical ver-

sion gives systematically lower values for Sfico and
especially in the case of the chromium level (100%%uo

difference}.
Table II gives a comparison of the estimates for

Stick and fico with the above procedure (using the
new quantum version) with other types of esti-
mates. Here again the good agreement is an exper-
iinental indication of the model's validity. In the
case of EL2 (in GaAs), our evaluation of Sfuu and
fuo allowed the identification of a photolumines-
cence band frequently observed at 0.64 eV with
this level. However, the absolute value of the
electron-capture cross section 0„ for EL2 at low
temperature is considerably larger than would be
expected from a direct multiphonon process. This
discrepancy may be accounted for if we assume
that the capture occurs via shallow hydrogenlike
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TAQI.E I. Effect of the choice of the model version for phonon-assisted tunneling on the best-fit parameter estima-
tion (S&u, Ae, and preexponential factor y).

Model version

ZnO
in GRP

124+10
132+10
100+10

140+10
152+10
115+10

20+ 5

Taken
18.6

(photolumincsccncc)

1.2x 10-'
1.5y, 10-'
0.5 y, 10

0.4X 10
1x 10-'

0.5X 10-'

0.075
0.2

0.05

0.5x 10-'
1X10-'

0.15X10-'

Ncw quantum version
Gaussian RpproximatiOn
Semiclassical

Ncw quantUm vcf'sioil

GRussian approxIIIlation
SCBliclassical

New quantum version
Gaussian approximation
Semiclassical

New quantum version
Gaussian approximation
Semiclassical

excited states. This is particularly plausible since
EL2 is known to be a donor.

In the treatment of tunneling made above,
several implicit assumptions were made, among
these, use of the macroscopic field Ii and the as-
suinption of a long-range b;E relationship (or ef-
fix:tive mass m~ for the parabolic case). This also
implies the use of Wannier wave functions. Refer-
ring to the Appendix, we see that the evaluation of
the electronic matrix element (f ~

Iiz
~
b ) depends

on the product zgf (z)gi, (z) which has a sharp peak
at X=O, y=0, and z =zo/v 2=(1.5A /Ef)'~ . The
order of magnitude of zc/v 2 can be estimated
when A is neither too large or too small
(4 &A & 50, say), zo/v 2-100 k This distance is
of the order of 20 interatomic distances so that we
can make use of both a long-range b-E relation
and of a macroscopic electric field (or macroscopic
dielectric function).

The validity condition for the use of our
"Condon-type" approximation is that fao « ET,
which also means that the phonon-vibrating period
(2m/co) is much longer than the tunneling transi-
tion time (A'/KT). This, in fact, is another state-
ment for the Born-Oppenheimer approximation va-
liditp. This condlt1on 1s not vs' stringent for an/
level (hr & 0.2 eV) and this is because, unlike mul-
tiphonon emission (MPE) capture (see, e.g., Henry

and Lang' ), the crossing of the electronic bound
level with the conduction band is not involved in
our tunneling process.

We have developed a method to evaluate the
quantities S and @co characterizing the coupling of
a deep level with phonon modes. One may minder
whether the unknown details of the deep-level po-
tential can fundamentally alter this evaluation. In
fact, a straightforward analysis shows that details
in the nearest-neighbor potential barrier can only
affect the preexponential factor (y) in the tunneling
rate expressions. The details of the long-range po-
tential when approximated to a Coulombic (attrac-
tive or repulsive) tail introduce in the elastic tun-
neling rate P(h) of Eq. (9) a factor A2" ' which
varies with the energy 4 very slowly compared to
the exponential factor e ". This shows that de-
tails of the potential barrier shape can, in general,
be absorbed in the preexponential factor y and
have little influence on the estimation of S and fm
(see the end of Sec. II).

Another important feature of the modd is the
use of the Franz-Kane b;K dispersion relation in
the band gap. This relation is certainly a simplifi-
cation since it does not account for example for
the difference between hole and electron effective
masses. To check the importance of a detailed
knowledge of the b,-E relation in the middle of the
band gap, we have evaluated S and Ace by our
best-6t method while assigning to the gap width

Es in Eqs. (7)—(10) values from 1.4 to 1.8 eV.
The corresponding alteration in the best-fit values
of S and firn were found to be less than 4% for the
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trap investigated in Table II. This insensitivity to
E can best be put in evidence by making a
MacLaurin expansion of A [Eq. (7)] in terms of

A—= 1—4Efhf 3'
3E 10Eg

Owing to multiphonon absorption, the most prob-
able tunneling transitions will occur for by & ,Fs-
and hence, Es (or details in the mid gap 5-K rela-
tion) will have a minor influence.

XI. SUMMARY AND CONCLUSIONS

We have built a new quantum theory for the
phonon-assisted tunneling process from a localized
level to the conduction band in a semiconductor.
The tunneling rate is calculated by using a pertur-
bation approach. A Condon-type approximation is
first used. Another approximation goes beyond a
pure Condon treatment and proves that the error
in the Condon-type treatment is equivalent to re-

placing the value of the Huang-Rhys coupling con-
stant S by an effective value S, =S(1—(2fico/b, o) )
where 60 is an energy comparable to one third of
the free Gibbs ionization energy b, r.

Experimental observation support the validity of
the model. Only two best-fit parameters, d!Fc and

y are sufficient to accurately predict the high-
temperature behavior of the tunnel ionization rate.
A best-fit procedure is used and the parameter
values deduced are found to be in good agreement

with various other sources of estimation. This is a
second experimental evidence of the model's validi-

ty.
From a practical viewpoint, the theory we have

developed allows us to use the electric field ioniza-
tion data for the evaluation of the Franck-Condon
shift EFc and of fico by electrical means. This pro-
vides a link between the optical spectra related to a
deep level and its electrical ionization energy. An
illustration for exploiting this type of link is given

by the 0.64-eV luminescence band observed in
semi-insulating GaAs and which was identified by
Mircea-Roussel and Makram-Ebeid as the EL2 lev-
el in GaAs.

Another practical utility of the present theory is
its ability to predict the high-field behavior of
deep-level transients. In particular, the deep-level
transient spectra (DLTS) are observed to be severe-

ly distorted in shape and position at high fields
which renders their identification difficult and the
concentration evaluation erroneous. The
knowledge of the electric field and temperature
dependence of the emission rate allows us to simu-
late the DLTS spectra and to overcome the above
mentioned difficulties.
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APPENDIX

gy(r)=

In this Appendix, we evaluate the electronic transition matrix element &f I
Fz

I
b ) appearing in the text.

We start by rewriting the wave function of the final and initial (bound) states in the simplified forms:
'1/2 ' 'Py

kgf z, z
exp f K (Ay Fz)dz-

f z . c

and (Al)

(2K' )
Ps(r)=,yz

r ' exp( Kqr), —
[4~r(2p, +I)]'"

where Ky =K (hy ), Ks .K (hb ), and py ——and pb are defined in the text. The matrix element fo be evaluated
involves a triple integral which is easier to evaluate with spherical coordinates

x =r sin0co~, y =r sin8 sing, z =r cos8 .

This change to spherical coordinates yields

&f IFz
I
b~=2nF f A(r)r f gy(z)zdz dr . (A2)
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In this last equation, use will be made of expressions (Al) over all space. This will give rise to minor er-
rors because, as it will become obvious later, the major contribution to the integrals comes from the neigh-
borhood of the defect in the classically forbidden region where expressions (Al) hold true. The above z in-

tegral can be easily evaluated by noting that

Bin(g/(z) ) p/ Pf=K/ — -Ki—for z»
aZ Z f

Therefore, f/(z) can be approximated to the exponential function of z:

g/(z) = (P/)—, „exp[K~(z —r)],
for

~

z
~

&&p//K/. We may note however that, due to the factor z appearing in the z integral of Eq. (A2),
the contribution of the region where

~
z

~
(pI/K/ can be safely neglected and we obtain

T

(f ~Fz ~b)= f fb(r)r(g/), , r +—r+ e / dr .
0 2 f K Kf

Substituting for g/ and pb from Eqs. (Al) in the above expressions, we obtain

&f iFz
I
&)= '" f",f, (z)f2(z)dz, (A3)

where

and

1f(z)= z — + z+ e
f f

exp —f [K(b~ Fz) K—(bb)—]dz

Kbk,ffz(z) =
4K' I (2pb+ 1)

1/2 ' '
pj

(2Khz f
z

exp — K hf —I'z zz=0

In the text, we are mainly interested to the case where hf -=hb and consequently the exponerits pf and pb
will be nearly equal and hence f2(z) will be a very slowly varying function of z and the integral of the pro-
duct f, (z) f2(z) can be evaluated as follows:

)Z' 2Z Z= 2Z~ 1Z Z

where z is the value of z for which the rapidly varying function f, (z) is maximum. Another considerable
simplification results by approximating the last exponential factor in the expression for f, (z) to a Gaussian
function. This can be done by expanding K(bI Fz) in a Taylor—s series in z about z=o and retaining the
first two terms. Thus

z g 2
exp f [K(b/ Fz) K(hb—)]dz —=exp f [K(b/ Fz) K(bb)]dz e—xp f—[K(bf Fz) K(bb)]dz

I I

~ ~ 2
ZJ=exp
ZO

'2'
Z ZJ

Zp

where

z) =(bf 5b )/F, zo ——2 BK(b, )

Bb

The integral off&
(z) can now be easily evaluated in terms of the error function erf as defined by

Abramowitz and Stegun' as follows:
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(z)/zp) —(z —z)) /zp —(E&+E~)z
Ii (z)dz — e i z — dz+ z+ e dz

p 0 f Kf

1 *c ~l ~0)+
2

1 ~ (z, /z, )' Zc —
Z&v 7Te erf

zp Kfzp zp

Zf Kb+2Kf+erf — +-
zp (Kb+Ky) Ky

In the above expression, we note that z, »zo except for vs "transparent" tunneling barrier giving rise to
very fast tunne]ing rates, we can therefore set z, = ao in the above result. We may also note that the max-
imuin value of fi (z) corresponds approximately to that of the function

—(z —zi) /zp2 2

ze

and hence to

zi +&2zoz—=z = -=( —,) zp.

Thus,

m.I'z 0 Kbk,f
4K/r(2pb+1)

I

1
X ]+~n ——

zp Kfzp

"1/2 Pb P

(2Kb) ' z, /exp —f K(h~ Fz)dz—

~, /, p zi 2(Kb+2K')e" " 1+erf-
zp (Kb +Kg ) Kfzp

The nonexponential terms in the above expressions are unduly complex, they can considerab]y be simp]if]ed

by ma]dng the assumption that the 6 Krelations-hip is parabolic. The use of the more accurate Franz-Kane
5-K relationship will introduce correction factors of the order of unity in these terms. We therefore con
serve the essential features of an accurate calculation by approximating the nonexponentia] terms in a, sim-
p]ifii~ manner and yet more accurately calculate the exponential factor as well as (zl/zo) in the te~

(z /z )'
[1+erf(z i /zp )]

with the help of Franz-Kane 5-K relationship. The use of parabolic relationship yields:

4~f 3W

and thus,

(3A)'
(z, /zp) =

4

where

A =2 f 'K(b, / Iiz)dz-
is the WKB attenuation of

I gf I
across a triangular potential barrier of height 5&. Further, by reca]]ing

that we are mainly interested in transition for which hf —-hb, we may set Kb =Kf,' hence, we obtain

&f I+z Ib&=
k,f

m ~ 4rrr(2pb + 1)

' 1/2

[2(6A)1/2]Pb (6A)
4

Xexp
2

1 Z1 1 (z& /zp)]+ +v~-
2A zp (3A)'/

e ' ' [1+erf(z, /zp)] (A5)
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A special case of this expression which is of particular interest is that for which hI =Lb exactly and the
above expression becomes, in this case,

(fiF i»=
' 1/2

3A 1

2 2A 3A

' 1/2

(A6)

where p =pf ——p~.
A remarkable feature of the above result is the fact that the square of the matrix element

~
(f (

Fz
)
b ) [

is proportional to the e which is the WKB probability of tunneling through a triangular barrier of height
b,s, the remaining factors appearing in Eq. (A6) vary relatively slowly with hb as compared to the variation
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